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PREFACE 


A  characteristic  feature  of  modern  industrial  and  production  processes 
is  that  their  qualitative  and  quantitative  parameters  are  a  function  of  many- 
interdependent  and  interconnected  variables.  Some  of  the  process  variables 
must  be  maintained  constant  or  made  to  vary  in  a  manner  prescribed 
by  the  characteristic  features  of  the  given  process.  These  are  the  so-called 
controlled  variables  of  the  process.  Their  number  is  not  fixed, 
and  some  fairly  complex  systems  may  have  but  a  single  controlled  variable. 
Such  single -variable  systems  are  treated  very  extensively  in  the  current 
literature  on  automatic  control  theory. 

The  present  book,  on  the  other  hand,  is  devoted  to  automatic  control 
systems  with  many  controlled  variables  (at  least  more  than  one). 

Examples  abound  of  systems  with  numerous  controlled  variables, 
and  the  modern  tendency  is  toward  ever  greater  utilization  of  systems  and 
plants  of  this  kind.  We  call  them  multivariable  control  systems  (MCS).  * 

The  simplest  examples  of  multivariable  plants  are  provided  by  complex 
industrial  equipment.  Boilers,  synchronous  electrical  machines,  etc., 
are  typical  examples.  In  these  machines  some  variables,  e.g.,  steam 
pressure,  steam  temperature,  voltage,  a.c.  frequency,  are  maintained 
at  a  certain  setting,  although  the  total  number  of  variables  (the  number 
of  generalized  degrees  of  freedom)  is  much  higher. 

The  development  of  multivariable  control  systems  led  to  a  new  problem: 
how  to  control  each  of  the  variables  if  they  are  interdependent,  so  that  a 
change  in  one  of  the  variables  alters  all  the  others  ?  The  solution  was 
provided  by  I.N.  Voznesenskii,  who  can  be  regarded  as  the  originator  of 
the  theory  of  autonomous,  noninteracting  control  systems:  the  basic  idea 
was  to  design  a  control  system  with  independent  variables,  where  variation 
of  one  variable  did  not  change  the  other  variables.  This  approach  proved 
to  be  quite  useful  for  a  number  of  controlled  objects  and  it  is  currently  the 
only  practicable  solution  of  the  problem  in  some  cases. 

However,  this  solution  is  inapplicable  to  most  multivariable  objects, 
and  in  certain  cases  it  is  even  meaningless.  There  is  a  by-now  classical 
illustration  of  this  point.  In  continuous  cold  or  hot  rolling  of  sheet  metal, 
the  controlled  variables  include  the  drive  speeds,  roll  gaps,  etc.,  but  the 
quality  and  mainly  the  geometry  of  the  finished  product  do  not  depend  on 
each  controlled  variable  separately,  but  on  their  combination,  so  that 
control  of  each  individual  variable  ignoring  all  the  others  at  any  given 
time  is  a  meaningless  procedure. 

Therefore,  in  addition  to  controlled  objects  which  technologically  can 
be  treated  as  noninteracting,  there  are  cases  of  inherently  interacting 
variables,  which  cannot  be  adjusted  individually.  In  the  latter  class  we 

A  more  rigorous  definition  of  a  multivariable  control  system  is  given  in  the  following. 
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put  all  the  plants  or  processes  where  the  generalized  quality  index  of  the 
finished  product  depends  on  all  the  controlled  variables  simultaneously. 

It  is  shown  in  this  book  that  the  design  of  noninteracting  systems  is  not 
always  the  best  policy,  not  even  for  controlled  objects  where  this  is 
technically  feasible.  We  must  emphasize,  however,  that  there  are  very 
numerous  cases  when  noninteraction  is  simply  unfeasible. 

These  two  classes,  however,  are  not  separated  by  a  Chinese  Wall, 
as  everything  depends  on  the  problem  being  considered  and  the  particular 
conditions.  For  example,  a  synchronous  electric  machine  as  such  falls 
in  the  first  category,  whereas  the  same  machine  as  part  of  a  power 
transmission  system  is  an  excellent  example  of  a  component  in  a  system 
with  inherently  interacting  variables. 

The  basic  problem  of  the  present  book  is  to  elucidate  the  fundamental 
properties  of  multivariable  control  systems.  Whenever  possible,  I  tried 
to  assess  and  evaluate  the  current  methods  and  techniques  for  the  synthesis 
and  analysis  of  control  systems  and  to  describe  some  of  my  original  results. 

The  book  comprises  an  introduction  and  eight  chapters.  The  introduction 
outlines  the  scope  of  the  treatment  and  defines  the  fundamental  concepts. 

Chapter  One  is  devoted  to  mathematical  description  of  some  typical 
mutlivariable  objects  and  control  systems.  The  choice  of  the  examples 
is  largely  determined  by  my  own  field  of  interest.  However,  it  seems  to 
me  that  the  examples  of  Chapter  One  are  of  general  significance  as  being 
representative  of  the  principal  branches  of  industry  —  metallurgy,  power 
engineering,  oil  engineering  and  oil  refining.  The  derivation  of  the 
equation  of  the  rectifying  column  and  the  analysis  of  its  behavior  as  a 
control  system  were  carried  out  by  Yu.N.  Mikhailov  under  my  supervision. 

Chapter  Two  is  devoted  to  the  derivation  of  the  equations  of  multivariable 
control  systems  consisting  of  single -variable  subsystems  that  are  made  up 
of  basic  (necessary  but  not  sufficient)  elements.  It  will  become  clear  from 
what  follows  that  this  is  not  a  fundamental  restriction,  since  the  technique 
used  in  the  derivation  of  the  equations  and  the  methods  employed  in  their 
investigation  are  applicable  to  the  more  general  cases  too.  The  principal 
structural  properties  of  this  class  of  systems  are  elucidated  for  both  the 
steady-state  and  transient  conditions.  In  particular,  the  matrix  of  error 
coefficients  is  determined  for  the  case  of  plant  and  control  coupling  of  the 
individual  variables. 

Chapters  Three  and  Four  investigate  the  general  structural  properties 
of  multivariable  control  systems.  The  main  emphasis  is  on  the  class  of 
structures  with  infinite -gain  stability  in  each. subsystem;  in  these  structures 
every  single -variable  subsystem  is  clearly  a  multiloop  configuration. 

Multivariable  combined-control  systems  are  treated  separately  in 
Chapter  Five.  Considerable  space  is  devoted,  in  particular,  to  systems 
where  simultaneous  deviation  and  load  control  is  applied  to  structures  of 
infinite -gain  stability. 

Chapter  Six  deals  with  the  problems  of  noninteraction  and  invariance. 

The  presentation  begins  with  a  discussion  of  the  results  of  Voznesenskii 
(USSR)  and  of  Boksenbom  and  Hood  (USA).  We  then  proceed  with  the 
invariance  problem  and  describe  the  fundamental  results  of  Kulebakin 
and  Petrov.  Next,  noninteraction  and  invariance  are  treated  as  structural 
properties  of  a  certain  class  of  systems.  Realizability  and  coarseness 
(in  the  sense  of  A.  A.  Andronov),  various  cases  of  noise  rejection,  etc., 
are  considered  in  great  detail. 
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Chapter  Seven  is  concerned  with  the  design  of  fixed -structure  systems 
which  are  equivalent  in  their  properties  to  self-adjusting  or  adaptive 
control  systems.  The  discussion  is  based  on  structures  with  infinite - 
gain  stability,  which  have  been  treated  in  considerable  detail  in  the 
preceding  chapters.  The  structural  aspect  of  the  sensitivity  problem  is 
dealt  with,  and  examples  of  systems  with  variable  coefficients  are 
examined.  The  theoretical  results  are  applied  to  a  practical  control 
problem  accommodating  a  large  variation  of  the  plant  gain. 

Chapter  Eight  is  concerned  with  the  variational  aspects  of  multivariable 
control.  Optimization  considerations  suggest  that  the  multivariable  control 
systems  should  be  divided  into  two  classes:  systems  where  the  general 
optimum  is  attained  by  optimizing  each  single -variable  subsystem,  ignoring 
the  interaction  with  other  controlled  variables  (in  this  class  optimization 
is  synonimous  to  noninteraction)  and  systems  with  a  generalized  quality 
index  which  depends  simultaneously  on  all  the  controlled  variables.  A 
particular  example  is  considered  where  the  control  specifications  are 
given  as  a  function  of  time.  Here  of  particular  interest  are  plants  without 
memory,  to  which  linear  programming  can  be  successfully  applied.  This 
range  of  problems  was  studied  jointly  by  me  and  E.S.  Silimzhanov.  The 
results  of  Sarachik  and  Kranc,  also  discussed  in  Chapter  Eight,  are  of 
considerable  interest  for  the  determination  of  the  control  vector  as  a 
function  of  time  for  multivariable  objects.  Classical  variational  techniques 
and  dynamic  programming  are  applied  to  determine  the  controller  equations 
in  a  multivariable  system.  It  is  remarkable  that  the  solution  of  the 
variational  problem  in  an  open  domain  yields  structures  with  an  infinite 
gain  parameter.  On  the  whole  the  treatment  of  this  chapter  can  be  regarded 
as  only  the  first  step  toward  a  comprehensive  solution  of  the  problem  of 
synthesis  of  multivariable  control  systems. 

It  is  my  pleasant  duty  to  thank  Prof.  A.  A.  Fel'dbaum  who  reviewed 
the  book  and  offered  a  number  of  highly  valuable  comments  which  greatly 
contributed  to  the  finished  product. 


M.  Meerov 
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INTRODUCTION 


In  multivariable  objects  or  plants  the  number  of  controlled  variables  is 
greater  than  one  and  in  general  these  variables  are  interconnected  in  such 
a  way  that  a  change  in  any  of  the  controlled  variables  alters  all  the  other 
variables  (this  refers  to  steady-state  conditions,  as  well  as  to  transients). 

If  the  controlled  variables  are  regarded  as  the  plant  outputs,  we  may 
say  that  a  multivariable  plant  has  more  than  one  output,  and  a  change  in 
any  one  of  its  outputs  leads  to  a  change  in  all  the  outputs. 

If  a  closed  control  loop  is  hooked  up  for  each  of  the  controlled  variables, 
we  end  up  with  a  multivariable  control  system. 

Multivariable  control  systems  (MCS)  are  thus  defined 
in  general  as  control  systems  with  several  controlled 
variables  which  are  coupled  in  such  a  way  that  a  change 
in  any  one  variable  leads  to  a  change  in  all  the  vari¬ 
able  s,  assuming  of  course  that  no  special  decoupling  device  is  provided. 

Typical  multivariable  objects  are  a  boiler,  where  the  controlled 
variables  are  temperature,  steam  pressure,  and  water  level;  a  turbojet 
engine,  where  both  the  revolutions  and  the  gas  temperature  at  the  turbine 
outlet  are  controlled;  a  synchronous  generator,  where  the  voltage  and 
the  speed  are  controlled  (if  the  synchronous  generator  is  connected  in 
parallel  with  other  machines,  the  active  and  reactive  power  output  are 
additional  controlled  variables). 

In  the  above  examples  the  interrelationship  between  the  individual 
variables  is  due  to  natural  (internal)  properties  of  the  controlled  object. 
Another  extensive  group  of  multivariable  control  systems  arises  in 
connection  with  automation  of  production  processes.  The  interaction 
between  the  individual  controlled  variables  in  these  systems  is  generally 
due  to  technical  and  production  factors.  An  excellent  example  is  the 
feedback  control  system  for  the  electric  drives  in  hot  and  cold  continuous 
rolling  mills. 

Figure  1-1  is  a  block  diagram  of  a  system  controlling  the  sheet  thickness 
in  continuous  cold  rolling.  Thickness  gages  (TG)  are  provided  after  each 


FIGURE  1-1.  Block  diagram  of  strip  gage  control  in  a  con¬ 
tinuous  rolling  mill. 
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stand.  The  sheet  thickness  is  regulated  by  adjusting  the  roll  gap  and 
maintaining  constant  rolling  stress.  The  gage  output  signal  is  delivered 
to  the  servosystem  controlling  the  pressing  screws.  The  rolling  stress, 
on  the  other  hand,  is  maintained  constant  by  adjusting  the  speed  ratio  of 
the  main  drives  and  the  coiler  speed.  These  two  groups  of  control  systems, 
however,  are  interconnected  through  the  rolled  metal  strip,  and  thus 
constitute  a  complex  multivariable  system. 

The  situation  is  considerably  more  complicated  in  hot  rolling.  Here 
the  thickness  gage  can  be  installed  only  after  the  last  stand;  moreover, 
it  is  desirable  to  control  the  strip  thickness  at  minimum  permissible 
tension.  In  hot  rolling  the  strip  thickness  is  highly  sensitive  to  tension. 
Variation  of  strip  temperature  and  the  heating  of  rolls  also  have  a  con¬ 
siderable  influence;  there  is  always  a  certain  contribution  from  other 
entirely  random  factors  as  well.  The  object  of  control  is  to  maintain  the 
strip  thickness  6  constant.  The  gage  6  depends  on  the  position  of  the 
pressing  screws,  the  speed  ratio  of  the  main  drives,  temperature,  and 
other  random  factors: 


«  =  /[/>  (t),  Fni,  1,1-1  (t),  0,  0(JC,)1.  (1-1) 

Here  />(*)  is  the  control  function  of  the  pressing  screws  in  the  stands, 
Fni,ni-\{t)  is  the  control  function  of  the  main  drives,  0  is  the  temperature, 
p(*i)  is  a  disturbance  dependent  on  random  factors. 

We  see  from  (1-1)  that  the  controlled  variable  depends  on  the  determinate 
functions  F?r  {t) ,  FnUnl_x{t),  and  a  random  function  p  (*<).  The  functions  Fpt(t) 
and  Fniini-i{t)  are  interrelated,  and  they  jointly  determine  the  geometry  and, 
in  particular,  the  thickness  of  the  rolled  strip.  The  control  problem  here 
is  to  choose  the  functions  F?r  (t)  and  Fnii  ni-\(t)  and  the  function  /  for  given  0 
and  known  probability  distribution  of  p(*i)so  that  the  thickness  6  is  between 
predetermined  limits. 

In  rolling  mills  the  strip  tension  control  system  and  the  roll  positioning 
system  are  coupled  through  the  metal  strip.  The  system  for  primary 
refining  and  sulfur  stabilization  of  crude  oil  (dehydration  and  desalination) 
comes  under  the  same  category;  the  controlled  variables  here  are  tempera¬ 
ture,  flow  rate,  and  liquid  level,  as  well  as  the  quantity  of  the  chemical 
reagent  which  is  fed  separately  into  the  system.  The  control  function 
should  be  so  chosen  that  oil  of  desired  quality  is  obtained  at  a  minimum  cost. 

There  are  many  other  examples  from  modern  industry  and  technology 
where  the  desired  quality  of  the  finished  product  is  ensured  by  simultane-  * 
ously  controlling  a  number  of  variables.  The  controlled  variables  are 
generally  coupled,  so  that  a  change  in  some  of  the  variables  leads  to  a 
change  in  all  the  variables.  We  can  safely  say  that  the  multivariable 
control  theory  provides  a  theoretical  foundation  to  large-scale  compre¬ 
hensive  automation  of  industrial  and  technological  processes. 

The  third  group  of  multivariable  control  systems  comprises  the  so- 
called  mu  It  i  d  im  e  n  s  i  on  al  servosystems.  These  are  derived  from 
ordinary  servosystems  by  imposing  coupling  on  the  measuring  elements. 

In  this  case  we  speak  of  the  coupling  of  the  component  servos  through 
the  measuring  devices  or  control  coupling.  Figure  1-2  shows  a  two- 
dimensional  servosystem,  and  Figure  1-3  a  three-dimensional  servo- 
system.  This  combination  of  individual  servos  into  a  single  multidimensional 
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system  may  be  due  to  the  particular  requirements  of  the  technological 
process,  e.g.,  a  copying  machine.  In  some  cases  it  also  helps  to  improve 
the  quality  of  automatic  control. 


FIGURE  1-2.  A  two-dimensional 
servosystem . 


FIGURE  1-3.  A  three-dimensional 
servosystem . 


A  common  property  of  all  multivariable  control  systems  is  that  they 
have  several  controlled  variables  (more  than  one).  A  separate  subsystem 
is  designed  for  each  controlled  variable.  The  number  of  controllers  is 
naturally  at  least  equal  to  the  number  of  controlled  variables.  In  multi- 
variable  plants  the  number  of  inputs  is  not  less  than  the  number  of  outputs. 

It  will  be  clear  from  the  following  examples  that  the  number  of  controllers 
(active  inputs)  is  often  greater  than  the  number  of  controlled  variables. 
Moreover,  the  controlled  object  is  subjected  to  external  disturbances 
which  may  vary  arbitrarily  (and  are  often  described  by  random  functions). 
External  disturbances,  or  loads,  can  be  applied  to  some  of  the  controlled 
variables  or  to  all  of  them.  A  multivariable  control  system  thus  contains 
all  the  component  elements  which  are  normally  encountered  in  systems 
with  one  controlled  variable. 

However,  the  presence  of  several  controlled  variables  constitutes  more 
than  a  simple  quantitative  difference  between  multivariable  and  single  - 
variable  systems.  There  are  some  special  problems  which  are  character¬ 
istic  of  multivariable  control  systems,  and  it  would  be  incorrect  to  assume 
that  the  multivariable  control  theory  is  a  simple  generalization  of  the 
control  theory  for  systems  with  a  single  variable. 

For  example,  let  us  consider  the  problem  of  constraints  imposed  on 
the  system.  In  single -variable  systems  these  constraints  are  mainly 
determined  by  the  nonlinearity  of  the  characteristics,  saturation  phenomena, 
etc.,  whereas  in  multivariable  systems  the  constraints  maybe  connected 
with  the  peculiar  character  of  the  controlled  variables.  The  presence  of 
several  coupled  controlled  variables  is  a  novel  aspect  in  stability  analysis 
and  quality  considerations,  not  encountered  in  single -variable  systems. 

The  study  of  multivariable  systems  also  gives  rise  to  certain  topics 
without  counterpart  in  conventional  control  theory,  such  as  (a)  the  problem 
of  noninteraction,  (b)  the  problem  of  maintaining  a  given  relationship 
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between  the  controlled  variables,  and  (c)  the  problem  of  interacting  control, 
which  minimizes  (or  maximizes)  a  certain  quantity  (e.g.,  the  quality  of  the 
finished  product  in  a  technological  process). 

Structure  synthesis,  which  has  emerged  as  one  of  the  basic  problems 
in  single -variable  control  systems,  acquires  special  significance  in 
multivariable  control.  It  will  be  seen  from  the  various  sections  of  this 
book  that  the  coupling  between  the  individual  controlled  variables  essentially 
depends  on  the  structure  of  the  multivariable  system,  and  noninteraction 
may  be  derived  as  a  structural  property  of  a  certain  class  of  structures. 

The  contribution  from  inherently  nonlinear  characteristics  of  the  various 
elements  and  their  influence  on  the  coupling  between  the  variables  and, 
in  particular,  on  the  noninteraction  aspects  deserve  special  consideration. 
Finally,  the  optimum  and  extremum  problems  are  of  special  interest  for 
multivariable  control  systems.  It  will  be  shown  that  for  a  certain  class 
of  structures  noninteraction  is  equivalent  to  optimizing  the  system  with 
respect  to  some  quality  criterion. 

The  realizability  of  the  invariance  conditions  also  has  some  unique 
aspects  for  multivariable  control  systems.  The  invariance  conditions 
of  multivariable  control  are  realizable  only  in  combined -control  systems, 
where  control  by  deviation  (the  Watt  — Polzunov  principle)  is  implemented 
in  conjunction  with  load  control.  Fairly  extensive  space  is  allotted  in  this 
book  to  the  treatment  of  combined -action  control  systems. 

We  have  already  noted  that  the  quality  of  a  multivariable  control  system 
is  often  determined  by  a  generalized  criterion.  The  control  functions  for 

each  variable  should  be  so  chosen  as 
to  extremize  the  generalized  quality 
index.  In  some  cases,  linear  pro¬ 
gramming  provides  an  effective  tool 
for  the  development  of  multivariable 
control  systems  of  this  kind.  In 
Chapter  Eight  linear  programming  is 
applied  to  find  the  optimum  operating 
conditions  of  oil  wells.  We  seek  to 
maximize  the  oil  production  under 
given  constraints  on  equipment  and 
operating  conditions.  Some  economic 
index  (e.g.,  production  costs)  can  be 
adopted  as  the  generalized  criterion 
in  this  case. 

The  multivariable  control  theory 
is  very  intimately  linked  with  the  problem  of  efficient  design  of  large 
systems.  However  complex  the  system,  it  always  has  a  certain  finite 
number  of  main  outputs,  although  there  may  be  any  number  of  factors 
actively  influencing  these  outputs.  Moreover,  the  statistical  indices  of 
the  process  may  be  adopted  as  the  generalized  outputs.  The  significant 
point  is  that  even  in  these  complex  systems  we  can  always  detect  the  main 
outputs,  which  are  interconnected  in  a  certain  way  and  acted  upon  by 
additional  random  disturbances.  On  the  whole,  a  complex  multivariable 
control  system  can  be  represented  by  some  generalized  block  diagram, 
like  the  one  shown  in  Figure  1-4. 


FIGURE  1-4.  A  generalized  block  diagram 
of  a  multivariable  system. 
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And  now  some  history.  The  first  serious  contributions  in  multivariable 
control  theory  were  published  in  the  Soviet  Union  in  1938  /10,  11/.  These 
initial  efforts  were  entirely  concerned  with  the  problem  of  noninteraction. 
Voznesenskii  / 1 1  /  considered  the  feasibility  of  providing  separate  con¬ 
trollers  for  the  individual  variables  and  setting  up  such  coupling  that  a 
change  in  one  of  the  variables  would  not  affect  the  other  variables.  This 
noninteraction  problem,  which  Voznesenskii  called  the  problem  of 
autonomous  control,  is  solved  in  / 1 1  /  for  the  case  of  a  plant  where 
each  variable  is  described  by  a  first-order  differential  equation;  ideal 
(inertialess)  controllers  are  assumed.  The  followers  of  Voznesenskii 
have  extended  the  noninteraction  conditions  to  more  complex  cases 
/5,  6,  18,  52,  54,  55,  59/.  It  should  be  emphasized  that  the  noninteraction 
problem  is  figured  as  the  main  topic  in  most  studies  in  the  field. 

Boksenbom  and  Hood  were  the  pioneers  of  multivariable  control  theory 
in  the  USA.  Their  first  paper  / 7 7/  published  in  1950  deals  with  various 
aspects  of  the  noninteraction  problem,  previously  treated  by  Voznesenskii. 
The  application  of  matrix  algebra  enabled  the  authors  to  essentially  simplify 
the  expressions  for  noninteraction  conditions,  without  restricting  the  order 
of  the  differential  equation  that  describes  each  of  the  controlled  variable. 

The  studies  of  Freeman  /78,  79/,  Kavanagh  / 8 1 ,  82/,  and  others  concerned 
with  more  elaborate  aspects  of  noninteracting  systems  were  a  direct  out¬ 
growth  of  the  fundamental  study  of  Boksenbom  and  Hood.  Kavanagh 
considered  not  only  noninteraction,  but  also  some  other  quality  indices. 
Golomb  and  Usdin  / 8 0/  developed  the  theory  of  multivariable  servosystems; 
they  introduced  the  matrix  of  error  coefficients  and  derived  an  explicit 
expression  of  this  matrix  for  multidimensional  servosystems. 

Sarachik  / 2 1  /  considered  some  properties  of  nonlinear  multidimensional 
servosystems.  He  analyzed  in  considerable  detail  the  properties  of  a 
two-dimensional  servosystem  and  described  methods  of  construction  that 
satisfied  his  optimality  test.  Multivariable  control  is  also  the  subject 
of  / 1 5 ,  83,  84,  85/.  The  book  by  M.  Mesarovic  deserves  special  mention  /8 5 / . 
This  was  essentially  the  first  book  in  multivariable  control  theory;  moreover, 
Mesarovic  was  the  first  to  consider  multivariable  control  as  an  independent 
problem,  and  not  as  an  outgrowth  of  the  theory  of  single -variable  systems. 
He  advanced  a  number  of  highly  original  ideas  concerning  the  applicability 
of  variational  techniques  to  the  design  of  multivariable  systems. 

Among  the  more  recent  contributions  to  multivariable  control  theory 
we  should  mention  the  publications  of  A.  A.  Krasovskii  / 22,  2  3,  24/, 

V.T.  Morozovskii  /48,  49,  50/,  V.A.  Venikov  / 9/,  L.V.  Tsukernik  / 69,  70/, 
G.V.  Mikhnevich  / 46,  4  7/,  and  others.  Numerous  papers  on  multivariable 
control  systems  have  been  lately  stimulated  by  research  in  nuclear-reactor 
control  / 12,  45/.  On  the  whole,  however,  the  multivariable  control  theory 
is  st iH  at  the  very  first  stages  of  its  development. 

In  writing  this  book  I  did  not  try  to  cover  the  entire  range  of  problems 
treated  in  multivariable  control  systems.  My  principal  aim  was  to  provide 
the  reader  with  an  introduction  to  the  modern  tasks  and  problems  of 
multivariable  control  theory  and  to  draw  the  attention  of  the  specialist 
to  some  of  the  important  problems  that  deserve  further  study. 


Chapter  One 

EXAMPLES  OF  MULTIVARIABLE  CONTROL  SYSTEMS 

§1.1.  AUTOMATIC  GAGE  CONTROL  IN 
CONTINUOUS  ROLLING 

A  functional  diagram  of  a  continuous  cold -rolling  mill  is  shown  in 
Figure  1.1.  The  same  mill,  but  without  a  coiler,  is  used  in  continuous 
hot  rolling. 

^j+x _j±l 

^±j  ^  &  W  © 

FIGURE  1.1.  Schematic  of  a  continuous  rolling  mill. 

The  roll  mill  stands  are  placed  sequentially  one  after  the  other. 

Pressing  screws  on  each  stand  alter  the  position  of  the  top  roll  and  thus 
adjust  the  clearance  between  the  working  rolls.  The  strip  gage  can  be 
altered  by  changing  the  roll  gap,  as  well  as  by  raising  the  rolling  tension 
(up  to  the  yield  point).  Both  these  control  techniques  can  be  applied 
simultaneously.  In  automatic  gage  control,  the  pressing  screws  are 
regulated  by  a  roll  positioning  system,  whereas  the  tensile  stress  is 
adjusted  by  appropriately  modifying  the  main  drive  velocities. 

It  is  fairly  obvious,  however,  that  these  two  groups  of  control 
systems  are  interconnected  through  the  rolled  strip.  A  particularly 
pronounced  interrelationship  is  observed  in  hot  rolling  mills,  a  fact 
which  follows  from  various  experimental  data.  The  effect  of  stress  on 

strip  gage  is  evident  from  the  bulging 
of  the  head  and  the  tail  of  the  piece, 
where  the  rolling  tension  is  nil. 

Figure  1.2  is  a  block  diagram  of 
an  automatic  roll -gap  control  system 
for  one  of  the  mill  stands.  Similar 
systems  are  provided  in  each  stand. 
Hydraulic  dynamometers  under  the  rolls 
act  as  thickness  gages,  and  looper  gears 
between  the  mill  stands  measure  the 
stresses  (not  shown  in  Figure  1.2).  For 
the  sake  of  generality  it  is  assumed  that 
all  the  mill  stands  are  equipped  with  hydraulic 
figure  1.2.  Block  diagram  of  strip  dynamometers  and  that  stress  measure  - 

gage  control  in  one  of  the  mill  stands.  ments  are  taken  between  every  two  stands. 
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Let  us  consider  the  general  control  relationships  for  a  rolling  mill. 
The  equation  for  the  entire  mill  can  be  obtained  by  writing  the  equations 
for  each  stand  with  appropriate  front  and  back  tensions.  * 

Consider  the  equation  of  the  i- th  stand.  The  physical  properties  of 
continuous  rolling  are  described  by  the  following  relations: 


(1.1) 

Vi  —  \ini  [1  /+i  ftt  i-i)]» 

(1.2) 

Mi,  i+1  “  Ci  f  1,1+ 1 — &V l)  dty 

(1.3) 

0 


where  y  = 


n&i  0  ~h  Sot) 


Ci 


EQj 

h,i+l 


In  these  equations 

Mu  =  the  reduced  static  torque  in  tension  rolling, 

Mli  =  the  static  torque  in  tension -free  rolling, 
ni  =  the  velocity  of  the  motor, 
ft,  i+i  =  interstand  tension, 

V'i  =  strip  velocity  on  entering  the  stand, 

Vi  =  strip  velocity  on  leaving  the  stand, 

Di  =  roll  diameter, 
j  -  motor-to-roll  transmission  ratio, 

—  strip  gage  after  the  /-th  stand, 

Qi  —  strip  cross  section, 

E  -  modulus  of  elasticity  of  the  rolled  metal, 

//, /+ 1  =  interstand  distance, 

So  —  forward  creep  in  tension-free  rolling, 
bt  =  forward-creep  coefficient. 

Under  steady-state  conditions  the  strip  enters  the  /-th  stand  at  the 
same  velocity  that  it  leaves  the  (/-  1) -th  stand. 

From  the  constancy  of  the  per- second  volume  in  rolling  we  can  find 
a  dependence  of  the  strip  tension  on  the  main  drive  velocities  of  the 
nearby  stands.  Assuming  constant  strip  width,  we  find 


V i-xHi.i  —  Hy t. 


(1.4) 


Inserting  for  Vi  and  V{- 1  their  expressions  from  (1.2)  and  solving  (1.4)  for  nif 
we  find 


„  _  +  <— //- 2,  f-l)] 

1  V*/ 11  +  MA,  *+i  “  f i-\ ,  /)] 


(1.5) 


The  differential  equation  of  motion  of  the  electric  drive  can  be  written 
in  the  form 

(1.6) 


The  motor  torque  M,-  „  is  found  from  the  relation 


(1.7) 


*  A  rolling  mill  as  a  multivariable  plant  is  considered  by  N.  P.  Druzhinin  /13/  and  A.  A.  Fel'dbaum  /66/  . 
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For  a  Ward— Leonard  machine  with  constant  exciting  current  we  find 


Ut=Li^+RJ,>+cel%nl, 

whence 


Uj  —  Cel®  in  i 
L  a  +  a 


Substituting  (1.9)  in  (1.6)  we  have 


GD 2  dtij 
375  ~W 


=  ctfl>t 


u_ l  —  CejOjni 
Ll  a  -ft  +  7?/  a 


mit 


(1.8) 


(1.9) 


(1.10) 


where 


mi  —  MSi  —  Msi. 


The  resistance  torque  depends  on  a  number  of  factors.  From  the  theory 
of  plastic  deformation  / 1 3 /  the  pressure  on  the  rolls  is  given  by 


P P[Pj>  M-/*  P /l*  P i2>  Hi 2* 


(1.11) 


where  P  is  a  nonlinear  function  of  the  relevant  parameters.  Ri  the  effective 
roll  radius,  H{i  the  ingoing  gage  for  the  j-th  roll,  Hi2  the  outgoing  gage. 

Fa  the  back  tension  on  the  strip,  Fi2  the  front  tension,  <Di  the  contact  arc, 
fit  the  friction  coefficient. 

The  rolling  torque  is  a  function  of  the  same  variables  and  roll  radius. 

It  is  expressed  by  another  nonlinear  function,  thus: 


Mt  =  M  [/?„  /?;,  |i„  Fnt  Ft2,  HiV  Hi2 , 


(1.12) 


For  small  increments  of  the  variables  in  (1.11)  and  (1.12),  assuming 
R\  R,  O,  fx ,  and  K  to  be  constant,  we  may  write 


dP 


and 


dP 

Wt 


'LdHa 


W7dH« 


dP 

~^dFn 


dP 

dPi2 


dF: 


dP 
Mi 

™LdHi2  +  ^dFn  +  ^dFi2. 


(1.13) 

(1.14) 


Using  lower-case  letters  for  the  small  increments  and  constant 
coefficients  for  the  partial  derivatives,  we  write 


AP  =  Knhn  -f-  Ki2hl2-\-  Kizhi  +  Ki4f  i4,  (1.15) 

Am  =  KiJin  +  Ki§hn  +  Knf  n  +  AT/sf/2'  (1.16) 


where 


Kn  = 
*»  — 


dHix  ’ 
dMj 

dffn  ’ 


dPt 

dHi2 

_  dMi 
dHi2 


dPj 
“  dFn 

_  dMi 


_  dPt 
“  dfi3 
__  dM( 
~  dPl2 


K, 


K,  3 


Kt4 


Ki  6 


«n 


Ki, 
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Equations  similar  to  (1.15)  and  (1.16)  can  be  derived  for  all  the  mill 
stands.  In  addition  to  the  individual  stand  equations,  there  are  also 
coupling  equations  which  describe  the  continuous  operation  of  the  entire  mill. 

We  use  the  following  notation:  primed  quantities  describe  the  state  of 
the  ingoing  strip,  lower-case  letters  denote  small  increments,  and  absolute 
values  are  represented  by  capital  letters  subscripted  with  a  zero. 

The  increment  of  the  loading  torque  in  the  i-th  stand  is  written  from 
(1.16)  as 

+  (1.17) 

the  continuity  equation  is 

{Vio-\-  h'i)  =  vi)  {Hio  +  hi).  (1.18) 

The  change  in  strip  tension  due  to  elastic  deformation  is  written  as 


where  C*  is  a  constant. 

The  velocity  of  the  ingoing  strip  is  higher  than  the  linear  velocity  Vr  of 
the  roll  surface.  It  is  given  by  the  relation 

V—  Vt{\ +£')  =  l/r(l  +50+5)=\/r(l  4-S0)  (l  -f-  SJ  ,  (1 .20) 

where  S  is  the  forward  creep,  dependent  on  strip  tension,  S0  the  forward 
creep  in  tension-free  rolling.  In  the  linear  approximation  the  forward 
creep  as  a  function  of  tension  is  given  by  the  relation 

S  =  b(\+S0)AF.  (1.21) 


From  (1.20)  and  (1.21)  we  have 

V—  V,  (1  4- S0) (1  +  b0 &F)  =  (1  +  S0) [1  +  b(F,~ F'.J |.  (1.22) 


Linearizing, 


Vi  —  Arti  -f  B  (ft  — 


(1.23) 


where 

A=J1£^+SA  and  B  =  ANi' 

A  section  of  the  rolled  strip  emerging  from  the  given  stand  reaches  the 
next  stand  after  a  certain  time  lag 


(1.24) 


where  /,  is  the  interstand  distance,  V,  the  strip  velocity.  Thus, 


A(W  =  A(-l(<  —  t,), 


(1.25) 
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and  making  use  of  (1.2  5)  we  write  for  (1.17) 

—  T/) — —  Knft-  (1.2  6) 

Let 

GD 2 _ R&  __  rp  £.a  T-I  R  i  rj’ 

"375"  CtCc(D2  1  ’  CtCeO)a— A’  C/D  A  m ' 

We  write  the  following  two  equations  in  Laplace  transforms: 

1 7"/  tPO  +  Tltp)-\- 1]  »((/>)  = 

=KtUtl  (p)—K,  (1  +  r,  ,/>)  Ktse-Xi%  (p)+Kt  (1  +  Tup)  K,A  (/>)- 

-K,  (1  +  T,  ,p)  Kieh-t  ( p )  +  K,  (1  +  T„p)  K„U  (p)  (1.27) 

and 

Pli (p)—^i^ini+ i  (P)-~CtAnt  (/>)+C(fl,f(+1  (p)+CiB,fl_l{p).  (1.28) 

Substituting  f,(p)  from  (1.28)  in  (1.27),  we  find 

\T,  ip*(l  +  T,tp)]nl(p)  = 

=K,  mPUtt — Kt  (1  +  T,.p)K,  tpe-x‘%  (p)+ 

+  KiP(\  +  Tl  ,p)  Ki6ht  (p)  -  K,  (p)  (1  +  T,  ,p)  Kiaft-i  (p)  + 

+7f)(l  +  T'i,P)KnClAinl+l  (p)  —  Kt  (1  +  Tt,p)Kt  7C(i4(n,  (p)  + 

+*,(1  +  Tup)  C&Knf^  (P)+Kl{\  +  Tup)  KnCiB,f,_l  (p).  (1.29) 

After  simple  manipulations  we  have 

\Tt  ,PH  1  +  T, tp)+p  +  KlK„ClAl  (1  +  Tt  ./>)]  nt  (p)  = 

=Kt mPUt  m  (p)+K,  [K^p (1  +  Tup)-Kli(\+Tup)pe-'i’] hi(p)+ 

KfKnCiAl  (1  +  Tt  Bp)  nl+i  (p)  +  KfiiBftnft+i  (P)  + 

+  *,[(1+7-,  ,p)  (KllClBl -pKn)\  U-i  (P)-  (1-30) 

As  a  final  step  in  the  derivation  of  the  equation  of  main  drive  control, 
we  have  to  choose  an  appropriate  measuring  device  and  to  relate  the 
main  drive  velocities  to  strip  tension.  Loopers  are  adequate  measuring 
devices  for  continuous  hot -rolling  mills.  In  cold -rolling  mills  the  tension 
can  be  found  from  motor  load.  Without  going  into  this  technical  question, 
we  assume  that  a  suitable  device  is  available  for  tension  measurements. 
Then: 

(a)  tension  between  the  (i  +  l)-th  and  /-th  stands 

fi+i  (P)  =  (P)  [n"t(P)  —  »m  (/>)].  (1.31) 

(b)  tension  between  the  (i  -  l)-th  and  i-th  stands 

f/-i  (P)  =  KaWa  (p)  [n,Jp)  -  n,_1(p)].  (1.32) 

The  motor  voltage  (Jm  (p)  receives  feedback  from  strip  tension  measure¬ 
ments.  Let  WA(p)be  the  transfer  function  of  the  measuring  device  and 
K.Wg(p)  the  transfer  function  of  the  generator,  the  exciter,  and  the  amplifier 
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(if  any);  then 


Um  (p )  =  W d  (/>)  Wg  (p)  ATa  f/trefl.  (p)  —  nt  (/?)].  (1.33) 

Substituting  (1.31),  (1.32),  and  (1.33)  in  (1.30),  we  find 
[7\  ,-/>2(i  +  71, ./>)+/>+*!  (1 4-  r^)/rncA+ 

+  Kt  m  P  w,  (p)  W%  (p)  K, I (P)  -  [KiKnCA  (1  +  Tt  ap)  - 
-KtCtBtKtrKitQ  +  Ttap)  WAi(p)]ni+l(p)~j- 
+  */  [(1 4 -TuP)  (K„CtBt  -  Kitp)\  Ka  W, ,  (p)  (p)  + 

+ Kt  lK*p(  1  +  TtaP)  ~Kt 5  (1  +  Tt a p)/wr  V]  hi  (p)  = 

=  *  (P)  (/?)  ATa  +  2^d]  «/ref(/7).  (1.34) 

We  see  from  equation  (1.34)  that  the  process  of  control  in  the  i-th 
subsystem,  where  the  controlled  variable  is  nit  is  influenced  by  the 
controlled  variables  of  subsystems  i-  1  and  /  +  1.  Each  of  these  variables 
tii-i  and  rii+i  has  its  own  closed -loop  control  system.  The  various  mill  stands 
are  described  by  a  set  of  equations  analogous  to  (1.34)  with  i=  1,2,...,  6. 

One  of  the  components  of  equation  (1.34)  -  the  term  A,  -  deserves  special 
consideration.  If  the  strip  gage  is  controlled  by  tension  alone.  A,  is  the 
external  disturbance  or  load.  In  some  instances  of  cold  rolling  A,  may 
therefore  be  considered  as  a  load  on  the  tension  control  system,  whereby 
hi  is  maintained  between  certain  predetermined  limits.  In  the  general 
case,  when  the  strip  gage 4s  controlled  by  simultaneously  adjusting  the 
tension  and  the  reduction,  special  control  subsystems  are  provided  for  hi. 
The  number  of  these  subsystems  is  equal  to  the  number  of  stands  with 
reduction  control.  In  cold  rolling  mills  reduction  is  normally  controlled 
in  some  three  or  four  stands,  and  equations  (1.34)  are  then  supplemented 
by  reduction  control  equations.  If  reduction  control  is  instituted  in  only 
part  of  the  stands.  A,  remain  in  some  of  the  equations  in  (1.34)  as  loads. 

In  continuous  hot -rolling  mills  the  gage  is  best  regulated  by  appropriate 
reduction  control;  the  tension  should  of  course  be  maintained  constant. 
Minimum  tension  is  required,  but  it  must  be  sufficient  for  strip  centering. 
The  process  of  gage  control  for  a  hot-rolled  sheet  can  be  investigated 
using  equations  (1.27),  (1,28);  these  equations  are  solved  for  tension, 
which  is  presumably  maintained  constant. 

Let  us  consider  the  equations  that  describe  the  controlled  positioning 
of  the  pressing  screws.  The  corresponding  equations  are  equally  applicable 
to  both  cold  and  hot  rolling  mills. 

The  screw  positioning  system  has  an  actuator,  a  Ward  -Leonard  d.  c. 
engine,  say.  Figure  1.2  is  a  schematic  diagram  of  the  roll-gap  control ' 
system.  The  input  is  the  reference  gap,  value  The  equation  of  the 

measuring  device  is 

^oU,  <  (1.35) 

The  output  of  the  measuring  device  is  delivered  to  an  amplifier  and 
then  to  a  generator.  The  equation  of  the  amplifier  and  the  generator 
is  written  as 

Umi  =  K„,Wt,(p)U oul  „  ,.  (1.36) 


11 


Now  consider  how  the  motor  runs  when  the  strip  undergoes  reduction. 
The  torque  equation  is 


GD) 

"375” 


*r  /» 


(1.37) 


but  the  pressure  on  the  rolls  and  the  corresponding  resistance  torque 
sensed  by  the  motor  are  given  by 

M*ri  =  /yieq,  (1.38) 

where  Pi  is  defined  by  (1.11);  rUq  is  the  equivalent  arm  which,  together 
with  the  force  Pif  produces  the  resistance  torque  on  the  motor. 

By  analogy  with  (1.14),  we  write 


A  M„t= 


dM 


dHh 


dM„ 


dH, 


dF, 


” 1 AF 
dFl3 


(1.39) 


and  equation  (1.37)  takes  the  form 


GD2rl 

"375 ~Pn  = 


Urnl  —  Ceri<t>rln 
iP-\~  R.u  l 


r  t 


AM 


Ml 


SRlLp2K  u _ r  i  ^ei^^ti 

Km  i  &Hn  f(no  AHi2  —  Ku  A/7,!  —  Ku  A/7, 2* 

After  simple  manipulations,  making  use  of  (1.36)  and  (1.35),  we  find 


Ir“  *PQ  +  T*'tP)PK'i+K'tP+Kmfo',WvtU»  W4ti(pm(p)= 

=  iKitlWgl{p)  Wdr  t  (p) Hn{(p)  -  ati  (1  +  $f/  p)  \Km  t  A Hu  + 

+  Kno  A//2  +  Hn  A Fa  +  AF„].  (1.40) 


The  screw  positioning  equations  for  the  other  stands  are  obtained  by 
assigning  an  appropriate  value  to  the  subscript  i.  For  a  three -stand 
system,  i=  1,  2,  3. 

In  equation  (1.40),  H,  is  in  a  sense  //<_,  and  H2=Hi+l.  AF{  and  A F2  are 
the  coupling  terms  interconnecting  equations  (1.40)  for  i  =  1,  2  3  with 
equations  (1.34)  for  i  =  1,  2,  3,  4,  5,  6. 

We  have  thus  obtained  two  sets  of  equations:  one  describing  the  positioning 
of  pressing  screws  and  the  other  main  drive  control.  Jointly  these  equations 
describe,  in  the  linear  approximation,  the  dynamics  of  gage  control  by 
simultaneous  regulation  of  roll  gap  and  rolling  tension. 


§1.2.  A  COMPLEX  POWER  SYSTEM  AS  A  MULTI  - 
VARIABLE  CONTROLLED  OBJECT 

By  a  complex  power  system  we  mean  a  quite  general  configuration  of 
power  generating  stations  in  a  grid  of  arbitrary  load.  Each  power  station 
individually  is  a  complex  system  comprising  a  few  or  even  a  few  dozen 
powerful  synchronous  generators  and  other  equipment.  For  the  sake  of 
simplicity  each  station  is  replaced  in  our  analysis  by  an  equivalent 
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synchronous  generator  and  an  equivalent  prime  mover.  Numerous  studies 
/4  6,  47,  69,  70,  etc./  have  shown  that  this  substitution  is  fully  permissible 
in  many  practically  significant  cases.  It  is  further  assumed  that  each 
equivalent  generator  is  excitation-controlled  and  the  equivalent  prime 
mover  (a  steam  or  hydraulic  turbine)  is  provided  with  speed  control. 
Furthermore,  all  the  machines  except  the  first  have  secondary  frequency 
control.  Figure  1.3  is  a  block  diagram  of  one  element  in  a  complex 
power  system  which  comprises  n  equivalent  units  (prime  mover  and 
generator).  We  will  derive  an  equation  of  the  system  for  the  case  of 
small  deviations  of  the  controlled  variables  from  a  preset  operating  mode. 
The  active  and  the  reactive  impedances  in  the  system  are  assumed  constant 
during  each  particular  transient. 


transmission 

line 


> 


Jj 


FIGURE  1.3.  An  i-th  unit  of  a  complex  power  system. 


We  start  with  the  equations  of  the  various  components  of  the  i-th 
equivalent  unit. 

1.  The  equation  of  motion  of  the  i-th  equivalent  unit  is 


,  d  A®!  ... 

Ji~~dt±~  &Mit 


(1.41) 


where  /*  is  the  reduced  moment  of  inertia  of  the  unit.  Aw*  the  change  in 
frequency,  AM*  the  torque  increment. 

The  torque  is  made  up  of  two  components:  the  actuating  torque  and  the 
resistance  (generator)  torque;  we  may  thus  write 

\Mi  =  MMit  +  &Mu,  (1.42) 

where  AM  a  is  the  change  in  generator  torque,  A  Mia  the  change  in  actuating 
torque. 

The  resistance  torques  are  expressed  by  the  functional  dependence 


and 


Mi  Mt  (fiji,  ft/2,  •  •  •  i  ft/«>  Edi\'  ■  ■  ’  >  E din *  wl>  ^2>  ®/j)  (1.43) 


ft 


dMj 

dEdik 


(1.44) 


where  6 ih  are  the  phase  angles  between  the  free-running  e.m.f.  of  the 
k-th  generator  and  the  voltage  developed  by  the  i-th  generator  (which  is 
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regarded  as  the  leading  generator),  Edi  is  the  free-running  e.m.f.  of  the 
i-th  generator.  Aw*  is  the  change  in  frequency  for  the  k-th  generator.  If 
the  first  generator  is  regarded  as  the  leading  generator,  the  phase  angles 
in  the  equation  for  any  z-th  generator  should  be  reckoned  from  the  e.m.f. 
vector  of  the  first. 

All  partial  derivatives  in  (1.44)  are  found  from  the  corresponding  static 
characteristics.  Replacing  them  with  appropriate  constant  coefficients  and 
making  use  of  (1.42)  and  (1.44),  we  write  (1.41)  in  the  form 

/t  dt 1  =  £««  j  *  AZ:*  —  ^  Yz*  Aoa  -(-  AMi  a 

k=i 


or 


y<Tr  +  Y«A<il<  =  —  —  +  ( 1  -4  5) 


ft-Z 


k  =  l 


He  re 


or 


a  -  dMl  ft  _  dMi  _  &Mi 

ik~  dbik'  P‘k  —  ~dE^’  — 

2.  The  equations  for  the  phase  angles  6ik  are 

AS/fe  =  J  (Aco,  ~  A(ok)  dt 
=A<o,  — Ag>*. 


(1.46) 


Equation  (1.46)  clearly  remains  valid  when  the  e.m.f.  vectors  of  all  the 
machines  are  reckoned  from  the  e.m.f.  vector  of  the  first  machine. 

3.  We  now  derive  the  equation  of  the  motor's  excitation  circuit.  It  is 
assumed  that  the  synchronous  generator  is  excited  by  a  special  exciter. 

The  fast  electromagnetic  processes  in  the  stator  circuit  of  the  synchronous 
generator  are  ignored  at  this  stage. 

The  transient  in  the  rotor  circuit  of  the  z-th  generator  is  described  by 
the  following  differential  equation: 

E,<e  =  Eld+Tm (1.47) 


where  Tid0  is  the  time  constant  of  the  excitation  circuit,  E\d  is  the  e.m.f. 
across  the  synchronous  reactive  impedance. 

If  no  voltage  control  is  provided,  Eide  is  constant.  In  voltage -controlled 
generators  Eide  depends  on  the  parameters  of  the  excitation  circuit,  the 
exciter,  and  the  voltage  control  system.  For  small  deviations  equation 
(1.47)  takes  the  form 

&Eldl  =  AEu+Tuo^-.  (1.48) 


4.  Let  W0i(p)he  the  transfer  function  of  the  exciter  and  voltage  controller. 
The  relationship  between  A E>de  and  the  change  in  voltage  at  the  generator 
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terminals  is  then  written  as 


b.EU'(p)=W0i(p)MJl(p).  (1.49) 

The  voltage  at  the  generator  terminals  is  measured,  and  not  the  free- 
running  e.m.f.  Another  expression  is  therefore  required,  relating  the 
free-running  e.m.f.  to  the  voltage  at  the  terminals. 


u 

I 


FIGURE  1.4.  Vector  diagrams  of  a  synchronous  machine. 


From  the  vector  diagram  (Figure  1.4)  we  may  write 

Eid  =  Etd — ( Xid  —  x  id)  fid  (1.50) 

and 

U\  —  (Eid — /  idXidf  +  flqxlq.  (1.51) 

Here  x\d  is  the  transient  reactive  impedance  of  the  generator,  xid  the 
reactive  impedance  of  the  generator  along  the  longitudinal  axis,  xiq  the 
reactive  impedance  along  the  transverse  axis,  Iid  the  longitudinal  component 
of  the  stator  current,  ^9  the  transverse  component  of  the  stator  current. 

We  further  assume  for  the  sake  of  generality  that  the  generator  being 
considered  is  a  salient -pole  machine;  then  for  the  current  components 
we  write* 

E  E 

>u~-=  cos  ati — cos  (—  6,,  —  an),  (1.52) 

T„  =  4g-  sin a(i  +  -§7 sin  (- #«  -  <*n).  (1.53) 


Here  EQi  is  the  equivalent  e.m.f.  of  salient-pole  generators: 

Eqi  ~  AEld  +  BEU  cos  ( —  bn  ~  an). 


(1.54) 


The  constants  A  and  B  are  expressed  in  terms  of  the  generator  parameters: 

i ,  xt*-*k 

As - 7 - 


Xid  —  Xlq 


xid  xid 


Xid  —  Xll  2 11 

*  Detailed  derivation  of  these  equations  is  given,  e,g.,  in  /47,  69/. 
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xld  —  xjd 

B  = - ; - ill - , 

Xld  —  *ld  ,  cos  ail  { 

+-ZS-('«-^ 

where  is  the  self-impedance  of  the  substitution  circuit  between  the  /- th 
and  the  1st  generator  (Figure  1.5),  Zu  is  the  mutual  impedance  of  the 
system  between  these  generators. 


FIGURE  1.5.  Diagram  of  impedances. 


Substituting  (1.52),  (1.53),  and  (1.54)  in  (1.50)  and  (1.51)  and  linearizing, 
we  find  after  simple  manipulations 


where 


A£;a=V,A6n+Q,A£M, 
AC/(  =  £(A6„  +  A/,A£m, 


Qi  ( Xid  Xld)U  10  (  zlt  U  ~Z^)  S*n(  —  au)> 

=  2 {  Eta  s,n  (—  bu  ~  ai /)  [2  —Yu"  ~  ~Y^\  xid  ~~ 


2 Ax\d  cos  au 

j  B  cos  ait  1  ^ 

Zti 

\  Za  Zu  1 

-4-  sin  2  ( —  6n  — 


,  _ a  \  _ [J  x2  ( 

a  ai\)  Zz^  u iox id  ( 


,2  (  &  cos  ait  1 


1  — 2x> 


cos  afi  +-^^osaux]a\ 


-  Un  cos  <-  6„  -  a„)  -  -£-)  (2Xld  - 


(1.55) 

(1.56) 


5.  The  equation  of  speed  and  frequency  control  for  the  i-th  generator  is 

&V,  =  R,(P)  A®,.  (1.57) 

We  have  thus  obtained  the  following  set  of  equations  describing  the  i-th 
generalized  unit: 

n  n  n 

(Ap + Y«)  A®,.=  ajS  A6(J  —  S  p, ,  A£*  —  2  ylk  Ag>4  +  A M„,  ( 1 . 58a) 

Af=*l  ft=l 
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/>A&(*  =  A0,  — A&v 

AEide  —  AEid  -)-  T idop  AEd, 

AElde  —  Wi0  (p)  AU iy 
AE'ld=VlA6i,  +  QlAE/dt 
AUl  =  LiA?>ik  +  NiAEldi 
A Mi  =  Rl  (p)  A^. 


(1.58b) 


These  equations  cannot  be  simplified  unless  we  have  decided  what  the 
controlled  variables  of  the  system  are.  As  far  as  the  quality  of  the  generated 
electric  power  is  concerned,  the  frequency  and  the  voltage  must  be 
maintained  constant.  In  some  cases,  however,  stability  considerations, 
say,  suggest  that  the  phase  angle  6a  should  be  controlled.  This  approach 
is  also  advisable  if  the  voltage  of  the  generalized  units  (power  stations) 
is  controlled  via  the  phase  angles  6 m  using  remote  phase  meters.  The 
controlled  variables  are  therefore  the  frequency  c oif  the  phase  angle  A6,-fc, 
the  generator  voltage  Uif  the  e.m.f.  of  all  other  generators  Eh,  and  the 
frequency  of  the  other  generators  a>k{k  i) . 

Eliminating  E[d,  Em,  and  Eide  from  (1.58),  we  obtain  the  following  set  of 
equations  for  the  t-th  unit: 


«  n  n 

(JiP  +  Y/i)  wt  —  2  aik  A&ik  —  2  Pi*  AEk  —  2  Yr*  Aco*  AM i a, 

A=1  fc= 1 

k^i 

P  Abik  —  A(0,  —  Aw^, 

rtd0(V'-2£.)pu>lk—j±  A6„+ 

+  [Tlm^-tP  +  ^--W,l{p)]ul  =  0, 
AMt  =  (p)  Awt-, 

AMu  =  KAM.r 


(1.59) 


Similar  sets  of  equations  can  be  obtained  for  the  other  generalized  units 
of  the  complex  power  system.  The  entire  power  system  is  described  by 
equations  (1.58)  with  /=  1,  2,  . . . ,  n.  If  some  units  have  no  frequency  or 
voltage  control,  the  corresponding  terms  vanish. 

The  coupling  in  this  case  is  twofold.  First,  in  each  individual  unit  the 
generator  voltage  (or  e.m.f.)  is  sensitive  to  variations  of  frequency  and 
speed.  Each  unit  thus  constitutes  a  multivariable  interacting  system. 

But  the  coupling  goes  further:  the  processes  in  the  i-th  unit  affect  all  the 
other  units  of  the  power  system  as  a  whole. 


§1.3.  A  RECTIFYING  COLUMN 

A  rectifying  column  is  a  very  common  installation  in  petrochemical 
and  gas  industries.  From  our  point  of  view  a  rectifying  column  is  a 
typical  multivariable  plant  representative  of  a  whole  class  of  industrial 
processes  adapted  to  automatic  control.  We  therefore  proceed  with  a 
discussion  of  some  elementary  properties  essential  for  the  understanding 
of  the  physical  foundation  of  the  rectification  process  and  then  give  detailed 
mathematical  treatment  of  some  simple  cases.  Although  there  is  a 
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considerable  variety  of  rectifying  columns,  they  all  operate  on  the  same 
principle  and  can  be  described  by  identical  mathematical  equations. 

Rectification  is  a  kind  of  distillation,  i.  e.,  separation  of  a  liquid 
mixture  into  constituents  which  have  different  boiling  points.  Rectification 
is  carried  out  in  such  a  way  that  an  ascending  stream  of  vapor  comes  in 
contact  with  a  descending  countercurrent  of  condensed  liquid,  i.  e..  the 
base  of  the  column  is  heated  while  its  upper  portion  is  cooled.  A  schematic 
diagram  of  a  rectifying  column  is  shown  in  Figure  1.6. 


FIGURE  1.6.  A  rectifying  column  for  the  separation  of  a 
binary  mixture: 

I  column,  II  condenser.  III  accumulator,  IV  reboiler; 

1)  crude  feed,  2)  overhead  product,  3)  bottoms,  4)  vapor, 
5)  reflux,  6)  vapor-liquid  mixture,  7)  vapor  phase, 

8)  liquid  phase,  9)  water,  10)  gas  out. 


The  main  element  of  a  rectifying  column  is  the  packing,  namely  plates 
or  trays  on  which  the  vapor  comes  in  contact  with  the  liquid  phase.  The 
vapor  is  thus  enriched  with  the  low-boiling  component,  and  the  proportion 
of  the  high-boiling  component  in  the  liquid  also  increases.  A  functional 
diagram  of  a  bubble-cap  plate  is  shown  in  Figure  1.7. 


FIGURE  1.7.  Functional  diagram  of  the  rectifica¬ 
tion  process: 

1)  column  wall,  2)  plate,  3)  cap,  4)  liquid,  5)  vapor. 
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Depending  on  the  composition  of  the  crude  feed,  we  distinguish  between 
columns  for  separation  of  binary  mixtures  and  columns  for  separation  of 
multicomponent  mixtures.  The  calculations  for  multicomponent  rectifying 
columns  are  substantially  more  complicated,  and  the  corresponding 
processes  have  been  poorly  studied. 


(a)  COLUMNS  FOR  SEPARATION  OF  MULTICOMPONENT  MIXTURES 

A  binary  column  is  that  where  the  finished  product  is  only  the  overhead 
distillate  or  the  bottoms.  Automation  of  binary  rectifying  columns  should 
be  implemented  with  due  regard  to  the  industrial  objectives  and  the 
engineering  aspects  of  the  process.  The  following  cases  can  be  distinguished. 

Case  1  .  Product  concentration  higher  than  required.  Losses  less 
than  permissible. 

The  goal  is  to  make  the  product  as  pure  as  possible  and  to  produce  as 
much  of  it  as  is  feasible,  irrespective  of  power  requirements. 

Case  2  .  Product  concentration  higher  than  required.  Optimum 
power  consumption. 

A  very -high -purity  product  is  to  be  separated,  but  its  quantity  is 
determined  by  power  losses  from  cooling  water  and  vapor. 

Case  3  .  Product  concentration  not  lower  than  the  stipulated  figure. 
Uniform  product  efflux. 

The  distillate  constitutes  a  feed  to  another  industrial  process,  so  that 
excessive  fluctuations  of  product  discharge  are  undesirable. 

Case  4.  Optimum  economy  irrespective  of  product  concentration 
and  quantity. 

The  input  and  output  variables  of  the  rectifying  unit  illustrated  in 
Figure  1.6  are  shown  to  first  approximation  in  Figure  1.8.  Note  that  some 
of  the  input  variables  in  Figure  1.8  are  interrelated.  For  example,  a  change 
in  the  quantity  of  feed  affects  the  condenser  operation  and  the  reflux  temper¬ 
ature  is  altered;  a  change  in  the  pumping  rate  of  the  overhead  product 
alters  the  quantity  of  reflux,  etc. 
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FIGURE  1.8.  Schematic  diagram  of  the  variables 
in  a  binary  column: 

1)  quantity  of  feed,  2)  composition  of  feed, 

3)  temperature  of  feed,  4)  reflux  flow  rate, 

5)  reflux  temperature,  6)  pumping  of  overhead 
product,  7)  pumping  of  bottoms,  8)  water  flow 
rate  in  the  condenser,  9)  vapor  flow  rate  in  the 
reboiler,  10)  top  plate  temperature,  11)  bottom 
plate  temperature,  12)  *-th  plate  temperature, 
13)  composition  of  overhead  product,  14)  com¬ 
position  of  bottoms,  15)  composition  of  mixture 
on  the  bottom  plate,  16)  liquid  level  in  the 
accumulator,  17)  liquid  level  in  the  reboiler, 

18)  pressure  in  the  column. 
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A  simple  rectifying  unit  for  the  separation  of  binary  mixtures  is  thus 
a  multivariable  plant  with  numerous  inputs  and  outputs.  Complete  descrip¬ 
tion  of  the  column  requires  knowledge  of  the  relationships  between  the  inputs 
and  the  outputs  shown  in  Figure  1.8. 

One  of  the  main  paths  is  the  "feed  composition-to -product  concentration". 
Analytical  and  experimental  (using  laboratory  rectifying  units)  studies  of 
this  path  were  published  by  various  authors  / 8 3 ,  84/. 

The  equation  of  each  plate  is  derived  proceeding  from  the  material 
balance  of  the  low-boiling  component.  Under  certain  assumptions  it  has 
the  form 


(Tkp  +  l)Ck=  1,  (1.60) 


where  k  is  the  plate  number,  K\k ,  Kzh  the  gains,  Th  a  time  constant,  Ch 
concentration  deviation  of  the  low -boiling  component  on  the  6-th  plate. 

The  equations  of  the  condenser,  reboiler,  and  feed  plate  differ  only 
in  the  number  of  terms  entering  the  right-hand  side  of  (1.60).  The 
constants  Tk,  K\h>  and  K2h  depend  on  the  velocity  of  vapor  and  liquid  streams, 
the  form  of  the  equilibrium  curve  interrelating  the  composition  of  the  vapor 
and  the  liquid  phase  on  each  plate,  and  the  liquid  mass  on  the  plate. 

Equations  (1.60)  ignore  the  hydrodynamics  of  vapor  and  liquid  streams. 
This  omission  is  rectified  with  the  aid  of  the  equations 


Lk  —  Lk+u  \ 

(*2/>+  DVk=Vt_lt  I 


(1.61) 


where  Vh  is  the  flow  rate  of  vapor  rising  from  the  6-th  plate,  Lk  the  flow 
rate  of  liquid  dripping  from  the  6-th  plate,  n  and  t2  are  the  corresponding 
time  constants  of  the  6-th  plate. 

Putting  6  =  1,  . . .  ,  n,  we  obtain  a  set  of  equations  for  this  simple  binary 
column.  We  wish  to  stress  again  that  the  equations  were  obtained  proceeding 
from  the  material  balance  of  one  of  the  components. 


(b)  COLUMNS  FOR  SEPARATION  OF  BINARY  MIXTURES 


Rectifying  towers  for  fractionation  of  petroleum  products  are  much  more 
difficult  to  control  than  the  previously  considered  simple  binary  columns. 

As  we  have  noted,  distillation  in  binary  columns  is  mostly  described  by 
three  inequalities: 


Cbt  ^  Cbt  3> 
Ctb  <  Ctb  3, 

D  ^  D3, 


(1.62) 


where  Cbt  is  the  content  of  the  bottoms  component  in  the  overhead  distillate, 
Ctb  is  the  content  of  the  overhead  product  in  the  bottoms,  D  the  separation 
factor.  The  subscript  3  denotes  the  standard  reference  values  of  the 
corresponding  quantities. 
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A  vacuum  distillation  column  for  multicomponent  mixtures  is  described 
by  considerably  more  numerous  constraints.  The  more  obvious  of  these 
are  the  following: 

T'lb  ib  3* 

T'eb  ^  ^eb  3> 

^flash  >  ^flash3*  (  1 . 63) 

V<  f„ 

c>c3, 

D>D3, 


where  T Ib  is  the  lower  boiling  temperature  of  the  fraction,  Te b  is  the  end 
boiling  temperature,  7^ash the  flash-point  temperature,  V  the  viscosity  of 
the  fraction,  C  the  color  of  the  fraction,  D  the  separation  factor. 

This  set  of  constraints  is  of  course  applicable  to  each  withdrawn  fraction. 

A  characteristic  feature  of  a  vacuum  distillation  column  from  the  point 
of  view  of  a  control  engineer  is  that  its  optimum  operating  conditions  are 
characterized  by  a  generalized  index  which  is  a  functional  of  numerous 
controlled  variables  (reference  values  and  other  quantities).  Optimal 
reference  values  are  determined  by  the  industrial  plant  conditions.  If 
the  distillate  is  a  marketable  product,  optimization  is  impossible  without 
knowing  the  dependence  of  cost  and  market  price  on  product  composition. 

An  optimality  test  is  provided,  say,  by  the  profit  amassed  in  time  T. 

If  the  dependence  of  profit  on  product  composition  is  a  function  with  an 

extremum,  the  column  is  optimized  if 
a  maximum  profit  is  ensured.  If  the 
distillate  requires  further  processing 
before  it  can  be  marketed,  we  must 
know  the  relationship  between  distillate 
composition  and  the  cost  of  subsequent 
processing.  It  is  thus  clear  that 
constraints  (1.63)  constitute  only  the 
first  step  in  the  development  of  optimum 
control  systems  for  rectifying  towers. 
However,  in  general,  as  the  constraints 
(1.63)  approach  equalities,  the  operation 
of  the  column  under  the  given  set  of 
conditions  becomes  progressively  more 
economic. 

The  static  and  the  dynamic  character¬ 
istics  of  the  column  are  required  for  the 
solution  of  the  problem  before  us.  In 


FIGURE  1.9.  Column  for  separation  of  a  multi- 
component  mixture: 

I  column,  II  accumulator,  III  barometric 
condenser;  1)  feed,  2)  superheated  vapor,  3)  1st 
fraction,  4)  2nd  fraction,  5)  3rd  fraction, 

6)  bottoms,  7)  reflux. 


what  follows  we  derive  an  equation  relating 
the  mass  flow  of  the  feed  and  the  product 
to  temperature  conditions  in  the  column. 
This  statement  of  the  problem  is  under¬ 
standable  since  in  most  rectifying  towers 
temperature  is  one  of  the  controlled 


variables. 


A  technological  diagram  of  the  column 


is  shown  in  Figure  1.9.  The  tapped  products  are  the  2nd  and  3rd  fractions 


and  the  residuum. 
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The  automatic  control  of  these  columns  constitutes  a  complicated  problem. 
With  binary  columns  no  more  than  two  or  three  constraints  had  to  be  satis¬ 
fied  (e.g.,  concentration  greater  than  reference,  losses  less  than  reference), 
while  in  vacuum  distillation  columns  the  number  of  constraints  is  much 
greater. 

The  five  principal  constraints  for  each  fraction  are  the  following: 

1.  Lower  boiling  point  higher  than  reference. 

2.  End  boiling  point  less  than  reference. 

3.  Viscosity  less  than  reference. 

4.  Flash-point  temperature  higher  than  reference. 

5.  Color  stronger  than  reference. 

The  controllability"  of  the  column  thus  becomes  a  very  topical  question. 
The  interrelationships  between  the  column  inputs  and  outputs  are 
indicated  in  Figure  1.10,  which  shows  only  the  most  important  variables. 
Block  diagrams  of  the  rectifying  tower  are  given  in  Figures  1.11  and  1.12. 

FIGURE  1.10.  Illustrating  the  inputs  and  outputs  of  a  multi- 
component  column: 

1)  feed  flow  rate,  2)  feed  temperature,  3)  feed  viscosity, 

4)  reflux  of  2nd  fraction,  5)  withdrawal  of  2nd  fraction, 

6)  reflux  of  3rd  fraction,  7)  withdrawal  of  3rd  fraction, 

8)  vapor  flow  rate,  9)  lower  boiling  point  of  2nd  fraction, 

10)  end  boiling  point  of  2nd  fraction,  11)  viscosity  of  2nd 
fraction,  12)  flash-point  temperature  of  2nd  fraction, 

13)  color  of  2nd  fraction,  14,  15,  16,  17,  18)  ditto  for 
3rd  fraction,  19)  temperature  of  2nd  fraction,  20)  temper¬ 
ature  of  3rd  fraction,  21)  temperature  on  ft-th  plate, 

22)  liquid  level  in  the  accumulator,  23)  bottoms  quality. 


FIGURE  1.11.  Illustrating  the  derivation  of  equations 
for  a  multivariable  column. 


FIGURE  1.12.  Illustrating 
the  derivation  of  equations 
for  a  multivariable  column. 


1820 
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Nomenclature: 


Gi>  G2,  G3  =  the  withdrawn  quantities  of  each  fraction; 

Go-i,  Go. 2  =  the  quantities  of  reflux  for  the  corresponding  fractions; 

Gg—  gas  flow  into  the  barometric  condenser; 
k  ~  plate  number,  reckoned  from  bottom  to  top; 

Mj=  number  of  plate  from  which  the  fraction  is  withdrawn; 

IV l  —  number  of  the  reflux  plate; 

X  in t  =  deviation  in  mass  flow  of  feed; 

Ain/-  deviation  in  temperature  of  feed; 

Xk—  deviation  in  temperature  of  liquid  phase  on  the  6-th  plate; 
hk  —  liquid  level  deviation  on  the  6-th  plate; 
tk  =  temperature  of  liquid  phase  on  6-th  plate; 

Tk  =  temperature  of  vapor  phase  on  6-th  plate; 
to-i  =  temperature  of  reflux; 

Lk  -  flow  of  liquid  dripping  from  6-th  plate; 

Vk  =  flow  of  vapor  rising  from  6-th  plate; 

Ciq  =  slope  factor  of  the  straight  line  approximating  the  temperature 
dependence  of  the  specific  heat  of  liquid; 
cv  =  slope  factor  of  the  straight  line  approximating  the  temperature 
dependence  of  the  specific  heat  of  vapor; 
m  ~  mass  of  liquid  on  the  plate; 

H  =  level  of  liquid  on  the  plate; 

F  —  accumulator  surface  area; 

D  =  column  diameter; 
p  =  liquid  density; 

6  =  symbol  of  deviation. 


Assumptions  adopted  in  the  derivation  of  equations 

1.  The  feed  is  liquid  at  its  boiling  point. 

2.  Temperature  variation  on  the  plates  does  not  affect  the  velocity  of 
the  vapor. 

3.  Vapor  and  liquid  temperature  deviations  on  the  6-th  plate  are 
related  by 

6Tk  =  k6tk. 

4.  Total  condensation  occurs  on  plate  Nx  (  Gg=  0). 

5.  The  delay  of  the  vapor  on  the  6-th  plate  is  negligible. 

6.  Change  in  level  is  negligible  on  all  plates,  except  Mj. 

7.  LMx  -  0,  since  in  this  column  the  downpour  from  the  20th  plate  is 
quenched. 

8.  The  effect  of  water  steam  flow  on  column  temperature  is  negligible. 

9.  The  hydrodynamics  of  the  liquid  is  ignored. 

In  the  mathematical  part  we  use  the  well-known  equations  of  heat  balance. 

We  consider  several  cases. 
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Case  1  .  The  equation  of  the  k-th  plate. 

The  equation  of  statics  (steady-state  conditions,  see  Figure  1.  13)  can 
be  written  in  the  following  form: 

vk-i cvTk_l  —  VkcvTk  £*+i£uA+i  LkCiqh—  °- 


The  equation  of  dynamics: 

vk^c  V{T  -J-  6  T  ft„1)  —  vkcy  (Tk  +  6Tk)  + 

+  (£*+l  "h  ^fr  +  l)  Clq  (4  +  1  4"  +l) 

-(is  +  6i4)clq(<t  +  6<t)  =  >!-§•, 

where  A  =  . 


FIGURE  1,13.  Illustrating 
the  derivation  of  equations 
for  a  multivariable  column. 

Seeing  that  the  liquid  flow  in  the  given  section  may  change  only  due  to  a 
change  in  the  quantity  of  reflux,  we  may  write 

tLk  "bLk+i  =  6Z,*_1  ~  Xin  3. 

In  view  of  assumption  3  above 

bTk  =  kbtk~kXk. 

Passing  to  an  equation  in  deviations,  linearizing,  and  Laplace -trans¬ 
forming,  we  find 

{O'kP’-^r  1)  A’Jk  =  bkX  k-i  +  ckX  k+l~)~  k3kXinZ,  (1.64) 
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where 

A  _  bk  „  Cb  k,b 

fc  HP  + 1  k  akp  +  1  ’  ~a^P  +  1  ' 

Case  2  .  The  equation  of  the  A^-th.  plate  (Figure  1.14): 

VNi-lCy(TN2-\^~()TNi-\)  ~  VNiCy(TNl-^^TN)  ~ 

—  (LNi  +  6 LNl)  r,q  {tNi  +  btNi)  -f-  (C0-2  +  6Go.2)  (*0-2  4-  6/0-2)  =  A  ~p- . 


r 5 

f  12] 

G0-2 

l4 

_ f~ 

FIGURE  1.14,  Illustrating 
the  derivation  of  equations 
for  a  multivariable  column, 


Acting  as  before  and  seeing  that 

6/0-2  ^  X  fn3 


and 


6G0-2  =  6  4/v}  XiB  3, 


we  find 


(flA hP  +  1)  =  bNlXN j_i  4-  fa  3  4-  k*N}X  *„  3, 


where 


&Ni 


bN , 


Cl^Nt  “h  c^vn2 


^q^yVj-H  c^vNi 

CN}  —  0, 

u  _  C|cl  (*0*2  */V.) 

Wl~  + 

*.*  —  ciqGo-2 


Case  3  .  The  equation  of  the  yVf2-th  plate  (Figure  1.15). 
The  equation  of  dynamics: 


VMt- \Cm  {T M,~ \  +  67Af2-l)  VMtCy  {T m,  +  H" 

+(^Af2+i  4-6/4f3+i)rlq  (tM2+\  4“6//wJ+i)— (Z.^»4-6^/m3)  Ciq  (/at2 4- ^>/vw2) — 

—  (C2  4~  6G2  4-  C0-2  4-  6G0.2)  ciq  (/yw 3  4~  6/^)  =  A  —  # 


(1.66) 
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FIGURE  1.15.  Illustrating 
the  derivation  of  equations 
for  a  multivariable  column, 


Acting  as  before  and  seeing  that 


6C/0-2  =  6Z,AfJ+l  ~  X in  3 

and 

6G2  =  —  ~  X  in  4> 

we  find 

(W  +  l)  XM2  =  bMXM2- 1  +  CMXM1+\  +  3, 

where 

_ A _ 

aM2  ~~  Clq  (G2  +  Gq_2  +  +  CvkvM7  ' 

. _ cv*pA>,-l _ 

^  clq  (G2  4“  G0-2  4“  Avr2)  +  cvft^2 

_ C\qLM2+l _ 

Ml  CLq  (02  +  Gq_2  4~  ^  Afa)  4“  CV*VjW,  ’ 

,  _ _ SXWm  _ 

3VWS  clq  (G2  +  G0-2  +  LM3)  +  CvkvM3  ’ 

Case  4  .  The  equation  of  the  6-th  plate  ( M2  >  k  >  M3) . 

The  equation  is  derived  precisely  as  in  Case  1.  Seeing  that 


6  Lh~ — X  in  4> 


we  obtain 

(akP  4“  1)  Xk^~bkXk~l~\~  CkXk+\JT^AkX\aA> 

where 

b  —  Clq  T~*  ^A  +  l) 

*4k  clqLk  +  c,kvk  * 

Case  5.  The  equation  of  the  Mi-th  plate  (Figure  1.16). 

The  equation  of  dynamics: 

(f  *,-l  +  bTM,-l)  ~  VMXC,  (TM,  +  67V)  + 

4-(Z-M,+l  4-  6AAf,+  l)  Clq  (^Ml+I+^Mi+l)  — 

—  (Go-i  +  ftGo-i  4~Gi4-6Gi)  cJq  (t  4-  &£m,)  — 

=  \Ff> - Tt - 


(1.67) 


(1.68) 
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FIGURE  1,16.  Illustrating 
the  derivation  of  equations 
for  a  multivariable  column. 


Passing  to  the  equation  in  deviations,  linearizing,  and  Laplace -trans¬ 
forming,  we  make  use  of  the  fact  that 


and 


6Z,m1+  i  =  6G0-I  X  in  1 


bG\  X  2 


to  obtain 

c\^M^Ph  +  \AP  +  (G0-l  +  Gl)  ciq  +  vMcyk\  XMi  = 

=  H“  c\<\  (*VI1+1  ~  ^  in  1  ~  2-  (  1 . 69) 

The  equation  of  material  balance  for  this  plate  is 

Fpph  =  —  Xin  2,  (1.70) 

i.  e.,  equation  (1.68)  in  fact  is  a  combination  of  two  independent  equations, 
(1.69)  and  (1.70): 

[AP  +  (GM  +  Gj)clq  4-  vMcwk]  XAh  = 

~VMx~\Cyk^M^\A~  LMi+xCHXMi+x-\-Cl(i  (tMi+l  —  X^  (1.71) 

From  (1.69)  and  (1.70)  it  follows  that  the  liquid  level  in  the  accumulator 
is  independent  of  temperature,  and  the  withdrawal  of  the  distillate  does 
not  affect  the  temperature.  These  conclusions  follow  from  the  linearized 
equations;  the  validity  of  the  starting  linearized  equation,  however, 
requires  experimental  verification. 

The  equations  for  the  other  plates  are  derived  similarly  to  one  of  the 
cases  (1.64) —(1.69). 

An  analysis  of  the  equations  of  various  plates  has  shown  that  the  general 
equation  of  the  k-th  plate  may  be  written  as 

{akp  +  1)  Xk  =  bkXk^  ~\-  ckXk+l  -j-  k^X^  j  +  k\kX\a  j  -f 

-\-kzkXto  3  ~\~  klikX  ln  3  - {—  ktft  Xtn  4  ~ |~  AT  m  5-  (l  .72) 

Some  of  the  coefficients  in  (1.72)  may  be  zero. 

The  coefficients  in  (1.72)  are  the  following: 

A 

ak=  clqQk  +  cvkvk>  the  Plate  time  constant,  Qh  being  the  total  flow  of  liquid 
from  the  plate; 
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nondimensional  gain  factors  taking  into  account  the 
temperature  of  the  overlying  and  underlying  plates; 

k\h,  hh  are  coefficients  corresponding  to  the  effect  of  the  reflux  mass 
flow;  the  coefficients  kih  (i=  2,  3)  are  defined  by  the  following  relations: 

(a)  for  the  plate  receiving  the  reflux 

r,  flq  (A>  —  ^ft)  . 

ik~  clqQk  +  cvkvk  ’ 

(b)  for  any  plate  in  the  reflux  section,  including  the  plate  from  which 
the  distillate  is  withdrawn. 


cykvk_ , 


cb  = 


ClqQk  +  CykVk 


ClaQk  +  cMk 


U  _  Clq  (^fe-f-1  . 

ik  cXqQk  +  Cykvk' 


(c)  for  other  plates  kik  =  0; 

k\h  and  k\k  are  coefficients  that  allow  for  the  effect  of  reflux  temperature; 
the  coefficients  £/*(*=  1 ,  3)  are  defined  by  the  following  relations: 

(a)  for  the  sprinkled  plate 

l* _ clqQp  . 

lk~  cXqQk  +  cvkvk  ’ 

(b)  for  other  plates  k*k  =  0; 

kAh  and  k5k  are  coefficients  that  allow  for  distillate  outflow;  the  coefficients 
kih  ( /  =  4 ,  5)  are  defined  by  the  following  relations: 

(a)  for  the  plate  from  which  the  distillate  is  withdrawn  kih  =  0; 

(b)  for  any  underlying  plate  kit  -  ^  ■ 

Dividing  the  left-  and  the  right-hand  sides  of  (1.72)  by  (a,tp+  1),  we  find 

hXk-\~^  Xk~^°kXk  +  l  l  +  1  +  3  + 

+  V*3k X\n  3+  y^kX in  4 +  V5ft^in  5'  (1.73) 

The  equation  relating  the  various  column  variables  is  then  written  as 

B-X  =  DXin ,  (1.74) 


where  B  and  D  are  matrices. 
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X  and  Xin  are  column  vectors, 
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§1.4.  OIL  STRATA  WITH  LINEAR  SEEPAGE 


From  the  point  of  view  of  multivariable  control,  oil  fields  have  much 
in  common  with  the  controlled  objects  discussed  in  the  previous  sections. 
Anticipating,  we  can  say  that  the  common  feature  for  these  multivariable 
objects  is  that  quality  is  regarded  as  a  generalized  index  dependent  on  a 
variety  of  factors  and  numerous  constraints,  so  that  the  control  problem 
is  reduced  to  extremizing  some  functional.  It  will  be  shown  in  Chapter  Eight 

that,  under  certain  additional  conditions, 

In  plan  the  control  of  an  oil  field  can  be  reduced 

- - ^  Formation  to  extremization  of  a  linear  form. 

\  boundary  Crude  oil  is  a  mixture  of  solid,  liquid, 

*  jmsm'  At  and  gaseous  hydrocarbons  impregnating 

^*3§2*Gas  J*B  a  porous  medium.  If  a  well  is  sunk  in 

j  J  this  medium,  the  stratal  pressure  will 

^  drive  the  crude  oil  to  the  surface. 

Water 

^ _  section  along  a— B  In  order  to  maintain  sufficient  stratal 

^  pressure  in  the  production  well,  water  is 

Roof  pumped  into  the  reservoir  through  so- 

called  injection  wells  which  ensure  what 

-  is  known  as  secondary  recovery  of  oil. 

Bottom  Figure  1.17  is  a  schematic  diagram  of  an 

_T,TTnp ,  _  .  .  ..  oil  reservoir.  The  output,  or  controlled 

FIGURE  1.17.  Schematic  digram  .  „  .  .  .. 

Of  an  Oil  reservoir.  variable  for  each  i-th  well  is  the  quantity 

of  liquid  Q,  produced.  Note  that  the  well 
may  produce  stratal  water  as  well  as  oil, 
and  the  yield  therefore  does  not  provide  an  unambiguous  quality  criterion 
of  well  operation.  The  problem  of  efficient  working  of  an  oil  field  will  be 
considered  in  Chapter  Eight.  Here  we  will  only  derive  the  control  equation 
of  the  reservoir,  taking  Qt  as  the  well  output. 


Section  along  A  — B 


FIGURE  1.17.  Schematic  diagram 
of  an  oil  reservoir. 
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The  oil  field  may  have  two  operating  modes: 

(a)  elastic,  when  the  pressure  at  any  point  in  the  pay  rock  is  a 
function  of  time,  other  conditions  being  constant.  This  is  a  transient  mode, 
arising  immediately  after  a  certain  disturbance  is  applied  to  the  pay, 

e.  g.,  when  the  well  is  stopped; 

(b)  rigid,  when  the  pressure  at  any  point  is  constant  during  a  certain 
time  interval,  being  dependent  on  the  position  of  that  point  only. 

In  the  general  case  of  elastic  or  rigid  conditions,  one  of  the  main 
problems  of  the  theory  is  to  determine  the  pressure  at  any  point  in  the 
oil-bearing  stratum  and  at  the  face  of  the  well  at  any  time;  the  size  and 
the  physico -geological  characteristics  of  the  field  are  assumed  to  be  known. 

It  is  shown  in  the  literature  /  72 ,  75,  and  others/  that  the  general  behavior 
of  an  oil  reservoir  is  described  by  the  following  partial  differential  equation: 


_a_ 

dx 


ap 

dt 


(1.75) 


where  P  is  the  stratal  pressure,  h  the  thickness  of  the  stratum,  k  the 
permeability,  \i  the  viscosity  of  the  medium,  a2  where  p  *  is  the 

storage  coefficient  of  the  stratum,  or  the  so-called  piezopermeability, 
Ji-  =  /?hyd  is  the  hydraulic  resistance  of  the  medium,  F(x,y,z)  a  discontinuity 

function,  which  is  identically  zero  at  all  points  of  the  reservoir,  with  the 
exception  of  the  points  at  which  wells  are  sunk. 

For  the  rigid  mode  -^-  =  0  and  (1.75)  takes  the  form 


f  1  dP\ 

Uhyd  dx) 

'  +  dy 

\  P  hyd  dy  yM  dz  \ 

l  P  hyd  dz  ) 

(1.76) 


The  problem  can  be  simplified  if  planar  conditions  are  assumed,  i.e., 
the  thickness  of  the  oil  stratum  is  regarded  as  small  in  comparison  with 
its  extent.  The  flow  of  liquid  along  the  z  axis  can  be  ignored  so  that 

0.  Equations  (1.75)  and  (1.76)  thus  take  the  form 


and 


l  1 

dP\ 

,  .  d  ( 

1 

.‘dP\ 

\  P  hyd 

dx ) 

P  hyd 

dy) 

J_(. 

1 

dP\  + 

±(. 

l 

dx  ( 

P  hyd 

dx)^ 

dy  l 

^hyd 

dP 


w)  =  F(x,  y). 


(1.77) 


(1.78) 


With  boundary  conditions  of  the  first  kind  the  pressure 


Pb  =  f(*,  y,  z) 


on  the  boundary  is  constant,  and  the  pressure  drop  is  thus  zero. 


APb=0; 


(1.79) 
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alternatively,  the  rate  of  change  of  the  pressure  drop  on  the  boundary  is  zero 
(boundary  conditions  of  second  kind),  thus: 

i(A£ b)_n 

dt  “u> 

The  last  case  corresponds  to  a  closed  oil  reservoir. 

Solving  equation  (1.75)  or  (1.77)  for  appropriate  boundary  and  initial 
conditions,  we  obtain  the  debit  Q  as  a  function  of  pressure.  The  problem 
thus  reduces  to  finding  P=F]  (x,  y,  z,  /)and  Q—F2(xt  y,z,t).  For  various  producing 
conditions  the  debit  of  the  well  can  be  expressed  by  the  following  relation, 
which  is  in  fact  the  Darcy  law  of  filtration: 

^  =  ~R~(x,y,  z)  ’  (1.80) 

where  R(x,y,z)  is  the  equivalent  resistance  to  liquid  flow  in  a  pressure 
gradient  AP. 

If  for  the  first  well  R ^ ^  ^  —  au ,  and  there  are  no  other  wells,  equation 
(1.80)  takes  the  form 


Qi  =  anAP1. 


(1.81) 


Consider  the  case  of  an  oil  reservoir  with  n  production  wells.  A  change 
in  operating  conditions  in  any  of  the  wells  causes  redistribution  of  pressure 
in  the  entire  field.  For  the  rigid  mode,  the  behavior  of  the  field  is  described 
by  the  equations 


01lQl  •••  +  O-lnQn  —  APIt 

«wiQi  +  ^2Q2+  ...  +annQn  =  APn, 


(1.82) 


where  ai}  is  a  coefficient  that  describes  to  what  extent  the  processes  in  the 
/-th  well  influence  those  in  the  ;-th  well.  Equations  (1.82)  describe  the 
behavior  of  an  oil  reservoir  in  the  rigid  mode  from  the  standpoint  of  multi- 
variable  control  theory. 

In  the  elastic  mode  the  stratal  processes  are  described  by  convolution 
integrals.  In  what  follows,  however,  we  are  only  concerned  with  optimiza¬ 
tion  of  rigid  operating  conditions,  and  equations  (1.82)  are  thus  quite 
sufficient. 
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Chapter  Two 


MULTIVARIABLE  CONTROL  SYSTEMS 
WITH  BASIC  ELEMENTS 

§2.1.  INTRODUCTORY  REMARKS 

In  this  chapter  we  consider  automatic  control  systems  where  each 
single -variable  loop  is  built  of  basic  elements  only.  By  basic  elements 
we  mean  /39/  the  controlled  object  or  plant,  the  measuring  device  or 
transducer,  the  controller  or  regulator  and,  in  general,  a  number  of 
amplifiers.  Simple  systems  of  this  kind  are  designed  for  each  controlled 
variable,  and  schematically  they  are  represented  by  single-loop  diagrams. 

As  we  have  previously  noted,  the  relationship  (or  coupling)  between 
controlled  variables  in  multivariable  systems  may  be  attributed  to  the 
peculiar  properties  of  the  controlled  plant.  In  this  case  we  say  that  the 
controlled  variables  are  interrelated  through  the  controlled  object  (or 
through  its  properties).  An  alternative  way  of  saying  it  is  that  the 
variables  are  plant -coupled.  The  relationship  between  the  controlled 
variables  may  be  also  artificially  introduced  by  means  of  transducers 
or  control  paths;  finally,  some  interrelation  may  be  imposed  by  the 
technological  or  production  process.  In  what  follows,  the  term  multi  - 
variable  control  systems  (MCS)  is  understood  in  the  quite  general 
sense  of  systems  with  interconnected  variables,  irrespective  of  the 
particular  mode  of  coupling.  From  the  examples  considered  in  Chapter  One 
we  see  that  the  number  of  controllers  or  regulators  is  not  always  equal 
to  the  number  of  controlled  variables.  If  the  controlled  variables  are 
regarded  as  the  plant  outputs  and  the  controller  coordinates  as  the  inputs, 
we  may  assume  quite  generally  that  the  number  of  outputs  is  less  than 
or  equal  to  the  number  of  inputs.  Study  of  simple  multivariable  control 
systems  with  single -loop  subsystems  should  provide  a  foundation  for  the 
design  of  effective  control  systems,  a  problem  of  obvious  practical 
importance.  In  order  to  simplify  the  mathematical  description  of  the 
process,  we  shall  first  consider  the  properties  of  multivariable  plants. 

A  multivariable  plant  may  take  on  two  fairly  general  alternative 
configurations  shown  in  Figures  2.1  and  2.2.  For  the  sake  of  simplicity, 
the  transfer  functions  for  two  controlled  variables  only  are  shown.  In 
the  sequel  the  particular  results  for  the  two-variable  system  will  be 
generalized  without  difficulty  to  any  number  of  controlled  variables. 

We  do  not  consider  here  the  case  when  the  output  of  the  coupling  element 
Wih(p)  is  delivered  neither  to  the  input  nor  to  the  output  of  the  element 
with  the  transfer  function  Wu(p),  but  to  some  intermediate  point,  since 
it  is  easily  reduced  to  one  of  the  principal  cases  by  a  simple  modification 
of  the  function  Wik(p). 
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We  now  proceed  to  derive  an  equation  for  the  first  controlled  variable 
Kioutin  cases  depicted  in  Figures  2.1  and  2.2.  For  Figure  2.1  we  have 

Yx  oul  (p)  =  Wn  (p)  [X j  ln  (p)  -  Wn  (p)  Y2  out  (p)\  = 

=  Wn  (p)  X ,  in  (p)  -wn(p)  Wa  (P)  Y2om(p).  (2.1) 

A  similar  equation  can  be  written  for  the  second  channel.  Let  us  now 
consider  the  second  case,  that  in  Figure  2.2; 

Yl  our  (P)  =  Wn  (p)  X ,  In  (/7)  +  Wn  (p)X2ln.  (2.2) 

If  the  number  of  controlled  variables  is  not  two  but  n ,  the  equation  for 
the  /-th  controlled  variable  in  the  first  configuration  is 


Yi  our  (P)  =  Wu  (p)  Xi  (p)  -  Wti  (p)  2  Wik  (p)  Y k  out  {p),  (2.3) 

*  A 

and  the  output  of  the  second  configuration  is 

y,  ( P )  =  Wn  (p)  Xt  (p)  +  i  Wtk  (p)  Xk  a  (p).  (2.4) 

k=  1 
k=pl 

The  difference  between  the  two  alternatives  is  the  following:  in  the 
first  configuration  the  i-th  output  is  dependent  on  the  i'-th  input  and  the 
outputs  of  all  the  other  controlled  variables,  whereas  in  the  second 


FIGURE  2.1.  A  plant  with  cross  FIGURE  2.2.  A  plant  with  direct 

coupling.  coupling. 


configuration  the  i-th  output  is  a  function  of  the  i-th  input  and  all  the  othe 
inputs.  It  is  easily  understood  that  the  first  case  can  be  reduced  to  the 
second  by  a  certain  modification  of  the  transfer  function  Wih{p).  As  we 
have  not  imposed  any  restrictions  on  the  form  of  the  coupling  transfer 
function,  we  will  consider  the  first  configuration  only  (a  system  with 
cross  coupling),  using  the  general  symbol  aih ( p )  for  the  coupling 
coefficients.  In  the  case  of  cross  coupling,  we  obviously  have 


(2.5; 


and  for  direct  coupling  (Figure  2.2) 

<*/*  iP) 


WikiP) 

WkkipV 


(2.6) 


The  controlled  variables  are  often  interconnected  simultaneously  by 
both  direct  coupling  and  cross  coupling.  This,  however,  does  not  alter 
the  structure  of  equation  (2.4).  It  is  only  the  function  a^(^)that  changes. 
This  approach  to  plant  equations  is  justified  because  in  practice  the 
controlled  object  is  fixed  from  the  start  and  we  are  not  free  to  change 
its  structure.  As  regards  the  control  system,  the  aim  of  the  designer 
is  to  choose  the  optimum  structure,  and  one  does  not  generally  start 
with  equations  of  known  form.  In  the  sequel  we  therefore  concentrate 
on  methods  of  s  e  1  e  c  t  ion  of  control -system  structures. 


§2.2.  TRANSFER  FUNCTIONS  OF  MULTIVARIABLE 
CONTROL  SYSTEMS  WITH  BASIC  ELEMENTS 

Consider  a  multivariable  control  system  with  n  controlled  variables 
interrelated  through  the  controlled  object.  A  subsystem  made  of  basic  - 
element  components  is  provided  for  each  of  the  controlled  variables. 


FIGURE  2.3.  A  general  block  diagram  of  a  multivariable  control 
system  with  basic  elements. 


(a)  We  assume  that  the  measuring  elements  (transducers)  are  also 
interrelated  (the  case  of  load  coupling  will  be  considered  under  (b)). 

Figure  2.3  is  a  block  diagram  of  the  subsystem  for  the  6-th  controlled 
variable.  The  nomenclature  pertaining  to  the  6-th  controlled  variable; 

Kk  =  the  plant  gain; 

D*{P)—  the  denominator  of  the  plant  transfer  function,  henceforth  called 
the  self -operator;* 

Y k=  the  controlled  variable; 
xk  =  the  loop  delay  (lag); 

Ykicf-  the  reference  value  of  the  controlled  variable; 
aik(p)=  the  coupling  coefficient  of  the  i-th  and  6-th  variables,  dependent 
on  the  properties  of  the  plant:  a ih(p)  is  either  a  constant  (positive 
or  negative)  or  a  function  of  the  operator  p ; 

*  [In  this  translation  the  adjectival  prefix  "self qualifies  quantities  and  expressions  pertaining  to  an  isolated 
single -variable  subsystem  which  does  not  interact  with  the  subsystems  of  other,  "extraneous"  variables.] 
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\ik  =  the  transducer  gain;  - 
Rk(p)  =  the  transducer  self-operator; 

Y'k~  the  controller  output; 

Ktt a=  the  amplifier  gain; 

6*  =  the  controller  gain; 

Qk(P)~  the  controller  self-operator; 

rkl  =  a  coupling  coefficient  between  6-th  and  z-th  transducers; 
fit  —  the  load. 


We  now  write  the  set  of  equations  in  Laplace  transforms  for  the  6-th 
controlled  variable  with  zero  initial  conditions.  *  Making  use  of  the 
nomenclature  in  Figure  2.3 ,  we  write  the  plant  equation 


Dk(P)er>pYk{p)  =  Kk 


■  2  aki  (p)  y  i  (p) + Y'p  ip) + fk  (p) 

L  li=k 


the  equation  of  the  measuring  device 
Rk  (P)  Xk(p)  =  \ik 
the  amplifier  equation 


y^tip)-y„{p)+'Zr,lxl{P)  . 

i  =  1 


Xk(p)  =  Kk>Xk(p)\ 


(2.7) 


(2.8) 


(2.9) 


and  the  controller  equation 


QMYtM^Xtip).  (2.10) 

Eliminating  K*(/>),  Xk(p)  and  X'k(p)  between  (2.7),  (2.8),  (2.9),  and  (2.10), 
we  obtain 

[Oe  (p)  R„  (P)  Qt  (p)ex>,’+  KkKk  Al»J  K,  ( p)+ 

+  K„Rk  (P)  Qt  (p)  2  (P)  r,(P)  =  KtK„  AntK»  ,a(p)  + 

*  —  1 

+  2 rk,XAp)+KkRk (p)Q„(p)fk(p).  (2.11) 

l^k 

The  subscript  6  runs  from  1  to  n,  and  we  obtain  a  complete  set  of 
equations  describing  the  behavior  of  the  multivariable  control  system 
under  the  given  conditions. 

Putting  rhi-  0  in  (2.11)  (the  measuring  devices  are  uncoupled),  we 
obtain  an  equation  for  the  class  of  MCS  in  which  the  controlled  variables 
are  interrelated  through  the  controlled  object  only: 

[Dk  ( P )  Rk  ( P )  <3*  (/>) « v + AA.V/J  yk  ( p ) + 

+  KkRk  (p)  Qk  (p)  2  at,  (/>)  y i  (P)  =  KkKk  kpkyk ,Jp) + 

/  =  1 

i^=k 

+  RkRk(p)Qk(p)fk(p)  (k  =  \ . n).  (2.12) 

*  This  means  that  initially  the  outputs  of  the  various  subsystems  are  zero,  provided  that  they  are  described  by 
first-order  equations;  if  they  are  described  by  second -order  equations,  the  first  derivatives  are  also  zero,  etc. 
As  regards  the  delay  element,  the  output  and  its  derivatives  are  assumed  zero  in  the  interval  (-r,  0). 
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As  a  particular  example,  the  equation  of  a  multidimensional  servo - 
system  can  be  derived  from  (2.11).  A  multidimensional  servosystem  is 
a  MCS  in  which  the  controlled  variables  are  interconnected  through  the 
measuring  device  only.  Therefore  putting  in  (2.11)  a*t=  0,  we  find 

U>*  (P)  R„  (P)  Qt  (p)  ■¥KtKtMk]Yt  (P)  = 

—  A  A  Am iXh  ref (p)  +  AA  Am*  2  f*/ A  (p)  + 

i^k 

+  KkRk(P)Qk(P)h(P)  =  h  ....  n).  (2.13) 

where 

(b)  In  the  preceding  we  have  considered  the  interdependence  of  the 
controlled  variables  contributed  by  the  properties  of  the  controlled  object 
and  by  the  coupling  between  the  measuring  devices  (an  artificially  introduced 
factor).  In  this  case  the  load  in  the  &-th  control  loop  affects  the  controlled 
variables  in  all  the  other  loops  via  the  £-th  controlled  variable.  In  some 
cases,  however,  a  change  in  the  load  in  the  k-th  subsystem  may  directly 
influence  some  other  controlled  variables.  It  is  moreover  significant 
that  the  load  (or  the  disturbance)  is  often  introduced  as  an  additional  control 
factor.  In  these  so-called  combined  control  systems  the  pro¬ 
portional  deviation  control  (the  Watt-Polzunov  principle)  is  combined  with 
load  control  (Poncelet  principle).  The  equation  of  a  combined  control 
system  is  obtained  if  equation  (2.11)  is  modified  to  allow  for  load  coupling. 

In  a  particular  case,  a  combined  control  system  may  degenerate  into  a 
MCS  with  load  coupling,  provided  that  the  load  coupling  is  not  employed 
as  a  control  factor. 

Let  Pm(p)  be  a  coefficient  describing  the  effect  of  the  *-th  load  on  the 
k~th  controlled  variable;  p**  ( p )  is  a  constant  number  or  a  function  of  the 
operator  p.  We  assume  that  disturbances  from  extraneous  loads  (i.  e., 
those  not  associated  directly  with  the  ft-th  variable)  are  also  fed  to  the 
plant  input.  In  this  general  case,  we  have 

[Dt  (P)  Q„  (P)  R,  (P)  A'  +  aJ  A  (p)+ 

+  A  A  (p)  Qt  (p)  2  (P)Y i  (P) + Kt  2  rti  (P)  Y,  (p)  = 

1=1  i= I 

n 

=  RkioX k  rtf(p)  H-  Kk  wc  2  rki  {p)  Y ( p )  -]-KkRk  ( p )  Qk  (p)  Pk  ( p )  -j- 

/= i 

i^k 

+  KkRu  (p)  Q„  (p)  2  (p)  f,  (p),  (2.14) 


where 


Kkiot  Rk^kaPk^k  — h  2.  ....  n). 

If  the  disturbance  from  the  self -loads  is  not  delivered  to  the  plant 
input  but  to  the  input  of  some  other  element  in  the  control  system,  the 

function  of  p  before  the  sum  2  P/u(p)  will  change,  while  the  equation  as 
a  whole  will  retain  its  structure. 
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The  set  of  equations  (2.14)  applies  to  the  most  general  case  of  multi- 
variable  control  systems,  provided  that  the  individual  variables  are 
controlled  by  single-loop  systems.  The  equation  of  an  ordinary  combined 
control  system  (with  a  single  controlled  variable)  can  be  obtained  from 
(2.14)  by  putting  aih  (p)=rih  =  0. 


§2.3.  EQUATIONS  OF  MULTIVARIABLE  CONTROL 
SYSTEMS  IN  MATRIX  FORM 

The  equations  describing  MCS  dynamics  can  be  conveniently  written 
in  matrix  form,  which  is  very  compact  and  sometimes  facilitates  the 
mathematical  analysis  of  the  system. 

We  use  the  following  symbols:  au{p)  denotes  the  operatorial  expressions 
preceding  the  self-variables  in  equation  (2.14),  ahi(p)  denotes  the  operatorial 
expressions  representing  the  influence  of  the  *-th  variable  on  the  £-th 
variable.  Then 


akk  ( P )  =  Dk  (p)  Rk  ( p )  Qk  (p)  *  V  +  KkKk  An*. 
a,i  ( P )  =  K„Rt  (p)  Qt  (P)  a„  (p)  +  KtV.fitKlkrki, 
gkk  (P)  =  KtRt  (p)Qk(P}- 


We  also  put 


KkKka$h\lk  —  Kktov 

KkRk  (p)  Qft  (P)  hi  (P)  =  bki  (/>),  Kk  totrkl  =  ckl. 


In  this  notation,  equations  (2.14)  take  the  form 


AY  =  (Km  +  C)  Yte{  +  DF  +  BF, 


(2.15) 


where 


A  = 


*u  ( p ) 
*21  (P) 

*12  (P)  ■ 
*22  (P)  ■ 

•  *1/1  (P) 

•  *2/!  (P) 

Y\  ( P ) 
YAP) 

an  (p) 

ai2{p)  - 

■  aln  {p) 

’ 

YAP ) 

an  i  (P) 

*122  (P)  • 

■  ann  (p) 

yn(p) 


gn(P)  f\  (P) 

II 

0 

b j2  (p)  ■  •  ■  bin  (p) 

g 22  (p)  /a  (P) 

•  s  = 

^21  (P) 

0  ...  b2n(p) 

G*  __ 

gn  iP)  fi  (P) 

bn  {p) 

bi 2  (p)  ...  bin  ( P ) 

grin  (P)  fn  (P) 

I 

bni  iP) 

*#»a  (/>)  •  •  •  0 

/.  (P) 

R  i  tot^  1  ref 

0  C12  C,3  ...  Cln 

ZAP) 

.  /Cto/ref  = 

R*  tot  Y2  ref 

C21  0  C23  .  .  .  C2/, 

,  c  — 

fn(P) 

Rn  to  tY n  ref 

C/2I  C«2  cfl3  •••  0 

(2.15a) 
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Some  particular  cases  of  the  general  equation  (2.15)  are  given  in  the 
following; 

(a)  the  equation  of  an  ordinary  multivariable  control  system  (coupling 
through  the  controlled  object  only) 


W^Kjr^+DF 


(b)  the  equation  of  a  multidimensional  servosystem  (coupling  through 
the  measuring  elements  only,  i.e.,  <xt,i(p)  =$ki(p)  =0) 


An  y  =  Kwy«'  +  CY'ef  +  DFt 


where 


Am= 


a\\  Cj2 
C21  a2  2 


cn\  cni  •  •  •  at 


(2.17) 


(2.18) 


(c)  the  equation  of  a  control  system  with  load  coupling  (am  (p)  =r,,,(p)  =0) 

A,r  =  KmKd+DF  +  BF,  (2.19) 


where 


au 

0  0  . 

.  0 

0 

o2 2  0  . 

.  0 

0 

...  0  . 

•  ann 

is  a  diagonal  matrix. 

An  interesting  particular  case  is  that  of  controlled  variables  with 
identical  control  subsystems  and  symmetric  coupling,  i.e.,  aff(p)  =akh(p)  and 
aik(p)  =cchi(p).  The  matrix  A  is  symmetric  in  this  case,  and  the  matrix  Ah 
may  be  written  as 

Ak  =  a(p)E,  (2.20) 


where 


a  ( p )  =  an  (p)  =  a22  (/?)•••=  dnn  ( p ) 

and 


1  o  . 

..  0 

E  = 

0  1  . 

..  0 

0...  . 

..  1 

(2.21) 


is  the  identity  matrix. 

From  (2.15),  (2.16),  (2.17),  and  (2.19)  we  obtain  the  respective  matrix 
equations  for  the  different  cases. 

The  general  case: 

Y  =  A’1  iKjr*+  DF  4-  fif+cy.  (2.22) 
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The  case  of  an  ordinary  multivariable  system: 


Y  =  AS'\KmY,a+DF\.  (2.23) 

Multidimensional  servosystem: 

V  =  A-'lK„,y,',  +  Cy,'f  +  DF].  (2.24) 

Load-coupled  control  system: 

Y  =  V  [ATtot^r-h DF+BF\.  (2.2  5) 


In  order  to  obtain  equations  in  Laplace  transforms,  the  inverse  matrices 
A~\  A^1,  Ak1  should  be  found  in  explicit  form  for  each  controlled  variable. 
We  know  from  matrix  theory  that  the  inverse  of  a  matrix  is  found  in  the 
following  way: 

1.  The  given  matrix  is  transposed,  i.e.,  its  rows  and  columns  are 
interchanged. 

2.  Each  element  of  the  transpose  is  replaced  with  its  minor. 

3.  Each  element  in  the  matrix  from  2  is  divided  by  the  determinant 
value  of  the  system. 

4.  Each  element  of  the  matrix  from  3  is  assigned  the  sign  (-l)i+j, 
where  i  is  the  row  number  and  j  the  column  number  of  that  element. 

We  now  proceed  to  determine  the  inverse  A~l.  First  we  write  the 
transpose 


<*n  ( P ) 

<*21  (P) 

<*31  (P)  • 

•  <*Bl  (P) 

<*13  ( P ) 

a22  ( p ) 

<*32  (P)  • 

•  <*«2  (P) 

<*13  ( P ) 

<*23  (P) 

<*33  (P)  • 

•  <*«3<P) 

<*W  (P) 

<*2i  (*> 

...  . 

•  <*B(  (P) 

<*i n  ( P ) 

<*3«  (P) 

... 

•  <Wp) 

and  the  determinant 


<*ll  (P) 

<*12  (P)  • 

•  <*l/l(P) 

<*21  (P) 

<*22  (P)  • 

*  <*2«  (P) 

<*/l  (P) 

<*/ 2  (P)  • 

•  <**B  (P) 

an\  (P) 

<*/l2  (P)  • 

•  <*/m(P) 

(2.27) 


The  minors  of  the  elements  of  the  transpose  (2.26)  with  appropriate 
algebraic  signs  (the  so-called  cofactors)  are  denoted  by  Aij(p);  here  Au(p) 
is  the  determinant  of  the  transpose  with  the  /-th  row  and  the  /- th  column 
crossed  out,  and  its  sign  is  (-l)i+L 

The  inverse  A~l  is  thus  written  in  the  form 


Ai  .(P) 

—  -^21  (P) 

..  ( — 1)B+1  A„,  (p) 

“  ^12  (P) 

^22  (P) 

..(-l)n+2A„,(p) 

(2.28) 

<-l)'+'  Al 

(P) 

<-l)'+SA,</>)  . 

■■  (-1  )u"  A„i(p) 

(-1  )"+1  -4. 

(P) 

(— 1)"+2  -4.J  (p)  . 

Ann  (P) 

The  matrices  4m1  and  Ak1  are  obtained  similarly. 
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We  now  write  in  explicit  form  the  expressions  in  brackets  in  (2.22), 
In  our  nomenclature. 


BF  = 


K  [  tor  Y\  ref  (p)  4  ZTl 1  (P)  f\  (p) 
AftotKref  -f  -  DF  =  tot  1^2  ref  (p)  +  *22  (P)  ft  (P) 

Kn  tot^n  ref (p)  4  gnn  (p)  fn  ( P ) 

( P )  f\  (p)4  *  18  ( p )  f2  (p)4  •••  4  bm  (p)  fn  ( p ) 
h\  ( P )  f\  ( P )  4  ^22  (P)  fl  (p)  4  •  ■  •  4  b2n  (P)  fn  (p) 


(2.29) 

(2.30) 


I!  bn\  (P)  f  l  { P )  4  bn2  (P)  fi  (p)  4  •  •  ■  4  bnn  (p)  fn  (p)  I 

°4c12(/>)  ^2ref(p)4  c13(p)  ^3  ref  (p)  4  4  cin  (p)  Ynrtf(p) 

rv  c2l  (p)  J'iref(/04°4<;23(/>)  ^3ref(/>)4  4  c2/r  (p)  Ynref(p)  . 

crtef==:  . - .  (2.31) 

cni  ( P )  Y,  ref  (p)  4  cn2  (P)  ^2r ef(P)  4  -  •  •  4  cn,  n- 1  (p)  Yn_ I  ref(p)  4  0 

Substituting  from  (2.28),  (2.29),  (2.30),  and  (2.31)  in  (2.22),  we  find 


4i(p) 

- ^21  (P)  •  ■ 

■  (-l)’+"4„,  ip) 

—  Ai  2(p) 

^22  (P)  •  ■ 

••  ( — l)2+fl  An2  (p) 

(-i)"+i  (p). 

&2n  (P)  •  ■ 

Ann  (P) 

*0  tot  Yi  ref  (p)  4  gl  I  (p)  f\  (p) 

Kt  tot  Ytf  rcf  (p)  — (—  ^22  (p)  ft  (p) 

A  . 4 

.  F-n  totY n ref  (P)  4  ^n/1  (P)  /«  (p)  I 
b\ i  (p)  /i  (p)  4  ^i2  ( p )  A  (p)  4  •  •  •  4  6i/t  (p)  fn  ( p ) 
h\  (P)  f  I  (p)  4  *22  (P)  /2  (p)  4  •  •  •  4  b2n  (p)  /n  (p) 


b2\  (p)  /|  (p)  4  b22  (p)  /2  (p)  4 
bn\  (p)  /i  (P)  4  bn2  (p)/a(p)4 


•  4  ^/i/*  (P)  fn  (P) 


®4C1 2(P)  ^2  ref  (P)  4 
c2l  (P)  ^ 1  ref (P) 404 

•••  4  clfl  (P)  ^rtref(p) 

...  4  ctn  (P)  l,«ref(p) 

.  . 

!  cn\  (P)  ^Iref  (P)4  ••• 

4  cn,  n-i  (p)  ref(p)  4  0 

(2.32) 


Multiplying,  we  obtain  for  the  matrix  of  the  controlled  variables 
|  2  At  W  Fiioi^refW  +  #„  </>)  /,  W] 


||  S(-l)'+"^(p)|Ki,„K(ref(p)  +  ^(p)/i(,)]  | 

±  [<-!)'+>  Aa  ip)  ±  *„  0»  /,  <„)]  II  |  !  [<-l)'+>  A„  (P)  ±  cu  ip)  Y„ 1 

+  Ji  [(-1),+y  Au (p)  Jj  bi» (p)  fK (/,)]  +  SU-V1*1  AvW  2c‘*(p)r*»t(p)] 

i  *i.w/»  (/»]  |  2  [(-!)'+"  2  Cii(p)KJref(rt] 


.  (2.33) 
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The  matrix  equation  (2.33)  can  be  partitioned  to  n  equations  in  n  controlled 
variables.  These  are  obtained  by  equating  the  corresponding  rows  of  the 
matrices  in  the  right-  and  the  left-hand  sides  of  (2.33).  The  equation  of 
any  /- th  controlled  variable  thus  takes  the  form 


2  (“  l)l  +  JA{j  (p)  [KiwY  i  ref  (p)~\-gii  ( P )  fi  (/>)]  + 


+  jj\(-Vl+JAu(p)'%blk(p)fk(p) 


-b 


-f 


f =i 


(-1  )njAiJ(p)yicik(p)Yktef(p) 


ft  = 1 


(2.34) 


Equation  (2.34)  is  the  most  general  expression  for  the  /-th  controlled 
variable  in  a  system  where  the  variables  are  coupled  through  the  plant, 
the  loads,  and  the  measuring  devices,  but  each  variable  is  regulated  by 
a  single-loop  subsystem.  Let  us  consider  some  particular  cases  of 
this  general  equation. 

(a)  Ordinary  multivariable  control  systems,  where  the  coupling 
between  the  controlled  variables  is  conditioned  by  the  plant  only.  The 
equation  of  the  /-th  controlled  variable  in  this  case  is  easily  obtained 
from  (2.34)  putting  bik{p)  =cih{p)  =0: 

n 

n»=  -M]  A hi (P)  \KlmY,UP)+gu  (P)  ft  (P)l  (2.35) 

°  /  =  ! 


Here  A0  and  A0ij  are  obtained  from  A  and  A  on  substituting  rih  =  0. 

(b)  Multidimensional  servosystems.  The  equation  for  the  /-th  controlled 
variable  of  one  of  the  servos  in  a  multidimensional  servosystem  is  obtained 
6ift(p)  =  0  and  al7l(/?)=0: 

n 

2  (- 1  r’Am„  (p)  \KlmYt «,  ( p )  +*„  (p)  /;  (/>)]  + 

1  =  1 

ft  n  \ 

+  2<-l>'+' Amj(p)  .  (2.36) 

i-l  k=l  I 

k^j  ) 


from  (2.34)  by  putting 


where 


1 

a\\  C12  . 

•  | 

Am— 1 

C2]  0-22  ■ 

■  c2n  1 

Cn\  .... 

•  ann  1 

(2.37) 


and  Aj„ij  are  the  cofactors  of  the  corresponding  elements  in  the  determinant 
(2.37)*. 

(c)  Ordinary  combined  control  system.  We  have  already  stressed  that 
if  the  operators  bih(p)  are  appropriately  chosen,  equation  (2.34)  can  be 
made  to  represent  the  /-th  controlled  variable  in  a  multivariable  combined- 
control  system.  In  an  ordinary  combined  control  system,  load  signals. 


The  subscript  m  a  indicates  that  the  cofactor  pertains  to  the  element  ij  of  the  matrix  of  the  multi¬ 
dimensional  servosystem. 
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as  well  as  the  monitored  deviation,  are  used  as  controlling  factors.  The 
equation  for  a  combined  control  system  with  a  single  controlled  variable 
is  obtained  without  difficulty  by  putting  i-  1,  Ai}*=  0,  and  cih=  0  in  (2.34). 

If  now  the  system  comprises  several  control  loops  which  are  load-coupled 
in  the  sense  that  the  loads  of  the  different  loops  are  employed  to  improve 
the  quality  of  each  subsystem,  the  general  equation  is  obtained  from  (2.34) 
by  the  above-mentioned  substitution: 


Yl*  (P)  =  { Ajik  (P)  [KlmY„Ap) +gn  (P)f)  (p) )  +  A„k  (p)  j  bjt  (p)  fb(p)\,  (2.38) 


*  =  1 


where 


*11 

0  . 

.  0 

o 

*22  ■ 

.  0 

o 

•  ann 

Having  considered  the  various  equations  of  multivariable  control  systems, 
we  now  proceed  to  discuss  their  operating  conditions. 


§2.4.  STEADY  -STATE  OPERATION 


We  will  derive  a  matrix  equation  for  steady -state  operation  and  establish 
some  general  properties  of  multivariable  control  systems  under  steady- 
state  conditions.  Remember  that  for  the  time  being  we  are  dealing  with 
multivariable  systems  with  single -loop  subsystems. 

The  steady-state  equation  can  be  obtained  from  (2.15)  by  putting  p=  0. 

In  explicit  form,  the  equation  for  any  /— th  controlled  variable  under  steady- 
state  conditions  is  written  from  (2.34)  as 


2  (-1)'+'  A,J (0)  \KimY ,,"{()) +gu  (0)1,  (0)]  + 


™  n 

+2  (-D'tyA/(0)2*/*(°)M0) 


k-\ 


+2 


1= 1 


(  i),+y  a,j (0)  2  cik (0) y *ref(0) 


ft=  l 


(2.39) 


It  is  readily  seen  that  delay  elements,  if  present,  do  not  influence  the 

steady-state  operation  of  the  system,  since  lim  exp  =  1. 

0 

Let  m  out  of  the  total  n  control  loops  be  integral,  while  the  remaining 
n-m  loops  are  proportional.  A  single-loop  system  is  called  integral  if  and 
only  if  it  contains  at  least  one  integrating  (floating)  controller  /4,  5/.  In 
proportional  systems,  the  controller  contains  no  integrating  (floating) 
elements. 
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Let  the  elements  be  enumerated  in  such  a  way  that  the  first  m  subscripts 
refer  to  integral  subsystems.  Then 

lim akk{p)  =  Kkmt  (*  =  1.  2 . «). 

p->  o 

\[makk(p)=  1  +  Ktol  (k  =  m-\- 1,  . . n), 

p-±Q 

lim akl(p)=Kktotrkl  (k  =  \,  2,  tn\ 


lim akk{p)  =  Kkwl  (*  =  1.  2,  ....  m), 

p-+  o 

\imakk{p)=  1  +  Ktol  (k  =  m-\- 1,  . . n), 

p+ o 

Vmakl(p)  =  Kkwtrkl  (k  =  \,  2 

p->0 

lim /  (/?)  =  KkPki  (0) -\-Kkioirki  {k  —  ni- f-  1 ,  • 

p->0 

limg*ft(/>)  =  0  (£  — 1.  2,  ....  /»), 

p->  o 

lim  (/>)  —  Kk  — 

p->d 

lim  bki  (p) ==  0  (&=1*  •  ••»  fti)t 

p->  o 

lim  bkt  (p)  =  (0)  (k  =  m+  1 . «). 


(2.40) 


We  now  proceed  to  determine  the  /- th  controlled  variable  in  two  limiting 
cases:  all  the  subsystems  are  integral  (case  1),  or  they  are  all  proportional 
(case  2).  In  case  1  we  have  m  =  n,  and  in  case  2  m  =  0. 

In  case  1,  the  various  elements  in  equation  (2.39)  are  written  in  explicit 
form 

1^1  tot  ftitotri2  ft\toir\p  I  | 

^itotr2l  Ki  cot  ft  2  totr  2n  I 


I  ftp  tatr n\  ■  •  •  •  •  •  ftp  tot 

gkki  0)==0,  bkl  (0)  —  0, 

(^)  “  ^ktox^kl" 


(2.41) 


The  transpose  in  this  case  is 


Kl  tot 

ftitotr2\  • 

•  ftrt  totrnl 

A(0)= 

ftltOtr  13 

K  2  tot 

•  •  ftp  totrn2  . 

(2.42) 

K\  tot^"  i  p 

^CjtOt^Sl  • 

•  ftp  tot 

Inserting  (2.41)  in  (2.39)  and  making  use  of  (2.42),  we  find 


5  i=i 


2  C'*(°)K« n 


If  the  measuring  elements  are  uncoupled,  we  have 

Knot  o  0...0  || 


(2.43) 


n.ro-  Tt 


1 0  '  *  0 

o  , 

fti  tot 

0 

0 

0 

ftj  -  1  tot  0 

0 

0 

•••  ftj+  not 

0 

ftp  tot 

a:,  tot 

0 

0 

0 

ft-2  tot 

0 

0 

o 

ftp  tot 
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We  thus  arrive  at  the  following  remarkable  conclusion:  if  the  subsystems 
are  all  integral,  the  steady-state  value  of  a  given  controlled  variable  is 
independent  of  its  own  load  and  of  the  load  of  the  other  subsystems;  it  is 
furthermore  independent  of  the  other  controlled  variables  (although  without 
control,  all  the  variables  are  plant-  and  load-coupled),  depending  only  on 
the  artificially  introduced  coupling  coefficients  between  the  measuring 
elements,  which  in  a  sense  alter  only  the  reference  value.  If  the  measuring 
elements  are  uncoupled,  the  controlled  variable  is  equal  to  its  reference 
value.  This  result  can  be  alternatively  stated  as  follows:  if  all  the  sub¬ 
systems  are  integral,  the  controlled  variables  are  independent  in  the 
steady-state  and  the  system  is  said  to  be  statically  noninteracting*. 

If,  however,  the  measuring  devices  are  coupled,  the  steady-state  value 
of  each  controlled  variable  is  dependent  not  only  on  its  own  reference  value 
but  also  on  the  reference  values  of  all  the  other  variables. 

Let  us  now  consider  the  case  of  proportional  subsystems,  assuming  that 
the  controlled  object  does  not  contain  integrating  elements  either.  The 
system  determinant  is  written  as 


1+Kitor  KlO-ii  (O)-f-^Ci  totals  * 

•  K\Q-\n  (0)-{-^Citotr i« 

As  = 

Kfiji  (0)  +  Kjimrji 

Kjajn  (0)  +  Kjto,r jn 

K/fln  l  (0)  T  Kn  totf n\ 

The  transpose  4,s  under  steady-state  conditions  is 


A.= 

1  +  tot 

/Cia|2(0)-f-^Ci  tot^ 

KjUj\  (0)  -f-  KjWrjx  . 

l  +  *)w 

•  Krfini  (0)  "T  Kntotr n\ 

•  Knanj  (0)  T  Kntotf nj 

K}&in  (0)  Knot? \n 

Kj&jn  (0)  -f  Kjiotf  jn  • 

•  1  +  ^ntot 

(2.44) 


(2.45) 


Equation  (2.39)  is  thus  rewritten  as 


/=i 


K,mr,«(0)+guMm+ 


*=i 

**=/ 


(2.46) 


Each  Aij  is  the  determinant  (2.44)  with  one  row  and  one  column  crossed 
out.  The  degree  of  the  determinant  in  the  numerator  of  (2.46)  is  thus 
always  one  less  than  the  degree  of  the  determinant  As. 

It  is  easily  seen  that  as  the  controller  gain  K  increases  indefinitely, 
we  have 


lim  Yj  s  (0)  —  Y j  ref  (0)  -j- 

tot  -*°° 


2  r,*KSref(0). 

k=\ 

*=h) 


(2.47) 


This  increase  in  gain  is  of  course  permissible  only  if  the  system 
retains  its  stability. 

Thus,  if  the  gain  Ki  tot  of  each  control  loop  is  increased  by  increasing 
the  corresponding  controller  gain,  each  controlled  variable  in  the  limit 


*  The  general  case  of  noninteracrlng  (autonomous)  systems  is  treated  in  a  special  section  of  Chapter  Six. 
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is  equal  to  its  reference  value,  appropriately  modified  by  introduction 
of  artificial  coupling  between  the  measuring  elements;  it  is  thus  independent 
of  the  other  controlled  variables  and  loads.  If  the  measuring  elements  are 
uncoupled,  we  have 

lim  /,,(0)  =  K,reI(0).  (2.48) 

*j  to.+“ 

From  (2.4d)  and  the  values  of  the  elements  entering  equation  (2.4  6) 
we  see  that  if  the  coefficients  Kjtot  are  finite,  the  individual  controlled 
variables  are  coupled,  but  the  interdependence  diminishes  as  the  gain 
factors  of  the  individual  controllers  increase. 

If  all  the  plant  and  controller  parameters  are  known,  equation  (2.46) 
can  be  applied  to  determine  the  steady- state  value  of  the  controlled  variable 
and  hence  to  establish  the  relationship  between  the  controlled  variable 
and  the  load. 

As  an  example,  we  calculate  the  steady-state  value  of,  say,  the 
second  controlled  variable  in  a  three-variable  system: 


S(-Di+2^/2(0)  ^to:^Kf(0)-f 


3  3  ) 

+ gu  (0)  /,  (0)  +  ]>>s(0)/„+  2  cltr„ ,c[  (0)  . 

A=1  *=1  I 

*¥=2  J 


(2.49) 


From  (2.40)  we  have 

in  (0)  =  Kt,  bik  =  Kfiik  (0),  = 

1  -f- AT  1  tot  ^Cl«12  (0)  101^12  (0)  Kla13(0)  4-^11017*13  (0) 

As  —  AT2a2i  (0)  -|- ^2 tot ^*21  (0)  1  -h ^2 tot  /C2a23 (0)  -J- Kzmf 23 (®)  (2.50) 

^3a3i  (0)  -f-  /CatotTsi  (0)  Kz&m  (0)  4“  Knot? 32  (0)  1  ~h  ^3  tot 


1  -f-  /C|  tot  ^2°2  (0)  4“  Ki  Wif 21  (0)  ^3a3I  (0)4“^3totr31  (0) 

Kl&\2  (0)  +  K\  tot^  12  (0)  1+^2  tot  KzO-Z2  (0)  4-^3101^ 32  (®) 

^la13(0)4“^llOtrl3(0)  ^2a23(0)4"^2tOtr23(®)  1  4“  ^3 tot 

I  /CiCti2  (0)  4-^!lot^I2  (0)  K&n  (0)  4"  ^3t0t^32  (®)  I 

I  ^la13  (0)  4"^ltotf']2  (®)  1  4“  ^3tot  I 

1 4~  ATi  tot  K&3\  (0)  4“  ^3tot^ 3i  (0)  | 

^Cla13  (0)  4~^ltOtrl3  (0)  14“  ^3  tot  I 

I  K\&\2  (0)  4“  ^ltotr12  (0)  1  4“  ^2 tot  j 

I  ^Cla13  (0)  4“  ^Cltot^l3  (^)  ^2a23  (0)  “h  ^2totr23  (0)  I 

Inserting  the  appropriate  numerical  values,  we  obtain  y2s. 

From  (2.49)  we  see  that,  by  introducing  additional  load  coupling,  we 
may  achieve  any  desired  variation  of  the  steady- state  controlled  variable 
as  a  function  of  load.  Note  that  the  number  of  disturbances  or  loads  need 
not  be  equal  to  the  number  of  controlled  variables;  furthermore,  introduction 
of  a  certain  number  of  disturbing  factors  in  addition  to  the  already  existing 
disturbances  in  the  system  does  not  involve  any  fundamental  difficulties. 

Let  us  now  consider  the  general  case,  when  some  of  the  subsystems 
are  integral  and  the  others  are  proportional.  In  our  example  of  a  three - 
variable  system,  we  assume  that  F2  is  under  integral  control.  The  coupling 
between  the  measuring  elements  is  ignored,  since  it  is  artificially  intro¬ 
duced  into  the  system  and  only  alters  the  reference  value  of  the  controlled 
variable. 


(2.51) 
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We  thus  operate  under  the  following  conditions: 

rik  (0)  =  0,  a21  (0)  =  0,  gn  (0)  =  0,  j 

022  (0)  =  ATaitot.  &2i  (0)  =  0.  J 

Making  use  of  (2.52),  we  write 


tot  ^2  (ref  (0) 

1  -f-  A’j-tot  tf,a„<0) 

^3a31  (0)  1  -}-  /C3  tot 

1  F^CltOt 

«  KiO|S<0) 

0 

K$  tot  0 

1  ^3®3I  (0) 

0  1+/G.O, 

^2.  ref  (0). 


(2.53) 


Thus,  under  steady-state  conditions,  the  integral  variables  are  load- 
independent  and  do  not  interact  with  other  controlled  variables,  despite 
the  plant -coupling.  The  only  case  when  disturbances  may  alter  the  integral 
controlled  variable  is  if  they  are  mixed  with  the  reference  value;  however, 
in  steady- state  conditions  the  additional  signal  causes  an  equivalent  change 
in  the  reference  signal. 

We  now  establish  the  interaction  of  integral  variables  with  proportional 
variables.  Suppose  that  in  our  three -variable  case,  the  second  and  third 
variables  are  integral,  while  the  first  variable  is  proportional.  The 
equation  of  the  first  controlled  variable  (again  ignoring  the  transducer 
coupling)  according  to  (2.49)  is 


Y  i,(0)  = 


As 


2 


f= i 


1),+1Ai(0)Ia'(1 


,y  M  (0)  +g„  (0)/t  (0)  +  2  bik  (0)  A  (0) 


*=1 


(2.54) 


Substituting  for  the  elements  in  (2.54),  we  find 


Klt(0)  = 


1 

II  Kuo,  o  1 

1+/C..O, 

(0)  /C|Ct13  (0)  j 

jll  0  K„m  1 

0 

%2  tot 

0 

0 

0 

^Cjltot 

[^IffOt^Vcf-f-^l/l  (0)  — (~ 


I  Ki«12  (0) 


+  *i  (P../i  (0)  +  Pi2/2  (0)  +  p,3/3  (0) )]  - 


I  (0)  Kn ot  I  [K"0'Y*^ +  |  ATjCtj 3  (0)  0 


(0)  ATjitot 


[K  3  tot^stef] 


(2.55) 


After  simple  manipulations,  we  obtain 


v  ./n\  i  ^i/i  (°)  i 

T+KZ  K,ref(0)  +  T-f/CItot  + 


tPn/i  (0)  +  PiS/2(0)-} 


+  Pl3/8(0)]  — 


K i 


1+** 


—  [a,2  (0)  Ygnef  -j-  ®l3^»refj- 


(2.55a) 


The  physical  meaning  of  the  components  in  equation  (2.55a)  is  obvious: 
the  first  term  in  the  right-hand  side  corresponds  to  proportional  control 
of  the  given  variable,  when  considered  separately,  the  second  and  third 
terms  represent  the  effect  of  the  variable's  own  load  and  of  the  additional 
load  of  this  and  other  variables  introduced  through  the  transducer  pife; 
the  last  term  describes  the  effect  of  the  extraneous  reference  values  on 
the  steady-state  value  of  the  controlled  variable.  From  equation  (2.55a) 
it  is  also  easily  seen  that  the  effect  of  the  other  controlled  variables  and 
their  loads  in  the  steady-state  conditions  increases  with  the  increase  in 
plant  gain  and  decreases  with  the  increase  in  the  gain  parameter  of  the 
controller  or  the  proportional  control  loop. 
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In  conclusion  of  this  section,  we  consider  the  case  when  the  transfer 
functions  of  the  plant  and  the  controllers  are  identically  equal  for  all  the 
variables.  We  shall  try  to  establish  the  behavior  of  this  system  under 
steady-state  conditions.  Since  all  the  subsystems  are  identical,  they 
are  all  either  proportional  or  integral.  The  case  of  integral  subsystems 
is  of  no  significance  for  our  analysis,  since  as  we  have  shown  in  the 
preceding  for  a  more  general  case,  the  subsystems  are  independent  under 
steady-state  conditions. 

We  thus  consider  the  case  of  proportional  subsystems,  remembering 
that  subsystem  transfer  functions  and  the  coupling  coefficients  determined 
by  the  plant  properties  are  respectively  equal  to  one  another.  In  this 
case  the  matrix  A  is  equal  to  its  transpose  At  and  is  symmetrical:  a ih(p)  = 
=a hiip) ,  where  i  and  k  are  subscripts  pertaining  to  any  controlled  variable; 
an{p)=akh(p)t  dijip)*  a^(p). 

Let  us  consider  the  case  of  an  ordinary  multivariable  control  system, 
ignoring  load-  and  transducer-coupling. 

The  matrix  A  in  this  case  is 


(2.56) 


The  cofactors  of  all  the  diagonal  elements  in  (2.56)  are  obviously  equal, 
i.  e.,  Au=Ajj,  and  they  all  have  the  sign  plus.  We  can  also  prove  the 
following  proposition: 

The  cofactors  of  all  the  other  elements  in  the  matrix  (2.56)  are  also 
equal  to  one  another,  but  have  the  sign  minus. 

Indeed,  since  all  the  nondiagonal  elements  of  the  matrix  (2,56)  are 
equal  to  one  another  and  the  diagonal  elements  are  also  equal  to  one  another, 
the  cofactors  of  any  two  adjoining  nondiagonal  elements  will  coincide  if 
the  corresponding  pair  of  rows  and  columns  is  interchanged  in  one  of  the 
cofactors.  This  operation,  however,  will  reverse  the  sign  of  the  cofactor, 
but  since  the  cofactors  of  two  adjoining  elements  have  different  signs,  it 
is  clear  that  in  virtue  of  symmetry  the  cofactors  are  equal  in  magnitude  and 
in  sign.  This  proves  the  first  half  of  the  proposition. 

We  will  now  show  that  all  the  cofactors  reduced  to  identical  form  have 
the  sign  minus.  It  suffices  to  show  that  at  least  one  of  the  cofactors  has 
the  sign  minus.  Consider  the  cofactor  of  an  element  adjoining  a  diagonal 
element.  Since  the  cofactor  of  a  diagonal  element  always  has  the  sign  plus, 
the  cofactor  of  an  adjoining  nondiagonal  element  must  inevitably  have  the 
sign  minus,  which  completes  the  proof. 

Making  use  of  the  above  conditions  and  the  symmetry  of  the  matrix, 
we  obtain  from  the  general  equation  (2.34)  the  following  expression  of 
the  /“th  controlled  variable: 

Y>=-k  [A»(P)  IVi-W+ft/WZ/MI- 

—  (n  —  \)AJ+l  [Kj+)t0}Yj+iwf(p)-}-gjj(p)fj  (/>)]}.  (2.57) 
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Since  all  the  reference  values  are  equal,  equation  (2.57)  can  be  written  as 


Y j  =  \KjtolY yref-bgyy  (p)  f  J  (p)] 


A]} {p)  —  (n  —  1)  A],  }+x  (p) 
Ad 


==  |  Kj  tot  Y  j  Kf+  g jj  (p)  fj  ( p)\ 


_ Ajj(p)  —  (n—\)AJt  f+l(p) _ 

aJj  ( P )  AiJ  (P)  —  («  —  1)  a h  J+ 1  (P)  AJ,  /+i  ( P )  ‘ 


(2.58) 


The  analysis  of  the  system  is  considerably  simplified  in  this  case. 
Indeed,  the  stability  of  the  entire  system  is  determined  by  the  position 
of  the  roots  of  the  denominator  in  (2.58) 

au(P)Ajj(p)  —  (n  —  \)ah  ,+Ap)Aj.j+i(P)  =  0  (2.58a) 

relative  to  the  imaginary  axis.  It  is  easily  seen  that  equation  (2.58a)  can 
be  reduced  to  the  following  form:* 

1%  ( p )  —  a,, /+I  (p)]"-'  [a,,  +  (/i  —  1  )a,,l+1  (p)]  =  0. 


It  thus  suffices  to  investigate  two  equations  of  a  much  simpler  form, 
namely 


ajj(p)-aj'j+1{p)  =  0 


and 

ajj-\~(n~\)ajij+l(p)  =  0. 


This  approach  to  stability  is  very  attractive,  since  the  order  of  the 
equations  to  be  investigated  is  equal  to  the  order  of  the  subsystem.  It 
should  however  be  kept  in  mind  that  the  results  should  further  be  tested 
for  coarseness  in  the  sense  of  A.  A.  Andronov.  This  test  is  particularly 
important  in  our  case,  since  the  smallest  deviation  from  homogeneity 
will  markedly  increase  the  order  of  the  equation  to  be  investigated  for 
stability. 

Under  steady-state  conditions,  equation  (2.58)  takes  the  form 

ry©-lW,-W>  +  fa  <°)  /  (0)1  (1+70^^^  ■  (2.59) 


§2.5.  ERRORS  IN  MULTIVARIABLE  CONTROL 
SYSTEMS  WITH  BASIC  ELEMENTS 

We  resume  our  discussion  of  multivariable  control  systems  with  sub¬ 
systems  made  up  of  basic  elements  in  single-loop  configuration. 

We  introduce  the  concept  of  an  error  matrix  in  the  general  case  of 
a  multivariable  control  system.  The  definition  is  analogous  to  that 
proposed  for  multidimensional  servosystems  /80/.  The  elements  of  the 
error  matrix  X  are  defined  as  Xt  =  Kiref  —  Yl .  Eliminating  Y{  and  Y\  between 


*  This  result  is  due  to  A.  A.  Krasovskii  /23/. 
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(2.7)  and  (2.10)  and  seeing  that  Yl  =  YlKf-Xi>  we  obtain  the  following 
expressions  for  X{: 


[D, (p)  Q,  (p)  R,  (p)  eV+KMA l*,]  X,(p)  + 

+  I  (p)  2  a-ik(P)  —  1 hD,  (P)  Q,  (P)  ex‘p  2  ru  iP) 

k  —  I  k  —  1 

kj*i  k=fcl 


xt(p)= 


—  P,D,  (p)  Q ,  (p)  ex‘pY,,cl  (p) + A>,Q,  ( p )  2  «« (P)  Y »  reI  (P)  + 

k  5=  1 

kti 

+  KiV-iQi(p)  f iiP)  (f  =  1.  2 . n). 

Our  aim  is  to  write  equation  (2.60)  in  matrix  form.  We  put 


(2.60) 


D,  (P)  Qi  ip)  R,  ip)  ex‘p + KtKiM, = «*«  (/>). 
l hDiiP)  QiiP)eT‘p  =  i,(p), 

KtV-iQt  ip)  =  Yi  ip)- 


(2.61) 


In  this  notation,  equations  (2.60)  can  be  written  in  the  matrix  form 
as  follows: 

AX  =  BY, a  +  CF,  (2.62) 


where 


an  ip) 

Yl  iP)  <*12  iP)  — 

•  Yi  iP)  <*i„  ip)  — 

—  Si  iP)  rl2  ip) 

—  Si  iP)  r\niP) 

Ys  iP)  °21  iP)  — 

«22  iP) 

..  \2  iP)  a2n  ip)  — 

—  S2  ip)  r 21  ip) 

-S2  ip)  r2nip) 

Y/j  iP)  a/ti  (P)~ 

—  ZniP)  rn\  iP) 

* 

••  ann  ip) 

Si  ip) 

\iip)al2ip)  ■ 

••  Yl  (/?)  «!„(/?) 

B  = 

Ya  ip)  021  ip) 

S  liP) 

•  ■'Yi (P) «2 n  iP) 

Y/»(/0«ni  iP) 

ynip)<*n2ip)  • 

••  S.(P) 

Yi  ip)  0 

...  0  | 

c= 

0  Yi  iP)  •  •  •  o  | 

0  '  '  o' 

...  Y nip)  I 

*1 

Yi  ref  ip) 

*2 

Y 2  ref  ip) 

.  Ke  f  = 

. 

f 

A'/, 

Y/trefiP) 

II  /.  </0 

fiiP) 


F=  • 


fniP) 


From  (2.62)  we  obtain  the  error  matrix 


(2.63) 

(2.64) 

(2.65) 

(2.66) 

(2.67) 


X  =  A-'[BY,ef-+CF\. 


(2.68) 
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(2.69) 


The  matrix  A  can  be  written  as  a  product  of  two  matrices 


<*M  (p) 
0 

0 

<*22  (p)  • 

..  0 

..  0 

X 

1  /?„ . 

A?21  1 

..  Rin 

0 

0 

•  &nn  (p) 

...  . 

~ 

where 

p  _  Yi(/>)aia(p)  — Ci(p)r12(p) 

p  —  yi(p)^n(p)-^(p)rln(p) 
Hln  <*„  (p) 

p  _  V2  (p)  a2i  (p)  —  t2(p)r2i  ( p ) 
^7 (P )  * 

P  —  V2  <P>  <*2/l  ( P )  —  &2  (P)  (/>) 

2n  <*22  (P) 

D  _  Y n  ( P )  a/tl  (p)  —  S«  (p)  Oil  (P) 

^Wp) - 

are  likewise  for  the  matrix  B 


1 

Yi  (p)  <*12  (p) 

Yi  (p)  ®m  (p) 

£2(p) 

inip) 

Cl  (P) 

0 

..  0  I 

Y2  (p)  O21  (P) 

1 

Y2  (p)  <*2/l  (p) 

X 

0 

Cf(p)  . 

..  0 

£>(p) 

C/l(P) 

Y/i  (P)  <*m  (P) 

0 

0 

•  in  (P)  1 

£1  (P) 

Making  use  of  (2.59),  we  write  the  inverse  A"1  in  the  form 


1 

I 

<*1,  (p) 

0  . 

0 

X 

0 

1 

<*2 2  (P) 

0 

0 

0  . 

1 

ann  (P) 

Substituting  (2.70)  and  (2.71)  in  (2.68),  we  obtain 


1  Ria  . 

.  Rin 

Rni 

.  1 

1 

0 

1 

0 

0 

<*11  (P) 

0 

<*22  (P) 

0 

0 

1 

ann  (P) 

j 

Y,  (p)«12(/>) 

Yi  (P)  o1b  (/>) 

£2  (P) 

Cn  (P) 

Y2  (P)  «2I  (P) 

1 

Y2  (p)  «2rt  (P) 

Cl  (p) 

tfl  (p) 

Y/i  (P)  «n,  (P) 

Cl  (p) 

... 

..  , 

Cl  (P) 
0 

V  0 

S 

..  0 

.  0 

X 

*W 

+ 

1  *». . 
*21  1  • 

•  *1/1 

•  Ran 

-1 

X 

0 

0 

.  Up) 

V 

Rni  ...  • 

.  1 

Y n  ref  I 


Yi  (P) 
<*11  (p) 

0 

0 

flip) 

X 

0 

Y2(p) 

A 

faiP) 

<*22  (p) 

X 

0 

0 

Y/i  (p) 
<*nn  (P) 

fniP) 

(2.71) 


(2.72) 
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Consider  the  first  term  in  (2.72).  It  determines  the  dynamic  properties 
of  a  multivariable  system  without  load  and  of  systems  where  the  transient 
process  is  initiated  by  a  disturbance  at  all  the  subsystem  inputs  or, 
equivalently,  by  application  of  the  reference  values  Yitef(p)  to  the  system  inputs. 

Consider  an  isolated,  noninteracting  system.  Its  transfer  function  can 
be  obtained  by  putting  a ih{p)  =rik{p)=  0,  and  in  our  particular  case  fi(p)  =  0. 

Thus 

X^  =  lSf)YM  (2.73) 

We  will  now  determine  the  system  error.  From  the  properties  of  Laplace 
transformation  we  know  that 

lim  x(t)=limp-j^rY„a{p).  (2.74) 

/-*oo  p->0  uii\P) 


Let  yi  ref (0  be  a  step  function,  then 


Thus 


Vi  ref 


^ref(O) 

P 


lim  x(t) 

1-+CO 


Ci  (0) 

an  (0) 


Yi"  f(0). 


Here  is  the  proportional  or  the  zeroth  error.  If  the  system  is  integral 

to  a  certain  degree,  errors  of  higher  order  can  be  obtained. 

Let  the  respective  errors  of  isolated,  noninteracting  systems  be 
where  the  subscript  identifies  the  system  and  the 
superscript  is  the  order  of  the  system  error*. 

We  now  return  to  the  first  term  in  (2.72)  and  postmultiply  it  by  the 
identity  matrix 

E  =  aa~\  (2.75) 


where 


1  0 

0 

*11  (p)  ' 

1 

a22  (p) 

0 

0  0 

1 

a„n(P) 

(2.76) 


Making  use  of  the  peculiar  property  of  the  inverse  of  a  diagonal  matrix, 
we  write  the  first  term  from  (2.72)  in  the  form 


Vi  ( p )  amte)  — Ci  (p)nn(p) 

*uip) 


V/»  (P)  aln  (P)  ~  In  {P)  rn\  (p) 
&nn  iP) 


i-l 


X 


*  The  order  of  the  error  is  determined  by  the  degree  of  integral  action  of  the  system. 
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0 

0 

1 

Yl  (P)  «12  (P) 

Y.  (P)aln(p) 

C2  (p) 

C  A  (p) 

1 

o 

V2  ( P )  oai  (p) 

Yj  (P)  ra2/I  (p) 

022(p) 

X 

Ci  <P) 

I 

C„  (P) 

0 

1 

Y n  (P)  <*«i  (P) 

1 

*nn(p) 

Ci  (p) 

«n  (P) 

0  . 

0 

v 

X 

0 

<z22  (p)  . 

0 

X 

0 

0 

■  ann  (P) 

Yfi  ref 

Cl  (p) 

*11  (p) 

0 

0 

0 

C.(p> 

022  (P) 

0 

0 

0 

C«(p) 

0/i/t  (P) 

(2.77) 


Under  steady-state  conditions,  equation  (2.77)  can  be  written  as 


lim  x  it)  — 

t~*  OO 


1 

*ii  (0) 

0 

0 

0 

1 

0 

fl22  (0) 

0 

0 

1 

ann  (0) 

where 


,  Yl  (0)0, 2(0)  Yi(0)o,„(0) 

_ 

C2(0)  C/*  (0) 

X 

*11  (0)  0  ...  0 

0  <i22(0)  ...  0 

Y/i  (0)  an,  (0) 

0  0  ...ann(  0) 

l  Ci  (0)  .  1 

K(S0 

0 

0  0 

49»>  0 

X 

J'lref(O) 

0 

... 

^rcf(O) 

(2.78) 


R 


12 


«n(0) 


Rln 


Y.  (0)q,a(0)-e,  (0)  rln  (0) 
«n  (0) 


Vgi  (0>«iti  (0)-C«(0 )rn\  (0) 
*„«<0) 


The  expression 


K  = 


i 

o 

0 

R'n  r1 

0.1  (0) 

q 

1 

0 

: :  x 

a22  (0) 

i  i 

o 

o 

1 

0/!«(O) 

X 


1 

Yi  (0)o,2(0) 

Yi«in  (®) 

C«(0)  ” 

C«(0) 

Yn  (0)  O/ji  (0) 

.  1 

C.  (0) 

. 

au  (0)  0  .. 

0 

K[Sl) 

0 

0 

0  flja  (0)  •  • 

0 

X 

0 

0 

0  0  ... 

*4.(0) 

0 

0 

(2.79) 
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is  the  generalized  error  matrix.  In  the  case 


Qi(0)  —  Ki\h*  £/(0)  —  %>i  —  !h  and  du  —  l+^£0t» 

the  generalized  error  matrix  takes  the  form 


1 

KiViain  —  \iirln 

"  1+^Cl  tot 

I  n\  i 

II  l+Kn«* 

II 

1 

l  +  *iw  ' 

0 

0 

1 

"  1+^-tot 

l 

/CjCtj2  . 

1  +  ^1  tot 

0 

° 

X 

^2°2l 

1  . 

•  ^2«2rt 

X 

0 

l+AT2tot  . 

0 

Krtani 

Kfflni  • 

.  1 

0 

0 

0  . 

.  0 

X 

0 

. 

.  0 

0 

0  . 

•  <0)l 

(2.80) 


It  should  be  remembered  that  the  coefficients  <Hk  and  rih  enter  the  matrix 
with  their  respective  signs. 

The  generalized  error  matrix  is  thus  a  product  of  two  matrices  dependent 
on  the  coupling  coefficients  aih  and  rik  and  a  third  matrix  —  the  error  matrix 
of  the  noninteracting  subsystems. 

Consider  the  following  example.  Determine  the  error  matrix  of  two 
systems  coupled  through  the  plant  and  the  measuring  devices  and  establish 
the  equivalent  errors  for  each  interacting  subsystem. 

We  have 


.  ATiM^jCtia  —  Hi  r12 

1  +  Kitor 

^2H2a2t  — Hgr21  1 

-1 

1  0 

l+tfuot 

0  ^ 

l  +  /C2tol 

i+/c2tot 

1  111  +*i 


K  2°2I  1 


/C{0)  0 


0  i+tfaiotli  o  • 


(2.81) 


The  inverse  preceding  the  first  factor  in  (2.81)  can  be  found  in  explicit 
form.  The  transpose  in  our  case  is 


^2H2a21  —  H2r21 

1  +  **W 


/Ci^aia  — ^r12 


The  determinant  of  the  system  is 

1-h  AT„ot 

K  2t*2«21  —  W  21  i 

1  ■+■  Kl  tot 


/<i^icxi2  — tiirl2 

1  +  ^itot  _  <  (ATi|Liiai2  —  jiiTia)  (^2c2i  —  IVat) 

,  ”  U  +  Kl  tot)  (1+^2  tot) 


The  inverse  may  therefore  be  written  as 
I!  1  K 


I  ^lHlg12  —  Hlr  12 

l-tfn  <1+*ji«[1-*i*]) 

KiV-  gocai  —  H2r2,  1 

l-/?22 


(2.82) 
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where 


*11 

R\2 

R%\ 

R22 


</Ci^iOia  —  Hir,2)  (/C2n2«2i  —  M2r2i) 
(ArilXiaia  —  |A,r12)  (/C2^2a2i  —  \i2r2l) 

(l+Ki  .oi)(l-h/C2ioi) 

(/CiUiQig  —  l*ir12)  (/C2[i3a2i  —  ty2i) 
0 +*,  tot)  0 +  *■*«> 

2  —  1*1^  12)  (KsWhl  —  ^21^2l) 
(1  +  tfiw)  (!  +  *««»> 


This  inverse  is  now  multiplied  successively  by  the  matrices  on  its  right  in 
equation  (2.81).  Having  performed  the  multiplication,  we  find 


(2.83) 


where 


Kn 


*i°> 


1 — 


(^Ct(*la12  - 12)  {KiV-jthl  - ^2l) 

(l+/Cltot)(l+/C2tot) 

K[  }  —  fiIr12)  ^2a21  1^/Cg, 


+■ 


4-  K\  tot  l  — 


(/Ci^iOi2  Hir  12)  (/C2fi2a2i  —  (A2r  21)1  ’ 

(1 +*!«*)(!+ *2  toi)  J 


If  IQ)  IS  n  1  +^2 
*  1  *'1°12  l  j 


Kn  — 


1,2  1  (^lHl«!2  —  Hi^a)  (KiViifhl  —  W2i) 

0  -\-K\  tot)  (1 H-  /C2  tot) 


+ 


KT[*iI*i«u-IVu) 


(ATiHiaig  —  Hir  12)  (ATgi^2«2i  —  ii2r2i)  1  ' 


[’  (T+'a:„o,)(i+a:V,0«) 

^2^  [^2^2021  —  ^2r 21 1 


4 


^  _ _ /\2  ■  1^2^21  ~^2r2lJ _ 

i  _i  if  Ti  (/Cijiia12  Hi^ i2)  (/C2^2®2i — 1^2^21) 

+*2totL  (i+Kltot)(i+A:2to,) 


if  n  l  -J-  K  tot 

*'2®  21  -1  -T  1/ - 

1  fsm _ 1  ~r  ^2  101 _ 

*  1 (^iMiO,2  —  (Air  |2)  (/C2(A2a2i  — 1^2^21 ) 

(lH-/Cltot)(l+^2tot) 


Kf>K  (H-*«  ■->  (Kllhr„  -  n,r„) 

IS  _ 1  j-  A  1  tor _ _ _ , 

22  1  _(_  Kn  fl  (gljjlglj  —  ^lr  12)  (^2(*2«21  — H8^2l)1  ' 

^  totl  (i+QO+Q  J 

,  _ _ 

1  _  (/C||AiCti2  (A2r  12)  (^(*2*21 - |*2^2l) 

(l+^lt0t)(l+/<2t0t) 

Matrix  (2.83)  is  the  error  matrix  of  a  two-variable  system  in  explicit  form. 
In  particular,  if  the  subsystems  are  uncoupled,  we  have  a12  =  a2,  =  r12=r2l=0 
and  (2.83)  takes  the  form 


0 


(2.84) 


1820 
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From  (2-83)  and  (2.84)  we  can  estimate  the  effect  of  plant-  and  trans¬ 
ducer-coupling  on  the  equivalent  errors  in  each  subsystem. 

Another  interesting  case  is  the  error  matrix  for  pure  plant  coupling 
or  pure  transducer  coupling  (and  not  mixed  coupling,  as  in  the  preceding). 
Putting  in  (2.83)  ri2=r2i=0,  we  obtain  the  error  matrix  for  a  plant-coupled 
two -variable  system: 


(2.85) 


where 


Kn 


1  — 


Kg* 

Arift2HlH2«i2<»2l 


(l  +  ATi,ot)(l-h/C2tot) 


AT2|x1a12ct21 


1  tot 
H~  Kj  tot 


Kn  —  ■ 


2  4 


+k2  t 


1— ■ 


_ -j-  K\  tot 

/C|/C2M-1^2a12a21 


1  I  If  r  1  /CiK2^i^2q12Ct21  I 

+ *' lox  L  "a+#filo„)(i+#c,tot)J 


(1  +  K,IM)(1 +#&,«) 


1  +  ^1  to.  [l 


Koi  — 


It  If  [*1  KlK#lH2a12®21 

+  *2tot  L  0  +  K\  tot)  (1  +  K»  tot) 

40)  *  KiKiWvfhx  i 


^Cl^2Ml^2a12a21 
(1-hAT,  tot)(l  +Ktl 

^  tct 


3] 


/C|/C2^l|X2aI2a21 

(l  +  ^„,)(l+/CSl„„) 

4°> 


l  +  K2,o,[l  — 


J*2a12a21 


1  —  • 


/Ci^iM2«12a2i 


(1  +  ATi  t0t)  (1  +  K2t or)  ‘  (1  +  AT.  tot)  (1  -f  /Cs ,ot) 

In  the  case  of  transducer  coupling,  we  put  a12  =  a2 1=  0  and  obtain  from  (2.83) 

HE  £1- 


where 


Ku 


K\V _ 

_ 1*11*2  r  12r  21 _ 


Kn  — 


MVu _ 

_ l*ll*2r  12^  21 _ 

(1  +  *,  tot)  (1  H“  K2  rot) 


*2 


^2°V2r21 


1+^2 


f- 


Hi^2ri2r2i 


(l-h^itotHl-h/Catot) 


T  1 


4°> 

_ ViW  12^21 

<1 +*!««)  (1+ *2  «> 


Examination  of  expressions  (2.83),  (2.84),  (2.85),  and  (2.86)  suggests 
a  number  of  general  conclusions  for  multivariable  control  systems. 

The  diagonal  elements  of  the  matrix  correspond  to  the  equivalent  errors 
of  the  subsystems,  while  all  the  other  entries  represent  the  effect  of  the 
f-th  error  on  the  k-th.  error. 
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The  expressions  above  indicate  that  the  errors  in  multivariable  systems 
with  coupling  are  essentially  different  from  the  errors  in  uncoupled  systems. 
For  example,  take  the  first-loop  error.  From  (2.83)  we  have 

0)  ,  t'(O)  M\NxK2aX2  /0  c7^ 

*11=  MXM2  (/Ci/C2^i«i2  —  |Xiri2)  W2  A 1  "hAl  M,M2  +  KUOr{MiM^NxN2)  * 


where 


Ml  —  1  -fKitot, 

N 1  “  ^l^la12  —  Mlr  12* 
N2  =  K2\l  2a2i  |^2r 21- 


Without  coupling  Kn  —  K{i\  If  plant  coupling  is  stronger  than  transducer 
coupling,  i.  e.,  if  alft>rih,  the  equivalent  error  Ku  is  greater  than  M°l  In 
particular,  pure  plant  coupling  increases  the  system  error. 

Conversely  if  the  coupling  coefficient  rih  can  be  so  chosen  that  rik>KiCCih , 
an  appropriate  choice  of  K2101  will  make  the  error  Ku  less  than  /Ci0).  In 
particular,  if  no  plant  coupling  is  imposed,  i.e.,  a,ih=  0,  appropriate 
choice  of  the  subsystem  gains  will  substantially  reduce  the  errors.  This 
situation  obtains  in  multidimensional  servosystems,  which  are  transducer- 
coupled  without  plant  coupling.  The  recently  developed  so-called  control- 
coupled  systems  are  also  classified  as  multidimensional  servosystems. 

Consider  a  nondiagonal  element  of  the  matrix  (2.8  6): 


_ 12 _ .  (2.88) 

!  1  v  f\  ^1^12^21 _ 1* 

1+K,I0tL1  (i+KItot)(i+/c2tot)J 

If  the  controlled  variables  are  independent,  rih~  0  and  all  the  elements 
with  r£A  vanish.  Furthermore,  as  we  have  shown  in  / 39 / ,  in  single -variable 
systems  increase  of  each  loop  gain  lowers  the  system  errors  and  is  thus 
advantageous  from  this  and  some  other  points  of  view.  *  It  is  clear  from 
(2.86)  that  the  nondiagonal  elements  of  the  matrix  will  approach  zero  as  the 
gain  of  each  control  loop  is  increased  indefinitely. 


*  The  effect  of  gain  on  the  dynamic  properties  of  the  system  is  considered  in  Chapter  Four. 
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Chapter  Three 

STRUCTURE  OF  MULTIVARIABLE  CONTROL  SYSTEMS 
§3.1.  INTRODUCTORY  REMARKS 


In  the  previous  chapter  we  considered  multivariable  control  systems 
with  single-loop  subsystems  made  up  of  basic  unidirectional  dynamic 
elements.  The  philosophy  behind  this  approach  was  explained  in  the 
preceding.  In  our  analysis  of  these  systems  we  have  established  that 
with  regard  to  the  steady-state  error  they  do  not  differ  from  ordinary 
single -loop  systems,  where  an  increase  in  gain  improves  the  accuracy; 
however,  even  in  this  simple  case  there  are  substantial  differences 
between  multivariable  and  single -variable  control  systems.  These 
differences  are  best  illustrated  by  considering  the  characteristic  equation. 

The  general  transfer  function  of  a  closed-loop  single -variable  system 
without  stabilization  which  is  made  up  of  basic  dynamic  elements  in  a 
single-loop  configuration  is  given  by 


K{p)~ 


n 


Ki 


J-  aL  (P) 


4-TT-^- 

-M-  M/>) 


(3.1') 


where  a*(p)  is  the  self-operator  of  an  element, 
nature  of  the  elements  in  the  control  loop,  ai(p) 
second,  or  zeroth  degree. 

The  characteristic  equation  of  the  system  is 


Depending  on  the  exact 
is  a  polynomial  of  first, 

written  in  the  form 


Jlai(p)  +  K~^  ( 3 .2 T) 


n 

where  K=JjKt  is  the  overall  system  gain.  In  multivariable  control  systems, 

even  those  with  single-loop  subsystems,  the  characteristic  equation  is  a 
sum  of  polynomials.  It  is  clear  from  Chapter  Two  that  the  characteristic 
equation  of  a  multivariable  control  system  can  be  written  as 

P° +  p‘  <“"> P'  (P)  +  h  (K,)  Ps  («„)  PAP)+  ...  +/„  (Kt)  p„  (o,„)  Pn  (p)=0,  (3.3') 

where  ft  and  p(  are  functions  of  the  loop  gain  factors  and  functions  of  the 
coupling  coefficients  between  the  individual  controlled  variables.  P{  are 
functions  of  the  self-operators  of  the  individual  subsystems. 
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The  effects  of  gain  and  coupling  on  system  dynamics  should  be  considered 
separately,  but  regardless  of  the  outcome  of  this  analysis  it  is  clear  that 
single-loop  configuration  does  not  ensure  satisfactory  dynamic  properties 
in  multivariable  systems. 

Now,  what  is  the  desired  structure  of  multivariable  control  systems? 

In  other  words,  what  should  constitute  the  foundation  for  the  synthesis 
of  multivariable  control  systems?  In  our  analysis  of  single -variable 
systems  / 3 9 / ,  an  optimum  system  was  defined  as  a  system  which,  given 
the  necessary  and  sufficient  number  of  simple  dynamic  elements,  complied 
with  the  specified  technical  requirements.  For  a  very  general  class  of  high- 
quality  control  system,  the  problem  of  synthesis  is  reduced  to  the 
determination  of  structures  which  remain  stable  at  arbitrarily  large 
gain  factors  and  have  an  infinite  closed -loop  positive -response 
bandwidth. 

Let  us  now  consider  the  case  of  multivariable  control.  The  only  general 
approach  to  the  problem  of  synthesis  of  multivariable  control  system  is 
found  in  / 8  5/.  The  author  distinguishes  between  three  so-called  canonic 
structures,  which  differ  in  the  mode  of  coupling  between  the  individual 
variables,  and  the  synthesis  is  based  on  the  following  two  factors: 

(a)  R~r  —  rd,  the  number  of  free  inputs,  and 

(b ) D  =  rd  —  tit  the  number  of  inputs  which  may  optimize  the  process  (in 
respect  to  a  certain  criterion)  minus  the  total  number  of  outputs. 

It  is  established  /85/  that  the  above  data  are  insufficient  for  optimum 
synthesis  and  that  some  additional  information  is  needed.  This  gap  is 
filled  by  certain  constraints  imposed  on  the  system  or  by  the  assumption 
that  some  of  the  network  elements  are  known. 

Our  approach  to  the  problem  is  essentially  different.  First,  the  one- 
loop  configuration  is  the  only  permissible,  a  priori  known  structure  of  the 
starting  subsystems;  the  dynamics  of  each  subsystem  is  determined  by 
the  dynamic  properties  of  the  measuring  devices,  the  controlled  object 
(in  relation  to  the  particular  controlled  variable),  the  corresponding 
controller,  and  the  amplifiers.  This  choice  of  the  initial  structure  is 
suggested  by  the  very  nature  of  the  control  process,  and  these  elements 
always  constitute  the  initial  or  the  starting  control  loop. 

Second,  there  is  a  possibility  of  natural  coupling,  due  to  the  properties 
of  the  controlled  object  or  the  load.  This  may  be  either  direct  or  cross 
coupling.  Artificial  dependence  is  introduced  only  if  the  measuring 
devices  are  interconnected  in  a  special  way  to  produce  a  multidimensional 
servosystem.  As  regards  other  types  of  artificial  coupling  between 
controllers  or  special  load  disturbances  introduced  to  ensure,  say, 
noninteraction  and  certain  desirable  dynamic  properties,  they  cannot  be 
regarded  as  known  from  the  start,  since  they  are  inherently  the  outcome  of 
synthesis  and  not  the  initial  data  for  synthesis. 

The  synthesis  of  multivariable  systems,  as  that  of  single -variable 
networks,  is  based  on  a  number  of  requirements. 

1.  Each  component  system,  considered  in  isolation  from  the  other 
variables,  should  allow  indefinite  increase  in  gain  without  losing  its  stability. 

2.  The  subsystems  should  theoretically  have  an  infinite  closed-loop 
positive -response  bandwidth. 

3.  Depending  on  the  properties  of  the  controlled  object  or  the  problem 
being  considered,  we  demand  that  the  transient  be  close  to  the  optimum 
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for  each  controlled  variable  or  that  it  meet  a  certain  optimality  criterion 
for  a  generalized  parameter  representing  the  set  of  all  controlled  variables 

Thus,  if  we  know  how  to  build  single -variable  systems  complying  with 
given  requirements,  the  synthesis  of  multivariable  systems  reduces  to  the 
determination  of  the  dependence  of  coupling  on  system  structure  for  the 
case  of  subsystems  consisting  of  more  than  one  loop. 

Our  analysis  will  proceed  as  follows.  First  we  shall  consider  the 
synthesis  of  systems  where  the  individual  controlled  variables  are  plant- 
coupled.  Then  the  complexity  of  the  problem  will  be  increased  by 
consideration  of  load  coupling,  and  finally  of  combined  load  and  transducer 
coupling.  Multivariable  combined-control  systems  with  artificial  load 
coupling  introduced  to  improve  the  dynamic  response  of  the  system  are 
considered  separately. 

In  this  chapter  we  consider  systems  with  plant-coupled  controlled 
variables. 


§3.2.  THE  EFFECT  OF  SUBSYSTEM  GAIN  ON 
STABILITY  OF  MULTIVARIABLE  CONTROL  SYSTEMS 


Let  us  consider  the  effect  of  subsystem  gain  factors  on  the  stability 
of  a  MCS  consisting  of  single-loop  subsystems. 

In  Chapter  Two  we  derived  an  equation  for  the  y-th  controlled  variable 
under  these  conditions  (equation  (2.29)).  It  is  written  as 

yj° = i:  S  (— ,)(+y  Auo  (p)  [K,jrt t  „,(/>) + g„  (p)  i,  (p)\.  (2.29) 

i=\ 


The  characteristic  equation  of  a  multivariable  control  system  is 


011  ip) 

01 2(P)  . 

•  au(p) 

Oji  ip) 

022  (P)  • 

■  <hn  iP) 

«n  iP) 

a, i  iP)  ■ 

■  a-iAp) 

*H\  (P) 

a„2(P)  •• 

*  ann  (P) 

where 

ip)  =  Dt  (p)  R,  (p)  Q ,  (p)  eV  +  K<Kt  .6,p„ 
ait  (P)  =  K,Rt  (p)  Q,  ip)  alt  (p). 


(3.1) 


(3.2) 


We  introduce  a  new  symbol:  ftrJp)  =  D,  (p)Rl(p)Ql(p)exi’’,  the  self-operator 
of  a  control  loop  made  of  basic  elements.  In  the  lagless  case,  this  operator 
will  be  denoted  p(p).  We  also  write 


*1  (P)  Qi  (P)  =  Yt  (Ph  KiKi  a  6^  =  K(  tor 
In  this  nomenclature,  equation  (3.1)  takes  the  form 


Ptll  ^)  +  ^ltot 

f(2y2  ( P )  (P) 

«.Y,  ip)  iP)  . 

..  K1y1(p)aln(p) 

••  ^2Y2  (P)  (P) 

=  0. 

(3.3) 

Knyn  (p)  (p) 

KnVn  (P)  a„2  (P)  • 

•  Ptn/i  (P)  T  K/i  tot 
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(a)  SYSTEM  WITHOUT  LAG 


Expanding  the  determinant,  we  write  equation  (3.3)  in  the  form 


F'm (p)  +  S  Kfm (P)  +  $mi  KiKfm,  (P) +  •  •  *  +  K&  . . .  Kn  + 

+  f  K  (P) ]  Fa  (P)  +  h  K*  (P)\  f,  [«/*  (/>)]  -  0,  (3.4) 


where  F'm{p),  F'Ni ,  are  polynomials  in  the  variable  p,  with  coefficients 

independent  of  the  subsystem  gains,  Fn(p),  F„_i(p),  .  .  .  are  polynomials 
with  coefficients  independent  of  Ki,  and  a^P)  and  f[a>ih(p)]  are  functions  of 
the  coupling  coefficients. 

We  now  show  that  under  certain  conditions  increasing  the  gain  of  some 
or  all  subsystems  renders  the  multivariable  control  system  unstable,  and 
that  in  multivariable  systems  with  single -loop  subsystems  there  is  a 
contradiction  between  the  feasibility  of  infinite  gain  and  the  stability  of 
the  system.  We  assume  the  following  relationships  between  the  loop 
gains  of  the  system: 


= 

K2  =  r\{K< 


K„  =  r\n_iK. 

Substituting  (3.5)  in  (3.4),  we  find 


(3.5) 


F m  iP)  +  KF n\  (p) + K2F a'2  (p)  +  ...  +  K"  U  tl(  + 

/  =  1 

+  ft  K*  (/»)]  F„  (p) + h  K*  (/>)]  Fn-  1  (p) 4-  . . .  +  /„  [o„  (/?)]  =  0.  (3.6) 


We  divide  (3.6)  by  K"  and  write  1/K=m.  Equation  (3.6)  takes  the  form 

m"Fm(p)+m."-'Fm(p)+m'-*Fm(p)  +  ...  +mF„,  (/>)+]!  ’ll  =  0,  (3.7) 

i-  1 


where 

Fm  (P)  =  F'm  (P'1  +  ft  [a«  (/>)] F,  (P)  +  •••  +(„[««(/')]• 

Increasing  the  gain  is  equivalent  to  decreasing  m.  Our  problem  thus 
reduces  to  investigation  of  system  stability  as  m->- 0. 

Suppose  that  in  the  general  case  the  characteristic  equation  can  be 
written  in  the  form 

m"Fm(p)+mn-'FNl{p)+m"-*Fm(p)+  ...  +mFN,n_l(p)  +  F„Jp)  =  0.  (3.8) 

Here  the  subscripts  of  F  denote  the  degree  of  the  polynomials.  We  now 
proceed  to  determine  the  conditions  under  which  the  roots  of  equation  (3.8) 
are  situated  for  m->0  in  the  left -half  plane  (i.  e.,  to  the  left  of  the  imaginary 
axis) . 

It  is  clear  from  our  notation  that  the  total  number  of  roots  in 
equation  (3.8)  is  N0.  Let  m->-0  in  equation  (3.8).  Then  Nn  out  of  the  total  N0 
roots  will  approach  the  roots  of  the  equation 

F Nn  (P)  —  0,  (3.9) 


60 


which  we  call  the  degenerate  equation,  by  analogy  with  the  theory 
of  single -variable  control  systems  /39/.  The  other  N0  —  Nn  roots  will  tend 
to  infinity  as  tn->-  0. 

Suppose  that  the  degenerate  equation  FNn(p)=  0  satisfies  the  stability 
criteria.  Then  the  stability  of  the  entire  equation  (3.8)  will  depend  on 
the  disposition  of  the  N0—Nn  roots  which  recede  to  infinity  as  m-* 0. 

Let  us  consider  the  following  cases. 

Case  1 . 


Afi  =  Af0  — 1,  N2  =  N0  —  2,  ...,  Nn  =  N0  —  n.  (3.10) 

We  divide  equation  (3.8)  by  mn  and  write  it  in  expanded  form: 

awPN^aQ\PNf>~l^rO'Q’iPN{>~2-ir  •••  [^ioPAr,,“1  +  ^ii^/Vo_2-h  •••]  + 

+  -^[axPN'-*+anPN'-s+avPN‘-'+  ...|  +  ... 

•  •  •  +  -^n  Ko/’w,-"+ amPN'-"-'  +  +a„.  //.-»]  =  0.  (3.11) 

The  degenerate  equation  in  this  case  is 

+  +  ...  -fa*,  *,_„==  0.  (3.12) 

It  is  implied  that  the  coefficients  of  the  degenerate  equation  satisfy 
the  stability  criteria,  since  otherwise  further  analysis  is  meaningless. 
Thus  for  m->0,  N0  —  n  roots  of  equation  (3.11)  approach  the  N0—n  roots  of 
equation  (3.12),  which  by  definition  lie  in  the  left-half  plane. 

We  now  derive  an  equation  which  gives  the  location  of  the  n  roots 
receding  to  infinity  as  m->- 0.  Let 

(3’13> 


Substituting  (3 .13)  in  (3.11)  we  find 


-N0  aN o-l  nN*~l  „(V„— 2 

Jl _ !_  n  _Z_ 


a°°^+aml^+  ■■■ 

JV0-2 


~\~an0 


.No— /j  — 1 


...  =0. 


Multiplying  (3.14)  by  and  taking  m-> 0,  we  find  in  the  limit 
«oo  <IN'  4-  aioqN*~l  4-  «20  qN°"2  +  •  •  •  +  an0  qN>~n  =  0 


(3.14) 


(3.15) 


or,  eliminating  qN*~n  roots, 

«oo^  +  flio^"1“h«20^“24-  •••  +<*n o  =  0.  (3.16) 

We  shall  refer  to  equation  (3.16)  as  the  auxiliary  equation  of  the  first 
kind.  It  comprises  the  leading  coefficients  of  the  polynomials  in  (3.11) 
and  determines  the  location  of  the  n  roots  which  receded  to  infinity  as 
m->0.  The  roots  of  this  equation  move  to  infinity  in  the  left-half  plane 
if  the  coefficients  of  (3.16)  comply  with  the  stability  criteria. 
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To  sum  up,  if  condition  (3.10)  is  satisfied,  the  multivariable  control 
system  remains  stable  regardless  of  an  indefinite  increase  in  the  sub¬ 
system  gains,  provided  that  the  degenerate  equation  and  the  auxiliary 
equation  of  the  first  kind  each  comply  with  the  stability  criteria. 

Case  2 . 

W,  =  JV0- 2,  N2=N0  —  4,  N„  =  N0  —  2/t.  (3.17) 

Equation  (3.8)  is  now  written  in  the  form 

am  PN-  +  <•-'  +  aotPN°~'1  +  ■■■ 

...  +ir[a10^-2+aI,P'v*-3  +  a13Jt-w>-4+  •••]  + 

+  K  PN°-* + a-nPN°-* +  •  •  •  I  + 

+  laMPN'~in  +  anlpN°-2n-'  +  ...  +  a„,  w.-2„]  =  0.  (3.18) 

The  degenerate  equation  is 

anoPN'>~2tt  +  *nlPNo-2n-'1  +  •••  &n,  N0-2n  =  0.  (3.19) 


The  degenerate  equation  is  again  assumed  to  satisfy  the  stability 
conditions.  To  establish  the  stability  of  the  entire  system,  we  have  to 
elucidate  the  location  of  the  2 n  roots  which  recede  to  infinity  as  m 0. 
Substituting  in  (3.18) 


P 


(3.20) 


No 

multiplying  the  equation  by  m  2  ,  and  taking  the  limit  as  0,  we  obtain 
after  division  by  qN*-2n 

aoo92" H” aio^2n-2  +  a2o9r2fl-4'f~  •••  — 0-  (3.21) 

Putting  x=q 2,  we  rewrite  (3.21)  in  the  form 

a00xn  +  alQxn-x -f- a2Gxn ~ 2 ...  -4-an0  =  O.  (3.22) 


In  our  investigation  of  stability  of  equation  (3.21),  we  are  concerned 
only  with  the  case  when  the  roots  of  equation  (3.22)  are  real  and  negative, 
since  all  the  other  alternatives  correspond  to  unstable  systems.  Now,  if 
the  roots  of  (3.22)  are  real  and  negative,  the  roots  of  (3.21)  are  imaginary. 
This  is  a  limiting  case  in  the  Lyapunov  theory,  and  whether  (3.21)  is  stable 
or  unstable  depends  on  the  actual  location  of  the  roots  of  (3.21)  when  m  is 
small  but  not  zero.  Thus,  in  order  to  determine  the  location  of  the  2 n  roots 
which  recede  to  infinity  as  m-> 0,  only  the  terms  linear  in  m  should  be 
retained  in  the  auxiliary  equation,  dropping  all  the  higher -order  terms. 

We  now  proceed  to  derive  the  auxiliary  equation  for  m.  Substituting 
(3.20)  in  (3.18),  we  find 


qN>  ,  qN*~l  ,  qNo~2  , 
a00  No- 1  +  a02  2  H" 


,/Vn— 2 


No— 2 


+  1 


+  a\\ 


,N0- 3 


No— 3 


+  1 


4“  & 


,/V0—  4 


12  No- 4 

m  2 


+1 


+  «20' 


ATo-4 


+2 


■M21 


qNo-l 


N- 5 


+2 
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0^0-6  <JV0-2fl  /V0-2n-l 

~f~  g22  — +  •••  +  <Lo  —jV^2F7  +  g/»l  ~~ /y0-~2T- f'V  +  '**  ==^ 

OT  2  OT  2  m  2 

*o 

Multiplying  by  m2  ,  we  obtain 
2 

floo?*0  +  ^2  +  ma02q^2  +  . . .  +  al0q^~2  +■ 

2  1 

4-m^fln^-3H-mfl12^-4+  ...  +  a2QqN°-*  +/»2a21^-5  + 

-J-/wa22^/Vo-6  +  •  •  •  H~  an0q^-2n  -\-anlm2q^~2n~l  -{- 

4-  ma^g"*-**-2  -+■  ...  =0.  (3.23) 

2 

Here  m2  is  of  the  first  order  of  smallness.  Dropping  the  terms  of  higher 
order  in  m,  we  find 

2  j. 

^qN^m2a0lq^-l  +  al0q^-2  +  m2anqN^-\-a^qN^-\- 

2  2 
+  OT2a21^/Vo-5_|_  ...  -f-tt/j0^o-2n^_a/jiOT2^/Vo-2«-l==0 

or  dividing  by  qN*-*n-i,  we  finally  obtain 

_i  _i_ 

floo?2^1  4-^2«oi^2rtH-aio?2rt"1  +^2^ii?2fl"2  +  ^2o^2',"3  + 

1  I 

~^m2a2iq2n~4-\-  ...  4-m2anl=0.  (3.24) 

This  is  an  auxiliary  equation  of  second  kind  which,  in  distinction 
from  the  auxiliary  equation  of  the  first  kind  discussed  in  the  preceding, 

is  composed  of  the  first  two  leading  terms  of  the  polynomials  in  equation  (3.8), 

\ 

every  other  coefficient  being  multiplied  by  m2 . 

The  roots  which  recede  to  infinity  as  w->-0  are  in  the  left-half  plane  if 
the  auxiliary  equation  of  second  kind  complies  with  the  stability  criteria. 

Let  us  check  that  the  stability  criteria  are  independent  of  m.  Indeed, 
the  Hurwitz  determinant  for  this  case  is 

2  2  1  i 

m2a0l  m2an  m2a2\  ...  m2anl  0  ... 

#oo  #10  #20  *  •  •  #m>  0 

1  1 

0  m2a0[  tn 2 #t,  ...  0  0  ... 


0  0  .  0  .. 

_i 

We  see  from  (3.2  5)  that  m2  is  a  common  factor  for  all  the  elements  in  every 

2 

other  row  and  it  can  be  taken  outside  the  determinant.  Clearly,  m 2  alters 
the  scale  of  (3.2  5)  but  not  its  sign.  In  writing  the  auxiliary  equation  we 

2 

may  therefore  omit  the  factor  m 2  in  all  the  coefficients  of  this  equation. 

We  have  thus  proved  the  following  proposition. 
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If  condition  (3.17)  is  satisfied  (mathematically  this  means  that  intro¬ 
duction  of  the  next  higher  order  of  m  adds  2  to  the  degree  of  the  equation), 
the  system  is  stable  provided  that  the  degenerate  equation  obtained  from 
the  general  equation  by  putting  m=  0  and  the  auxiliary  equation  of  second 
kind  comply  with  the  stability  criteria. 

Case  3  .  Here  introduction  of  the  next  higher  order  of  m  raises 
the  degree  of  the  equation  by  3,  i.e., 

AA,=  N0  —  3,  W2  =  Wo  —  6,  ....  Nn  =  N0  —  3rt.  (3.26) 

As  in  Case  2,  we  make  the  substitution 


and  write  the  auxiliary  equation  in  the  form 

aoo?3n+«io?3”-3+“»?3“'6+  •••  +*»o  =  0.  (3.27) 

Putting  y=qz ,  we  rewrite  (3.27)  in  the  form 

aooyn -\~aioyn~l ~\~a2oyn~2~\~  •••  (3.28) 

Equation  (3.28)  always  has  right -ha If -plane  roots,  and  the  system  is 
unstable.  Indeed,  the  only  case  which  requires  verification  is  that  of 
(3.28)  with  real  and  negative  roots,  since  otherwise  the  system  is  definitely 
unstable. 

Suppose  that  the  coefficients  of  (3.28)  satisfy  the  conditions  of  aperiodic 
stability  / 39 /.  Then  all  its  roots  are  real  and  negative.  To  find  the  roots 
of  (3.27),  we  make  use  of  the  relation 

?- fy.  (3.29) 

By  recalling  the  properties  of  binomial  equations  we  conclude  that  at 
least  one  of  the  three  roots  of  (3.29)  is  in  the  right-half  plane.  Indeed, 
the  roots  of  an  n-th  order  binomial  equation  are  given  by 

? = VT7T  (cos  ^r+J sin  -ir)  • 


where  k  =  1,  2, . . . 

In  our  case  n  -  3  and  the  three  roots  are 


9\, 2, 3  =  ^Jy\  (cos + j sin (A=l,  2,  3) 

(-t-'tt). 

<h  =  'fr\y~\-  h 
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One  of  these  roots,  f\y\,  is  positive. 

Since  equation  (3.28)  has  n  roots,  at  least  n  of  the  3  n  roots  of  the 
auxiliary  equation  (3.27)  are  in  the  right-half  plane  and  the  system  is 
unstable.  To  sum  up,  if  we  can  find  two  adjoining  polynomials  with  degrees 
differing  by  more  than  two  (three  or  more)  and  the  higher-order  polynomial 
is  multiplied  by  m  to  the  higher  power,  the  system  is  unstable. 

Case  4  .  In  this  case  the  difference  in  the  degrees  of  the  polynomials 
is  variable. 

We  have  already  established  that  if  the  difference  in  the  degrees  of  any 
two  adjoining  polynomials  is  three  or  more,  the  system  is  unstable.  We 
should  therefore  concentrate  only  on  the  case  when  the  difference  in  the 
degrees  of  adjoining  polynomials  is  either  one  or  two.  The  corresponding 
equation  can  be  written  in  the  following  form: 

nnFNAP)+ril-'FNMp)  +  mn-*FN^+m*-*FN'i_.b{p)  + 

~\-mn~AF w0_7 (/?)-{-  ...  +/V* </>)=: 0.  (3.30) 

We  shall  show  that  the  polynomials  must  be  arranged  in  the  order  of 
increasing  difference  in  degrees,  since  otherwise  the  system  is  unstable. 

It  of  course  suffices  to  show  that  violation  of  this  rule  in  any  particular 
case  results  in  system  instability.  Consider  the  simple  equation 

(p)  +  mFN,-2{p)  +  FNo.3(p)  =  0.  (3.31) 

Here  the  polynomial  of  degree  N0  is  followed  by  a  polynomial  of  degree 
N0  -2  and  then  by  a  polynomial  of  degree  /V0-3,  i.  e.,  in  this  three-membered 
equation  the  degree  of  the  polynomials  decreases  first  by  2  and  then  by  1. 

We  write  (3.31)  in  expanded  form: 

<W>Wo  +  -f-  ampN°-2  +  . . .  +2.[aio/,w.-2+aii/,/v.-3+„.j+ 

+  -^r  [a20/’"»-3 +  %/»"•-"+  ...)  =  0.  (3.32) 

Substituting  in  (3.32) 

P  =  -Sr ,  (3.33) 


we  find 


r*  , 

No  I  a01 


A'q-1 
-  2 


No+1 
.  2 


No-  2 
,  2 


,/V0  — 4 


m 

,/Vo— 5 


a22 


No-1 
.  2 


q" .-a 


No—  1 
.  2 


...  =0. 


(3.34) 


/Vo  +  l 

We  multiply  (3.34)  by  m  2  in  order  to  eliminate  the  m  in  the  denominator, 
and  write 


—  —  i 

m 2  amqN* + ma^- 1 + m 2  aQ2qN°~*  +  ...  f 

2  i 

+  manqN«-z  +m2al2qN*-*-{-  ...  + rri2  a2lqN*-*  -f 

+  marf*-*  +-  ...  =0.  (3.35) 


65 


Equation  (3.35)  has  coefficients  of  various  orders  of  smallness.  Suppose 

l_ 

that  we  decide  to  retain  terms  with  m 2;  dropping  terms  of  higher  order  of 
smallness,  we  find 

II  1 

m2a00q^-Jrm2a02q^-'i-\-a20qN^  -\-m2a2lqN*-4- =0.  (3.36) 

The  coefficients  of  equation  (3.36)  do  not  comply  with  the  stability 
criteria  for  two  reasons.  First,  the  coefficient  of  q is  zero  and,  second, 
equation  (3.36)  may  be  written  in  the  form 

i 

m2 1«00^  +  «02^'2  +  <hiq*-*\+<hflN'-*=s0  (3.37) 

or 

—  A^o  "h  3  =  3,  (3.38) 


and  according  to  the  preceding  rule,  it  has  at  least  one  right -half -plane 
root  for  small  m. 

If  terms  to  the  order  of  m  are  retained  in  (3.35),  condition  (3.38)  remains 
in  force  and  the  system  is  unstable  as  before.  We  have  thus  proved  a 
highly  important  condition:  th  e  polynomials  should  be  arranged 
in  such  a  sequence  that  the  difference  in  their  degrees 
increases. 

Let  us  consider  the  derivation  of  the  auxiliary  equation  when  the  above 
condition  is  satisfied.  It  is  clear  that  a  difference  of  one  in  the  degrees 
of  adjoining  polynomials  is  permissible  only  between  the  first  and  the 
second  polynomials,  and  further  down  the  series  the  difference  must  be 
two.  This  follows  directly  from  the  rule  that  we  have  just  proved,  which 
can  be  called  the  property, of  declining  degrees. 

We  start  with  the  equation 

rnnFN0(p)^mn-^FNo-i(p)^mn-2FNo.3(p)-\-  . . . 

•■■+^r|W+^,W=°.  (3.39) 
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AT,  +  1  2 

Multiplying  (3.40)  by  m  2  and  retaining  terms  of  the  order  m2,  we 
obtain  the  auxiliary  equation 

i  I  _L 

m 2  a00qN°  -j-  a10qN*  ~ 1  +  m 2  a  nqN* “2 +  a2QqN>- 3  -f -  m 2  4  + 

2 

+  ^3o^0_5+  •••  ~h  n  -  \pqN*~n~l  -+■  tn2a,Na-  „  _  it\qNo~n~2  =  0.  (3.41) 

2 

The  small  quantity  m2  clearly  does  not  influence  the  stability  conditions, 
since  it  multiplies  all  the  odd  terms  of  the  equations.  For  this  reason, 

2 

m2  can  be  omitted  from  the  coefficients  in  writing  the  auxiliary  equation. 

It  is  clear  from  (3.41)  that  the  auxiliary  equation  comprises  the  coefficient 
of  the  first  term  of  the  leading  polynomial  and  the  coefficients  of  the  first 
two  leading  terms  of  all  the  subsequent  polynomials. 

2 

Dividing  (3.41)  by  qN°-"-2  and  dropping  the  factor  m2,  we  find 

awr+2+aKr-'  +  an?”  +  a^-'+a^-2  +  •  •  • 

•••  +<V-J-2==a  *3,42) 

This  is  an  auxiliary  equation  of  third  kind.  As  an  example,  we 
write  the  auxiliary  equation  of  the  third  kind  for  n=  2.  Thus 


ttooV* + aio43 + auQ2  (3.43) 

We  have  thus  established  under  what  conditions  the  subsystem  gains 
can  be  increased  and  what  conditions  are  to  be  satisfied  by  the  coefficients 
of  the  general  characteristic  equation  in  order  for  the  system  not  to  lose 
its  stability. 

We  now  return  to  equation  (3.6),  to  determine  the  structure  of  the 
subsystems  and  to  summarize  our  analysis. 

In  (3.6) 

(P)Q,(P)Rt(P)-  (3.44) 

This  is  a  product  of  the  products  of  the  self-operators  of  the  elements  in 
a  single-loop  subsystem: 

Fm  =  2*0 ...  jft  Dj  (p)  Qj  (p)  R,  ip)  +  M  (p),  (3 .4  5) 

where  M{p)  is  a  polynomial  of  degree  which  is  definitely  less  than  the 
degree  of  the  first  term  in  (3.45)  by  an  amount  equal  to  the  degree  of  Di(p). 
Similarly, 

n  O,W0,(f)«nW+«.W.  (3.46) 

i.  e.,  each  successive  polynomial  contains  one  product  D(p)Q{p)R(p)  less 
than  its  predecessor.  Hence  it  follows  that  in  our  case  D(p)Q(p)R(p)  is  at 
most  of  second  degree. 

Our  analysis  of  the  simple  basic  structure  leads  to  the  following 
conclusions. 
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1.  If  the  self -operator  of  each  loop  with  basic  elements  is  of  degree  1, 
all  the  gains  can  be  increased  simultaneously  without  loss  of  stability. 

The  degenerate  equation  and  the  auxiliary  equation  of  the  first  kind  should 
each  satisfy  the  stability  conditions. 

2.  If  the  self-operator  of  each  loop  with  basic  elements  is  of  degree  2, 
all  the  gains  can  be  increased  simultaneously  without  loss  of  stability. 

The  degenerate  equation  and  the  auxiliary  equation  of  the  second  kind 
should  each  satisfy  the  stability  conditions. 

3.  If  the  self -operator  of  each  loop  with  basic  elements  is  of  degree  3 
or  higher,  an  increase  of  one,  several,  or  all  loop  gains  invariably  leads 
to  loss  of  stability.  There  is  consequently  a  contradiction  between  the 
feasibility  of  gain  increase  and  the  stability  of  the  system,  similar  to  that 
observed  in  single-loop  systems  with  a  self-operator  of  degree  higher 
than  two . 

4.  If  the  self-operators  of  the  different  loops  in  a  multivariable  system 
are  of  different  degrees,  the  gain  of  none  of  the  loops  with  self-operators 
of  degree  higher  than  2  can  be  increased  without  losing  the  stability  of 

the  system  as  a  whole. 

5.  The  structure  of  the  multivariable  control  system  should  satisfy 
the  rule  of  declining  degrees.  A  system  with  first  v  terms  showing  a 
difference  of  1  in  their  degrees  and  the  next  n  —  v  terms  a  difference  of  2 
obviously  meets  this  criterion. 


(b)  SYSTEM  WITH  LAG 

We  now  return  to  the  starting  set  of  equations.  We  shall  try  to  establish 
the  configuration  of  a  multivariable  control  system  whose  subsystems  are 
made  up  of  basic  elements  plus  lags.  The  set  of  equations  in  this  case  is 
written  in  the  following  form: 

$uAp)  +  Kiiox)Yi  +  #*  2  Vl(P)alk{P)Yk{P)  = 

k-  1 
k^t 

=  A'ito7/tef(jP)  (/— 1,  2,  . . n).  (3.47) 

The  characteristic  equation  can  be  written  in  the  form 


P+Kt  m 

1Y1  (p)  0,2  (p) 

••  ATiYi  (P)  (p) 

KaY2  (P)  °21  (P) 

h>U>)°XlP+K,', 0,  . 

••  K2Y2  (/>)  a2/J  (p) 

=  0. 

(3.48) 

KnVn  ( P )  0/ii  (p) 

KriYn  (P)  0/j2  (p) 

■■  Vnn(p)eX""+K„m 

We  have  already  seen  (Chapter  Two)  that  the  steady- state  error  in  the 
t-th  controlled  variable  decreases  with  the  increase  in  the  t-th  loop  gain 
in  lagged  systems,  too.  It  is  easily  shown  that  the  results  of  the  previous 
subsection  can  be  completely  extended  to  multivariable  control  systems 
where  some  or  all  subsystems  contain  lags.  We  omit  the  proof*,  since 
it  in  fact  amounts  to  repetition  of  the  previous  manipulations.  We  shall 
only  concentrate  on  the  new  properties  which  are  attributed  to  the  intro¬ 
duction  of  lags. 

The  validity  of  this  proposition  follows  from  the  synthesis  of  lagged  systems  remaining  stable  at  infinite 
gain,  which  is  described  in  the  sequel. 
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We  now  prove  the  following  proposition:  if  there  exists  at  least 
one  pair  of  coupling  coefficients  alft(p)and  a hi{p)  such  that 
dih(p)ahi(p)  is  of  higher  order  in  p  than  Di(p)Dk(p)  is,  and  time 
lag  is  provided  in  the  t-th  or  the  £- 1  h  loop,  the  system 
is  structurally  unstable. 

Indeed,  for  the  system  to  become  structurally  unstable  in  this  case, 
it  suffices  to  omit  the  leading  term  from  the  characteristic  equation. 

As  we  easily  see  from  (3.48)  and  the  procedure  for  the  construction 
of  the  characteristic  equation  for  the  entire  multivariable  control  system. 


the  maximum  value  of  t  is  equal  to  the  sum  of  all  the  lags  t=  2  L  and 


p  St 


a  term  e  i=1  1  will  precede  the  product  j£[p;,(/?).  Since  the  quasipolynomials 


entering  the  characteristic  equation  include  the  quasipolynomial 


,  n  ph.cpk*  u>)ajp)„  n  (w/o. 

*— 1,2,. —  1  ...  n 

the  characteristic  equation  will  lose  its  leading  term,  if  aih{p)ahi(p)is  of  higher 
degree  than  &u{p)$hh{p)  is,  and  the  system  will  become  structurally  unstable. 


§3.3.  STRUCTURE  OF  LAG  LESS  MULTIVARIABLE 
CONTROL  SYSTEMS  WITH  INFINITE-GAIN  STABILITY 

Under  real  conditions,  the  self-operators  of  the  subsystems  may  be  of 
higher  than  second  degree.  It  follows  from  §3.1  that  in  this  case  an 
increase  in  one  or  several  gain  parameters  of  loops  with  self-operators 
of  degree  higher  than  2  will  inevitably  lead  to  loss  of  stability.  We  thus 
have  the  following  problem:  synthesize  a  multivariable  control  system 
which  would  be  inherently  free  from  the  contradiction  between  stability 
and  precision. 

Let  the  self-operator  of  the  subsystem  for  one  of  the  controlled  variables, 
say  Kj,  be  of  degree  Vi>2.  An  increase  in  gain  of  this  loop  inevitably  leads 
to  instability  of  the  entire  system.  This  conclusion  follows  from  the 
preceding  results,  but  it  can  also  be  verified  directly.  Additional  proof 
of  this  fact  will  be  quite  useful  in  the  sequel,  and  we  therefore  reproduce 
it  here  in  detail. 

Developing  the  determinant  (3.3)  with  respect  to  the  first  column,  we  find 

(Pn  (P)  4"  tot]  An  4~  K2R2  ( P )  Q21  ( P )  a2i  (p)  A21 4~  •  •  • 

■■■ +K„Rn(P)QAP)^(P)K,  =  0.  (3.49) 

where  Ati  are  the  cofactors  of  the  corresponding  elements  in  the  first 
column.  The  first  term  in  (3.49)  contains  p  to  the  highest  order,  since 
it  carries  the  fewest  mutual -coupling  coefficients,  which  are  either 
constants  or  operators  of  degree  less  than  the  degree  of  the  self-operators 
of  the  individual  loops.  Equation  (3.49)  can  thus  be  written  in  the  form 

Fm(P)+Ku<,fm(P)=0'  (3-50) 
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where  the  subscripts  F  designate  the  degree  of  the  polynomials  FNZ(p)  and 
Fm(p)'  Obviously,  N2  =  Ni  +  Vi .  Hence  it  follows  that  if  V\>2,  the  increase 
in  Ki  tot  will  immediately  result  in  system  instability.  It  is  also  obvious 
that  the  condition  N2—  Ni<2  is  satisfied  if  the  (JV4  —  2)-th  derivative  is 
introduced  into  the  first  loop.  Indeed,  if  the  (Vl  —  2)-th  derivative  is 
introduced  into  the  first  loop,  equation  (3.50)  takes  the  form 

Fm(p)  +  Kiw  -2 -f- 1 ) Pm (p)  =  0.  (3.51) 

Here  Nz  —  Aft<2.  Generalizing  this  result  to  the  case  when  the  self- 
operators  of  each  control  loop  are  of  degree  Vit  we  come  to  the  conclusion 
that  stability  can  be  ensured  for  any  Kiw  if  the  (l^  — 2)-th  derivative  is 
introduced  into  each  loop  with  V{> 2.  This  ensures  the  condition  jV2  —  <  2 

in  the  /-th  loop. 

Now,  is  it  necessary  to  introduce,  besides  the  (V*— 2) -the  derivative, 
all  the  lower-order  derivatives  as  well,  down  to  the  first  derivative? 

Before  answering  this  question,  let  us  derive  an  expression  for  the 
degenerate  equation,  assuming  that  the  ( Vf- 2)-th  derivative  has  been 
introduced  into  each  loop  with  V{>2.  It  is  easily  seen  that  the  degenerate 
equation  has  the  form 

(/>1,|-2+l)(/>'v-J+l)...  (pv‘-2+\)FN„(p)  =  0.  (3.52) 

Regardless  of  the  form  of  the  polynomial  FNn(p),  the  system  is  obviously 
unstable  if  any  14>3.  Hence  it  follows  that  stability  of  the  degenerate 
equation  can  be  ensured  if  for  ^>3  all  the  lower-order  derivatives,  down 
to  the  first  derivative,  are  introduced  together  with  the  (V{  —  2)-th  derivative. 

We  thus  come  to  the  following  conclusion.  A  system  with  n  plant -coupled 
controlled  variables  can  be  stabilized  with  respect  to  each  controlled 
variable  for  any  gain  value.  To  this  end  all  the  derivatives  from  {V{  —  2)-th 
down  to  the  first  inclusive  should  be  introduced  into  the  corresponding  loop 
(Vi  is  the  order  of  the  self-operator  of  the  /-th  loop). 


§3.4.  ALTERNATIVE  SOLUTION 


In  the  preceding  section  we  dealt  with  the  synthesis  of  structures  that 
retained  their  stability  at  infinite  gain.  This  necessitated  the  introduction 
of  ideal  derivatives  of  various  orders  into  the  system.  We  shall  see 

from  what  follows  (and  incidentally  this 
is  also  known  from  the  literature  / 39 /) 
that  in  principle  real  derivatives  of  any 
order  can  be  made  arbitrarily  close  to 
the  ideal.  This  approach,  however,  can 
be  recommended  in  practice  only  if  no 
other  more  convenient  alternative  is  open 
to  us.  In  this  section  we  describe  a 
synthesis  procedure  which  achieves  the 
same  effect  (i.e.,  indefinite  increase  of 
figure  3.1.  The  /-th  subsystem  with  a  gain  without  loss  of  stability)  but  does  not 

stabilizer.  resort  to  ideal  derivatives. 
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It  is  clear  from  the  outset  that  the  single -loop  configuration  is  no  longer 
adequate  for  the  subsystems.  Figure  3.1  is  a  block  diagram  of  the  f-th 
subsystem  in  a  multivariable  control  system.  We  introduce  the  following 
nomenclature  for  the  *-th  subsystem: 

Mi(p)Di{p)=  the  self -operator  of  the  subsystem,  ignoring  the  stabilizer; 

~Kni(p)  ~  the  operator  of  the  additional  element  introduced  as  internal 

feedback  in  the  subsystem  (we  call  this  additional  path  the  stabilizer); 

F ni (p)  and  F mi (p) =  polynomials  in  the  operator  p; 

Kiix  =  the  gain  of  the  stabilized  section,  i.  e.,  the  part  of  the  forward 
path  embraced  by  the  stabilizer; 

KidQ=  the  gain  of  the  unstabilized  section  outside  the  stabilizer  loop; 

/f/=the  plant  gain  for  the  /-th  controlled  variable; 

M(  S[(/>)  =  the  self-operator  of  the  stabilized  part  of  the  controller; 

Midt%[p)~  the  self-operator  of  the  unstabilized  section. 

Clearly  Ki™=Ki  s,  K'iKi  deg  . 

Now,  suppose  that  the  plant  has  n  controlled  variables  and  there  are 
correspondingly  n  control  networks.  As  before,  we  assume  that  the 
controlled  variables  are  interconnected  through  the  plant,  the  coupling 
coefficients  being  a ik(p).  The  constraints  on  a ik(p)  are  the  same  as  in 
the  preceding.  Automatic  control  can  be  described  by  the  following  set 
of  differential  equations; 

[Di(p)Mideg(p)lMl  st  {p)Fml{p)+Ki„  Fni{p)\+KlmFmi{p)}Yi{p)= 

—  KlioiFmi  (p)  y /ref  (p)  —  Ki  [Ml  s,  (p)  F ml  ( P)-\~Kl  St  F„i  (/?)]  X 

X M, dcg  (p)  [  S  alk(p)Yk(p)  +  fk (p)  (i  =  l.  2,  ....  n).  (3.53) 

lk±l 

For  the  sake  of  convenience  we  put 

H/  (P)  -  Dt  (p)  M,  deg  (p)  Mt  st  (p)  Fml  (p), 

Bi(p)=Di(p)Midcg  (p)Fnl{p)  +  Ki^Fml(p\  (3.54) 

Di(p)  =  K'lMi  st  (p)Fml(p). 

The  degree  of  the  operator  n*(p)  is  the  degree  of  the  i- th  self-operator 
plus  the  degree  of  the  denominator  of  the  stabilizer  operator.  The  degree 
of  the  operator  Bi(p)  is  the  degree  of  the  self-operator  of  the  unstabilized 
controller  plus  the  degree  of  the  plant  operator  and  the  degree  of  the 
numerator  of  the  stabilizer  operator.  The  degree  of  Di{p)  is  the  degree  of 
the  self-operator  of  the  stabilized  controller  plus  the  degree  of  the 
denominator  of  the  stabilizer  operator. 

In  our  new  nomenclature,  the  equations  can  be  written  in  the  form 

(I*/ (/>)+#*  „  *i(p))J'i(P)  + 

+  l  (p)  Ki  n  KlFnl  (/?)]  Ml  deg  (p)  S  «/*  (p)  Yk  (p)  ~  fk 

=  KitotFml(p)ViKf(p)  (/  =  !,  2,  ...,*).  (3.55) 
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The  characteristic  determinant  of  (3.55)  is 


-dll 

•^12  • 

A2i 

^22  • 

Afti 

An2  • 

♦  Ann 

where 


(3.56) 


4/ =  n,  (/»  +  *!«  Bt(p) 

and 


=  [£h  (/*)+#<  St  Ki  Fnl  (/?)]  Mi  dCg  ( p )  am  (p). 

Expanding  (3.56),  we  obtain  the  characteristic  equation 

Fm (p)  +  K»  Fm (p)+K2„  Fm (p)+  ...  +K"„  FNn(p)  =  0,  (3.57) 

where  FN0(p)  includes  the  product  of  all  11, (p)  and  all  other  products  in  which 
does  not  enter  as  a  factor.  The  polynomial  FN0(p)  clearly  contains  p  to 
the  highest  order,  and  it  determines  the  degree  of  the  characteristic 
equation. 

n 

The  polynomial  FNi(p)  is  a  sum  of  the  products  of  B,(p)and  JJ  nn  (/>); 

k=i 

k*i 

FNi(p)  also  includes  all  other  terms  which  depend  on  the  coupling  coefficients 
a ik(p)  and  appear  as  a  factor  before  to  the  power  of  1. 

All  the  successive  terms  in  (3.57)  are  formed  according  to  the  same  rule; 
the  higher  the  subscript  N,  the  fewer  Ih(p)  appear  in  the  product.  The  last 

n 

term  in  (3.57),  having  Kn as  its  coefficient,  consists  of  the  product  0  Blip) 

plus  terms  dependent  on  aihip)  which  appear  as  a  factor  before  Kh  . 

Suppose  that  each  control  loop  with  its  stabilizer  form  an  isolated 
network  which  retains  its  stability  as  the  gain  is  increased  indefinitely. 

Then,  as  it  follows  from  the  construction  of  the  polynomials  in  (3,57),  the 
difference  in  the  degrees  of  two  adjoining  polynomials  cannot  be  greater  than  2. 

We  thus  arrive  at  the  following  procedure  for  the  synthesis  of  multi- 
variable  control  systems  with  infinite -gain  stability:  the  gain  of  each  sub¬ 
system  in  a  system  with  n  mutually  coupled  (through  the  plant)  controlled 
variables  can  be  increased  indefinitely  without  causing  instability  of  any 
of  the  subsystems  or  the  system  as  a  whole  if  and  only  if 

(a)  each  subsystem,  treated  in  isolation  from  other  controlled  variables, 
remains  stable  at  arbitrarily  high  gains,  and 

(b)  the  degenerate  equation  and  the  auxiliary  equations  of  the  first, 
second,  and  third  kind  of  the  entire  multivariable  system  each  comply  with 
the  stability  criteria. 


§3.5.  LAGGED  MULTIVARIABLE  SYSTEMS  WITH 
INFINITE-GAIN  STABILITY 

Let  us  now  try  to  extend  the  results  of  previous  sections  concerning 
the  synthesis  of  multivariable  control  systems  with  infinite -gain  stability 
to  multivariable  systems  with  time  lags. 
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FIGURE  3.2.  The  /-th  subsystem  with  a  stabi¬ 
lizer  and  a  lag  element. 


Figure  3.2  is  a  block  diagram  of 
a  lagged  multivariable  system  with 
time  lag.  Part  of  the  system  is 
stabilized  by  a  feedback  element 

with  a  transfer  function  -Cni  \p\.  It 

Fml  (p) 

is  assumed  that  the  stabilized  section 
is  lagless.  We  will  now  establish 
the  properties  of  the  stabilizer  and 
the  stabilized  section  which  permit 
indefinitely  increasing  the  local  gain 
and  hence  of  the  total  system  gain. 

A  structure  shown  in  Figure  3.2 


is  described  by  the  following  set  of  differential  equations: 


[Pt  (P)  +  K,  *  S,  (p)  eV  +  Kt  mFml  (p)\  Yt  (p)  + 

+  K,\Ri(p)  +  Kl  „  N,Wf.,W|2«/1WK1(rt  = 

A  =  1 

=  KI\RI(P)  +  Kl  „  Nt(p)F„l{pWlx,(p)  +  f,(p)\  (3.58) 

(/  =  !.  2,  ....  n). 


where 


Pi(P)=D,(p)Nl(p)Fml(p)Q,(P ).  | 

St(P)=Dl(p)Nl(p)Fnt{p),  (3.59) 

Ri  (p)  =  ni  (p)  Fmi  ip)  Qi  (/>).  I 

W*(p)=the  self-operator  of  the  unstabilized  section  of  the  /-th  subsystem; 
Qi(p)=  the  self-operator  of  the  stabilized  section  of  the  /-th  subsystem; 
Ki=  the  gain  of  the  unstabilized  section  of  the  /-th  subsystem; 

Ki  „  =  the  gain  of  the  elements  in  the  stabilizer  loop; 

K%  tot  ■  K\  St  Ki  (leg  . 

The  characteristic  equation  is 


Al2  . 

•  A  n 

A2i 

.  a22  . 

•  dan 

II 

p 

■Ani 

■d/12  • 

■  -d/j/j 

The  expressions  for  Aif(  i=  l,  2,  .  . . ;  /=  1,  2, .  .  .)  have  the  form 
Aa=Pi{p)ex'p+Kl  st  StWeV+K^FiM, 

Au  =  Ki  [Ki  (P)  -F  Ki  «  Nt  {p)  Fnt  (/>)]  au  (/>). 


(3.60) 


In  the  following  we  assume  that  the  gains  of  the  stabilized  elements  in  the 
various  subsystems  are  either  equal  to  one  another  or  are  related  by 


The  characteristic  equation  is  thus  written  in  the  form 

JL  St tp  \  n  2 x,p 

jn  pi  (P) +K„  |  jgS/QOCf-'ft  (/»)«>  + 

SV  I 

+  Doo(p)e‘-*  +  ...+/>„„(/>)  j  + 

12  n 
2  5.  (P)  S,  (p)  CT’ft  (p)  el‘,X‘P  +  D10  (p)  e‘-',P  +  ... 

I,  fc*=l 

n 

2  V 

Si(p)el='  + 

2 V  I 

+  DM(p)e‘^  +  ~.+D„,(p)\+F(p)  =  0,  (3.61) 


~h  An  (p)  f  +  *  ■  ■  +  K "st 


H 


where  F(p)  is  a  polynomial  independent  of  K «  and  x.  The  polynomials  £>**(/)) 
are  obviously  of  lower  order  in  p  than  the  polynomials  in  the  first  term 
in  braces.  Dividing  (3.61)  through  by  K'h  we  put 


Equation  (3.61)  is  thus  written  in  the  form 


2  xtp 

(p)el=l  +  F(p) 


xip 


+mn -1  S  S{  (p)  Cnn-'Pi  (p)  e‘='  + 


V 


+  Doo(P) e1-2  H-  •••  H- A)* (/>) I  + 


.V 


2  S,(p)Slt{p)Cn„-2Pl(p)e1-'  + 

^  l,  A=  1 

S  I  2 

+  Ao(/>)*<=2  4~  •  •  •  (p)  J  -f  . . .  +  II  {p)el~l  -h 

n 

2  Xtp 

+  Dn,(p)e^  +  ...  -J-  Dnn  (p)  =  0. 

The  degenerate  equation  is  obtained  by  taking  m=  0  in  (3.62): 
2  2 

+D„0(p)e‘^lP  +  ...  +Dm(p)  =0. 


(3.62) 


(3.63) 


Suppose  that  the  degenerate  equation  (3.63)  can  be  made  to  satisfy  the 
stability  conditions  by  appropriate  choice  of  the  stabilizer  parameters 
Fni(p)  and  Fmi(p)  (otherwise,  further  analysis  is  meaningless).  The  stability 
of  the  entire  system  is  dependent  on  the  location  of  the  roots  which  recede 
to  infinity  as  m— »  0. 

First  we  should  establish  the  presence  of  the  leading  term  in  equation  (3.62). 
According  to  the  theorem  of  structural  stability  proved  in  the  previous 
section,  we  know  that  equation  (3.62)  has  a  leading  term  if  for  each  pair 
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of  coupling  coefficients  the  polynomial  aik(p)aki{p)  is  of  lower  degree  than 
the  polynomial  Dj(p)Dh(p)  is.  In  what  follows  we  assume  that  this  condition 
is  satisfied. 

Let  us  find  the  number  and  the  nature  of  the  roots  which  go  to  infinity 

2  ri  p 

asm->-0.  Dividing  equation  (3.62)  by  mnel=l  ,  we  find 


2t, 


II  P,iP)  +  F(P)e  '  -t+ 


2  Si  (p)  C’-'Pi  (/>)  + 
1  =  1 


2  t 

+  Doo  ( p )  e~Tip  +  •  •  ‘  4  Don  (P)  e  /=1  * 


+  • 


2  Si(p)Sk(p)  Cn^Piip) 

i, 


+  D,o(/>)<rT*' +  ...+£>,*(/>)<? 


S  T.p 


*  4 


-  2  IfjC 


JJ  ( P )  +  (Z7)  +  •  •  •  4  Dfin  (p)e  ,= 


i=  I 


:0. 


(3.64) 


Equation  (3.64)  can  be  expanded  in  the  form 


-  2  t tp 

AwPNn  +  AmPn°-' +  . . .  +  (50oZ>p’04£oiZ>|5os~1  4-  ...)<?  i=i  _p 
4-  —  [AoZ^'+AiZ7  1  *4 •  •  ■  +{B\cP^'0 BnP*1'0  14*..)^  T^4 ...]+ 

4;^  {4oZ7^344tZ,/V,_14*  •  •4(4oZ;,3304£2iZ?Pa'~I4  ■  •  .)£-t,/,4-  ■  *14 
4  ■  •  ■  4  ~^n  \AnnPNn  4  A.n\PNn  1  4  ■  ■  • 

...  4  (B,ioPPn°  4  &„iP*na " 1 4  ...)^XlP4  •  •  -J  =0,  (3.65) 


where  N0,  N\,  .  .  .  are  the  degrees  of  the  polynomials  associated  with  the 
corresponding  powers  of  m  in  (3.65).  Let 


A^o  —  1)  Af0- /V2  =  2,  ....  N0-Nn  =  n.  (3.66) 

In  other  words,  the  degree  of  each  successive  sum  of  polynomials  is  one 
less  than  that  of  the  preceding  sum. 

We  make  the  substitution 


P  =  -l-  (3-67) 

•  Inserting  (3.66)  in  (3.65),  multiplying  by  mN  and  putting  m-  0,  we 
obtain  after  some  manipulations 

+  +4,0  =  0.  (3.68) 

There  are  n  roots  which  go  to  infinity  for  m  0 ,  and  their  location  on  the 
root  plane  is  determined  by  the  coefficients  in  (3.68). 
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All  the  roots  of  equation  (3.68)  recede  to  infinity  in  the  left -half  plane 
if  and  only  if  the  coefficients  of  this  equation  satisfy  the  Routh  — Hurwitz 
criteria. 

We  thus  come  to  the  conclusion  that  a  system  with  constraint  (3.66) 
is  stable  if  the  degenerate  transcendental  equation  and  equation  (3.68), 
which  by  analogy  with  the  preceding  is  called  an  auxiliary  equation  of  the 
first  kind,  both  satisfy  the  stability  conditions.  Our  problem  is  thus  to 
choose  the  stabilizer  transfer  function  and  its  location  in  the  system  ensuring 

N0  —  Nt=*l. 


Let  us  now  consider  the  case 

Nl  —  2,  N0  — 7V2  =  4,  ...,  N0  —  Nn  —  2n.  (3.69) 

Substituting 

P  =  i r  (3.70) 

and  acting  as  in  the  preceding,  we  obtain  an  auxiliary  equation  of  second  kind: 

Aoo<INo  +  A0lqN*~l  4-  ...  +  Avfl*t'-*  +  AxxqK-*  +  ... 

...  +  +  +  (3.71) 

We  have  obtained  a  similar  equation  before, in  our  analysis  of  lagless 
multivariable  systems.  It  comprises  the  first  two  leading  coefficients 
of  each  polynomial  in  (3.65).  ’ 

The  system  is  stable  for  m->0  if  and  only  if 

(a)  the  degenerate  transcendental  equation  satisfies  the  stability 
conditions, 

(b)  the  auxiliary  equation  of  second  kind  also  satisfies  the  stability 
conditions. 

Dividing  (3.71)  through  by  qN*~2n ,  we  write  the  auxiliary  equation  of 
second  kind  in  the  form 


A00<72',-M0i<72'1  <72fl_2H-  ...  -Mno?  +  An  =  0.  (3.72) 

Finally,  if 

^o-Wi>3,  N0-N2>  6,  ...,  (3.73) 

the  system  is  unstable  for  0.  The  validity  of  this  proposition  follows 
from  the  property  of  roots  of  binomial  algebraic  equations  and  is  proved 
in  the  same  way  as  before. 

We  thus  come  to  the  conclusion  that  multivariable  control  systems 
with  time  lag  which  remain  stable  under  unlimited  increase  of  the  sub¬ 
system  gains  are  realizable.  The  necessary  conditions  for  this  synthesis 
are  specified  in  the  preceding. 

Let  us  elucidate  the  relationship  between  the  above  conditions  and  the 
structure  of  the  control  system.  In  other  words,  we  determine  the 
parameters  N0t  Nu  . . Nn  . 
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Examining  the  structure  of  the  polynomials  in  (3.65)  and  making  use  of 
the  nomenclature  (3.59),  we  see  that  the  differences  N0~NU  Ni  —  N2i... 
....  Nn  _  i  —  Nn  are  given  by  the  relation 


7V0  — A +  —  (3.74) 

where  m{  is  the  degree  of  the  operator  p  in  the  denominator  of  the  stabilizer 
transfer  function;  Qf  is  the  degree  of  the  operator  p  in  the  denominators 
of  the  transfer  functions  of  the  elements  in  the  stabilizer  section;  nf  is  the 
degree  of  the  operator  p  in  the  numerator  of  the  stabilizer  transfer  function. 
By  assumption 

% 

whence 

mi  —  nt-\-  Qi  <  2. 

The  degree  of  the  equation  describing  the  stabilized  section  of  systems 
with  infinite -gain  stability  is  thus  given  by  the  inequality 

Q<  (3.75) 

An  analogous  relationship  has  been  derived  for  single -variable  systems 
and  for  systems  without  lag.  We  thus  see  that  a  multivariable  control 
system  with  time  lag  remains  stable  under  indefinite  increase  of  gain 
if  and  only  if  each  subsystem  whose  gain  is  arbitrarily  increased  belongs 
to  the  class  of  structures  with  infinite -gain  stability. 


§3.6.  MULTIVARIABLE  CONTROL  SYSTEMS  WITH 
COUPLING  THROUGH  THE  MEASURING  DEVICE 


*’di  "tsi 

v  QdiW  v,  Qsi(p)  ■ 

frfSnttrl 

lriK%Z  <7j_J 

Fpi>) 

^mi(P) 
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Let  us  consider  a  particular,  but 
highly  significant,  class  of  multivariable 
systems  where  the  controlled  variables 
are  interconnected  by  the  measuring 
device.  Transducer-coupled  systems 
of  this  kind  are  generally  called  multi¬ 
dimensional  servosystems.  The 
case  of  systems  consisting  of  single-loop 


figure  3.3.  Block  diagram  of  the  i-th  servos  was  considered  in  Chapter  Two. 

loop  of  a  control -coupled  system.  We  now  extend  the  results  of  the  previous 

sections  of  Chapter  Three  to  the  case  of 
a  multidimensional  servosystem  block- diagramed  in  Figure  3.3. 

Making  use  of  the  nomenclature  in  Figure  3.3,  we  write  the  set  of 
equations  describing  the  dynamics  of  a  multidimensional  servosystem 


in  Laplace  transforms: 

Qdi(p)Vi 


I^rcr  {p)-Yi  (/>)]+  Irik  (P)  (nr,f(/>)~L*(/>))[, 
i+t 


Q « i(p)Y"i(p)=Ki  *  [r',(p)— t^yUp)]. 


(3.76) 
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(3.77) 


Di(P)Yi(p)^KX(P)  +  f, 

or,  eliminating  Yi(p)  and  Y'i(p),  we  have 


\Q*i<P)Q  *  i(p)Fmi(p)Dl(p)+Kl  ,  Q<t(p)Fmlip)Dt(p)  + 

+  Ki  st  mi  (/>)}  yt  ( P )  +  5,  K,nKlQFml  (p)  2 J  r/A  (/?)  K*  (/?)  = 

„  *** 
st  ^a^i^miip) ^^rikiP)Y iKt{p)-\~KiQ\Qii{p)Q  it  i(^)^mi(/?)+ 

+  #/  st  Aj/(/0^nf  (p)]ft  (p)  (&  —  1 ,  2,  (3.78) 

The  characteristic  equation  generated  by  the  set  (3.78)  is 


PciOO  +  Ki  si  Yel  (/>) + 
“(“  Ki  ( P ) 

^ltot^ml  (p)  /*i2 

•  *  ^i  tot^mi  ( p )  r in 

^2toFm2  ip)  r 21 

Pc2  (P)  -f“  %2  st  Yc2  ip)  + 

+  Kjtot F m2  ( p ) 

•  •  ^2to[^rn2  (/0  2n 

^ntoFmn  ( P )  rni 

•  '$cn(p)-\-Kn  - 1  Yen (/?)-}“ 
H"  KninFmn  (p) 

where 

h,(p)  =  Qil(p)Ql  „  (p)Fml(p)Dl(p)  \ 

y a  (P)  =  Qt  «  (P)  D,  (p) Fmt  (p).  j  (3'80'' 

The  determinant  (3.79)  has  the  same  structure  as  the  determinant 
(3.48),  and  our  results  for  the  synthesis  of  systems  with  infinite -gain 
stability  can  thus  be  extended  in  their  entirety  to  the  case  of  multidimen¬ 
sional  servosystems.  To  be  specific,  if  each  component  servo  considered 
as  a  noninteracting  system  belongs  to  the  class  of  systems  with  infinite - 
gam  stability,  the  entire  multidimensional  servosystem  will  remain  stable 
when  the  subsystem  gains  are  increased  indefinitely,  provided  that  the 
degenerate  equations  and  the  auxiliary  equations  of  first,  second,  and 
third  kinds  comply  with  the  stability  criteria. 

It  is  easily  understood  that  the  results  pertaining  to  the  synthesis  of 
stable  systems  with  arbitrarily  large  loop  gains  remain  valid  in  the  case 
of  systems  with  simultaneous  plant-  and  transducer-coupling.  The  same 
laws  also  apply  when  load  coupling  is  additionally  introduced.  This  case 
however,  is  treated  in  full  detail  in  a  separate  chapter. 

We  have  thus  established  the  laws  of  synthesis  of  multivariable  control 
systems  which  are  stable  even  though  the  subsystem  gains  are  increased 
mdefinitely.  In  the  next  chapter  we  will  treat  on  the  fundamental  properties 
of  these  systems. 


§3.7.  DERIVATION  OF  THE  FUNDAMENTAL 
PROPERTIES  OF  AUTOMATIC  CONTROL  SYSTEMS 
FROM  THE  £) -DECOMPOSITION  CURVE 

In  subsequent  chapters  we  will  often  have  to  assess  the  properties  of 
multivariable  control  systems.  The  corresponding  estimates  are 
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conveniently  obtained  with  the  aid  of  the  D -decomposition  curve.  According 
to  the  D- decomposition  method,  the  quality  of  the  system  is  associated  with 
the  numerical  values  of  all  the  relevant  indices.  We  can  actually  trace  the 
variation  of  the  system  dynamics  for  various  gain  values;  furthermore, 
all  the  estimates  are  obtained  making  use  of  a  single  D -decomposition  curve. 

In  the  beginning  let  us  consider  the  evaluation  of  the  dynamic  properties 
of  single -variable  systems.  At  a  later  stage,  the  results  will  be  extended 
to  multivariable  systems. 

The  transfer  functions  of  closed-loop  control  systems  are  divided  into 
two  groups.  The  first  group  includes  symmetric  transfer  functions  of 
the  type 

TWTp)'  (3-81) 

where  W(p)  is  the  transfer  function  of  the  open -loop  system. 

The  second  group  includes  asymmetric  transfer  functions  of  the  form 

K..(P)=  (3.82) 

Here  W\(p)  incorporates  the  external  disturbances  and  is  dependent  on  the 
point  of  their  application  in  the  system.  The  initial  control  conditions 
can  also  be  incorporated  in  transfer  functions  of  this  general  form. 

Let  the  open -loop  transfer  function  be  given  by  a  rational -fractional 
expression 

w(p)=-Wr  (3-83) 


The  characteristic  equation  corresponding  to  the  differential  equation 
of  the  closed-loop  system  is  then  written  in  the  form 


1  ^  Q.  (P) 


0 


or 


*i(p)  +  Qi(/>)=o. 


(3.84) 


Consider' the  effect  on  system  dynamics  of  some  parameter  t  (the 
characteristic  equation  of  the  system  is  linear  in  this  parameter): 


Q(p)+xR(p)  =  0. 


(3.85) 


The  equation  of  the  ^-decomposition  curve  for  the  parameter  x  has 
the  form 


Q(M 
*(M  * 


(3.86) 


The  curve  plotted  using  equation  (3.86)  is  a  locus  of  x-values  for 
which  the  system  remains  stable. 

The  gain-phase  characteristic  (i.  e.,  Nyquist  diagram)  of  a  closed- 
loop  system  in  the  case  (3.81)  has  the  form 

**(A>)  “  1  +  W(ju>)  (3.87) 
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or,  making  use  of  (3.85)  and  (3  8  6), 


*1  ( J m) 

(3-88) 

t+  R(M 

Equation  (3.88)  relates  the  frequency  response  of  a  closed-loop  control 
system  to  the  geometry  of  the  O-decomposition  curve  for  the  parameter  t. 

Let  us  consider  the  case  when  the  system  gain  K  is  treated  as  the 
parameter  t.  The  gain-phase  characteristic  of  a  closed-loop  system  in 
the  case  (3.81)  is  written  in  the  form 

/C,(/e >)=  ,  (3.89) 

+  K(Jo) 


where  is  the  equation  of  the  O-decomposition  curve  for  the  complex  K . 

The  quality  indices  of  the  system  which  follow  from  the  properties  of 
the  real  frequency  response  are  readily  obtained  from  the  O- decomposition 
equation  (3.89);*  the  gain  margin,  the  phase  margin  and  the  height  of  the 
peak  on  the  closed-loop  gain  plot  are  also  easily  determined  using  this  curve. 


FIGURE  3.4.  Derivation  of  the  gain  charac¬ 
teristic  from  D-decomposition  curve. 


FIGURE  3.5.  Estimating  phase  and  gain  margin. 


Figure  3.4  is  a  specimen  £>-decomposition  curve  for  the  total  gain  K. 

The  denominator  of  (3.89)  for  some  frequency  ©*  and  a  given  Ko  (the  gain 
for  ©  =  0)  is  determined  by  the  vector  be;  the  amplitude  value  of  (3.89) 

for  Ko  and  g>,  is  thus  determined  by  the  ratio  Having  found  the  gain 

amplitudes  for  the  entire  frequency  range,  we  establish  the  gain  character¬ 
istic  of  the  system. 


*  For  more  details  on  this  subject  see  Meerov,  M.  V.  Ispol’zovanie  krivoi  D-razbieniya  dlya  otsenki 
kachestva  sistem  avtomaticheskogo  regulirovaniya  (D-decomposition  Curve  for  Quality  Evaluation 
of  Automatic  Control  Systems).  —  Avtomatika  i  Telemekhanika,  12,  No.  6.  1951. 
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Having  selected  Ko,  we  can  easily  find  the  peak  of  the  closed-loop  gain 
plot  without  first  constructing  the  entire  response  characteristic.  Taking  /Co 
as  the  center  of  a  circle,  we  draw  a  tangent  to  the  ^-decomposition  curve. 
The  peak  of  the  closed -loop  gain  plot  is  then  given  by  A'o  to  the  radius  of 

the  circle,  i.e.,  by  the  ratio-||-. 

The  phase  and  gain  margin  can  be  easily  determined  from  the  Nyquist 
diagram  of  an  open -loop  system.  The  phase  margin  is  found  in  the 
following  way.  A  circle  of  unit  radius  is  drawn  around  the  origin  in 
the  gain  phase  plane  (Figure  3.5).  The  intersection  of  this  circle 
with  the  Nyquist  plot  gives  the  crossover  f  r  e  qu  e  n  c  y  (or  the 
cutoff  frequency)  and  the  angle  between  the  negative  real  axis  and 
the  segment  from  the  origin  to  the  intersection  point  is  the  phase 
margin  (angle  cpQ  in  Figure  3.5).  In  the  nomenclature  of  equation  (3.89) 
the  open -loop  gain-phase  characteristic  is  expressed  by  the  relation 


whereas  the  equation  of  the  D-decomposition  curve  for  K  is  given  by 


Af  (/CD) 
//(/CD)  ' 


(3.91) 


According  to  equations  (3.90)  and  (3.91),  the  phase  margin  of  an  open- 
loop  system  is  determined  from  the  D -decomposition  curve  in  the  following 
way.  A  circle  of  radius  /Co  is  drawn  around  the  origin  in  the  K  plane;  the 
angle  <pQ  gives  the  phase  margin  (Figure  3.6).  The  gain  margin  is  obtained 
without  difficulty,  since  the  decomposition  curve  defines  on  the  K  plane 
the  entire  set  of  gain  values  for  which  the  system  is  stable. 


FIGURE  3.6.  Estimating  phase  and  gain  margin  FIGURE  3.7.  Construction  of  the  real  frequency 
from  the  D-decomposition  curve.  response  from  D-decomposition  curve. 


We  now  proceed  to  determine  via  the  D-decomposition  curve  some 
quality  indices  which  follow  from  the  properties  of  the  real  frequency 
response  of  a  closed-loop  system.  First  let  us  show  how  the  closed-loop 
real  frequency  response  can  be  obtained  from  a  given  D-decomposition 
curve  in  the  K  plane  (we  are  concerned  with  the  symmetrical  case,  see 
equation  (3.81)). 
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We  have  already  shown  how  to  construct  the  gain  plot  of  a  closed-loop 
system  from  the  ^-decomposition  curve  in  the  K  plane.  The  real  frequency 
response  is  obtained  without  difficulty  if,  in  addition  to  the  gain  plot,  we  can 
also  find  the  closed-loop  phase-angle  diagram  from  the  Decomposition  curve. 

The  phase  of  K5y(/©)  for  some  frequency  ©*  is  determined  by  the  phase  of 
the  denominator  in  the  right-hand  side  of  (3.89)  at  that  frequency.  But  at 
the  given  frequency  c a  the  denominator  of  (3.89)  is  equal  to  the  segment  be, 
and  the  phase  of  (3.89)  at  that  frequency  is  a(w()  (see  Figure  3.6). 

The  corresponding  phases  are  thus  determined  for  all  the  frequencies, 
and  the  entire  phase -angle  plot  of  a  closed-loop  system  is  obtained.  The 
real  frequency  response  P(co)  is  now  found  without  difficulty.  At  the 
frequency  ©*  we  have 

P  W  =  -fr  cos  a  (®/)-  (3.92) 

Dropping  a  perpendicular  from  the  origin  (Figure  3.7)  to  the  segment  be, 
we  obtain  from  (3.92)  the  real  frequency  response  at  ©i: 

/>,)  =  -£•  (3.93) 

The  value  of  P(co)  is  obtained  by  similar  geometrical  constructions  at 
any  frequency,  and  the  entire  closed-loop  real  frequency  response  is 
recovered. 

Note  that  the  imaginary  closed-loop  frequency  response  is  also  obtained 
without  difficulty;  to  this  end,  it  suffices  to  take  the  segment  ratio  —(Figure  3.7). 

This  method  of  construction  establishes  a  relationship  between  the 
closed-loop  real  frequency  response  and  the  D-decomposition  curve.  We 
shall  now  formulate  some  quality  indices  and  show  how  to  find  them  directly 
from  the  D-decomposition  curve  in  the  K  plane. 


FIGURE  3.8.  Illustrating  the  definition  FIGURE  3.9.  Estimating  the  positive-response 

of  the  positive -response  bandwidth.  bandwidth  from  the  D-decomposition  curve. 


The  positive -response  bandwidth  is  defined  as  the  range  of  frequencies 
from  ©=  0  to  the  frequency  at  which  the  real  frequency  response  crosses 
the  frequency  axis  for  the  first  time  (Figure  3.8).  Putting  ©c  for  this 
crossover  frequency,  we  write  for  the  control  time  t 


(3.94) 
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The  positive -response  bandwidth  is  obtained  from  the  ^-decomposition 
curve  in  the  following  way.  A  perpendicular  is  erected  at  the  point  Ko  to  its 
intersection  with  the  /^-decomposition  curve.  The  frequency  (Oi  at  the 
intersection  point  gives  the  upper  bound  of  the  positiveness  range  (Figure  3.9). 

Other  quality  indices  are  similarly  obtained  from  the  properties  of  the 
real  frequency  response: 

(a)  For  a  time  function  x(t)  to  monotonically  approach  a  steady- 
state  value  x ( oo ) t  it  is  necessary  (but  insufficient)  that  the  D-decom- 
position  curve  in  the  K  plane  does  not  meet  the  circle  of  radius 

r_  centered  at  the  point  ~ (Figure  3.10). 

(b)  For  the  overshoot  not  to  exceed  18%  it  is  necessary  that 

(1)  the  magnitude  of  the  vector  from  the  origin  to  the  D-decomposition 
curve  should  increase  steadily  as  the  frequency  increases  from  0  to  oo 
(Figure  3.11); 

(2)  for  a  given  Ko  the  circle  of  radius  *°  j"1  centered  at  ■  should 

not  meet  the  D-decomposition  curve; 

(3)  the  projection  of  the  vector  acoi  (Figure  3.11)  on  the  K  axis  should 
not  exceed  Ko  for  w-^oo. 

(c)  If  the  initial  section  of  the  D-decomposition  curve  is  sufficiently 

close  to  an  arc  of  the  circle  of  radius  —  — centered  at  — ^ ,  the  distance 

between  the  circle  and  the  D-decomposition  curve  subsequently 
increasing  (Figure  3.11),  the  transient  time  is  between  the  limits 

i</<  — ,  (3.95) 

C0c  ^  ^  fi)c  v  ' 


where  coc  is  the  crossover  frequency. 


FIGURE  3.10.  Determination  of  necessary 
conditions  for  no  overshoot  from  the  D-  de¬ 
composition  curve. 


FIGURE  3.11.  Determination  of 
quality  indices  from  D-decompo¬ 
sition  curve. 


It  is  significant  that  the  above -described  properties  of  the  D-decomposi¬ 
tion  curve  are  directly  related  to  the  magnitude  of  the  total  system  gain. 

A  number  of  conclusions  can  be  drawn  on  the  basis  of  these  properties. 
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The  following  corollary  obtains  from  property  (a)  above:  if  for  reasons 
of  precision  the  total  system  gain  is  greater  than  the  diameter  (Ko+1)  of 
the  circle,  the  transient  process  cannot  be  monotonic.  From  property  (b) 
we  have  two  corollaries: 

(1)  To  satisfy  the  sufficient  conditions  for  overshoot  not  exceeding  18%, 
the  system  gain  should  not  be  greater  than  the  part  of  the  diameter  {Ko+l) 
to  the  right  of  the  semiaxis  Re  K  (Figure  3.12). 

(2)  Overshoot  will  not  exceed  18%  irrespective  of  the  actual  gain  if 

the  D  -decomposition  curve  coincides  with  the  imaginary  axis  in  the  K  plane, 
and  the  entire  positive  real  axis  belongs  to  the  region  of  stability. 


FIGURE  3.12.  Illustrating  the  determination 
of  conditions  for  overshoot  not  exceeding  l&fa . 


FIGURE  3.13.  Illustrating  the  construction  of  the 
closed -loop  frequency -response  characteristics 
from  D-decomposition  curve  and  auxiliary  curve 
(the  auxiliary  curve  is  independent  oft). 


A  corollary  which  follows  from  the  method  of  construction  of  the 
positive -response  bandwidth  has  a  considerable  bearing  on  the  evaluation 
of  the  control-system  structure.  It  is  easily  understood  that  the  upper 
boundary  of  the  positive-response  bandwidth  is  always  less  than  ©Cf, 
where  ©Cf  is  the  frequency  at  the  intersection  of  the  D-decomposition 
curve  with  the  K  axis  (Figure  3.12)  and  K*=KC<  is  the  critical  gain.  This 
corollary  will  be  applied  at  a  later  stage  to  derive  some  very  important 
conclusions  concerning  the  efficacy  of  control  structures. 

We  have  already  emphasized  that  the  above  properties  of  the  D-decompo¬ 
sition  curve  pertain  to  the  case  of  symmetric  transfer  functions.  Let  us 
now  consider  some  quality  indices  of  a  system  with  an  asymmetric  transfer 
function  (3.82).  First,  we  construct  the  real  frequency  response  of  the 
corresponding  closed-loop  system. 

Since  external  disturbances  and  initial  conditions  do  not  influence  the 
characteristic  equation,  the  general  gain -phase  characteristic  incorporating 
external  disturbances  and  initial  conditions  has  the  form 


w  i  (M 


*i  W 
*(/») 


Q(M 

R(M) 


(3.96) 


The  numerator  of  (3.9  6)  we  call  equation  of  the  auxiliary  curve. 
In  this  more  general  case,  the  determination  of  the  system  properties  is 
based  on  the  D-decomposition  curve  and  the  auxiliary  curve.  It  follows 
from  (3.89)  that  the  auxiliary  curve  is  also  required  in  the  symmetric  case. 
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whenever  the  relevant  index  is  not  the  gain  but  some  other  system  para¬ 
meter.  The  frequency  responses  (the  real  response  included)  can  be 
easily  constructed  once  the  D-decomposition  curve  for  an  arbitrary 
parameter  t  and  the  corresponding  auxiliary  curve  are  known.  Figure  3.13 
is  a  probable  form  of  a  D-decomposition  form  in  the  t  plane.  It  follows 
from  the  preceding  and  directly  from  Figure  3.13  that  the  vector  be  gives 
the  amplitude  value  of  the  denominator  in  (3.9  6)  at  the  frequency 


be  —  x 


Q  (M 


The  phase  of  the  denominator  in  (3.9  6)  at  the  frequency  (0*  is  the  angle  a («*). 

Let  the  numerator  in  (3.9  6)  be  independent  of  x;  a  probable  auxiliary 
curve  for  this  case  is  shown  in  Figure  3.13.  We  further  assume  that 
the  numerator  for  o)f  is  represented  by  the  vector  ad.  The  phase  of  the 
numerator  at  this  frequency  is  P(©i).  The  amplitude  value  of  (3.9  6)  at  the 
frequency  ©i  is  given  by  the  ratio  of  the  corresponding  segments: 


w  1  (yco) 


M 

R  (M 


Q(M 

*(/®) 


ad 
be  * 


The  magnitude  of  (3.96)  at  any  other  frequency  is  obtained  similarly,  and 
the  entire  gain  response  corresponding  to  (3.9  6)  is  thus  recovered. 

The  phase  of  (3.9  6)  is  the  phase  of  the  numerator  minus  the  phase  of 
the  denominator.  The  real  frequency  response  at  ©*  is  obtained  as  follows. 
The  vector  ad  is  translated  from  point  a  to  point  c  (Figure  3.13)  and  the 
vector  be  is  continued  as  is  shown  in  the  figure.  The  phase  of  (3.96)  at  the 
frequency  ©»  is  then  y (<*>i) ,  since  obviously 

Y(©<)  =  P(®|)  —  «(©/)• 

The  real  frequency  response  at  the  frequency  ©<  is 


cos  y  {®i)- 

Dropping  a  perpendicular  from  the  tip  of  the  vector  cd'  to  the  dashed 
line,  we  obtain  for  the  real  frequency  response  at  ©, 


C£ 

be 


The  real  frequency  response  at  any  other  frequency  is  obtained  in  a 
similar  way,  so  that  the  entire  frequency  response  of  the  system  is  recovered. 

If  the  auxiliary  curve  is  dependent  on  the  parameter  x,  we  proceed  as 
follows.  The  numerator  in  (3.9  6)  is  partitioned  into  two  parts,  one 
independent  of  x  and  the  other  a  function  of  x.  Equation  (3.96)  is  then 
written  as 

K(ja)=^m+^L.  (3.97) 

,+ 
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Figure  3.14  shows  the  ^-decomposition  curve  in  the  x  plane  and  the 
curve  W3{j(d).  We  now  choose  any  particular  value  of  t,  say  t=1.  We 
can  thus  find  the  vector  xW2{j<a)  for  any  frequency  These  vectors  are 


FIGURE  3.14,  Illustrating  the  construction  of 
closed -loop  frequency-response  characteristics 
from  D-decomposition  curve  and  auxiliary  curve 
(the  auxiliary  curve  is  dependent  on  t). 


plotted  as  in  Figure  3.14.  A  choice 
of  any  other  numerical  value  for  t 
only  alters  the  scale  of  the  vector 
xW2 (/o>)  •  For  the  given  value  of  t, 
the  magnitude  and  the  phase  of  the 
numerator  in  (3.97)  are  represented 
by  the  vector  joining  the  origin  with 
the  tip  of  the  vector  x W2{j(o)  at  the 
corresponding  frequency.  From  this 
point  on,  the  construction  of  the  fre¬ 
quency-response  characteristics 
proceeds  as  before,  in  the  case  of 
r  -independent  numerator  in  (3.96), 
The  method  proposed  for  the 
construction  of  the  real  frequency 
response  suggests  the  following 
properties  of  the  D-decomposition 


curve  and  the  auxiliary  curve,  which 
are  useful  in  the  preliminary  evaluation  of  control  properties. 

A.  The  positive-response  bandwidth  is  determined  by  the  frequency  (o0 
at  which  the  numerator  and  the  denominator  vectors  assume  a  mutually 
perpendicular  orientation  for  the  first  time.  The  transient  time  in  this 


system,  as  we  have  already  indicated,  is 


If  the  crossover  frequency  coc  is  known,  the  value  of  t  for  which  <oc 
determines  the  positive -response  bandwidth  is  found  as  follows.  Draw 
the  numerator  vector  aN  at  the  frequency  coc  (Figure  3.13).  From  the 
point  (Oq  of  the  D-decomposition  curve  drop  a  perpendicular  on  aN.  The 
segment  ae  is  the  required  value  of  t. 

B.  If  in  some  initial  frequency  range  the  magnitudes  of  the  numerator 
and  the  denominator  and  the  angle  y((o)  between  them  remain  virtually 
constant,  and  if  subsequently  the  ratio  of  the  two  magnitudes  decreases 
while  the  angle  y(g>)  does  not  decrease,  the  control  time  lies  between  the 
limits 


C.  The  sufficient  conditions  for  overshoot  not  exceeding  18%  are 
satisfied  if  condition  B  is  met  and  the  numerator  and  denominator  are  not 
mutually  perpendicular  at  any  frequency. 

D.  The  necessary  conditions  of  no  overshoot  are  satisfied  if,  for 
respectively  equal  distribution  of  frequencies  along  the  numerator  and 
denominator  curves,  the  magnitude  of  the  numerator  decreases  faster 
than  the  magnitude  of  the  denominator  at  the  corresponding  frequency. 


1820 
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The  above  properties  of  the  ^-decomposition  curve  (in  the  case  of  a 
symmetric  closed-loop  transfer  function)and  the  properties  of  the  D- 
decomposition  curve  and  the  auxiliary  curve  (in  the  general  case  of  an 
asymmetric  closed-loop  transfer  function)  will  be  used  in  the  sequel. 

Our  estimates  can  be  extended  without  difficulty  to  multivariable 
control  systems.  At  the  present  stage,  we  consider  the  case  of  a  bne- 
parameter  /^-decomposition  curve.  In  the  next  chapter  it  will  be  shown 
that  the  dynamic  properties  of  control  systems  can  be  evaluated  using 
the  D-decomposition  curves  for  subsystem  parameters. 

In  Chapter  Two  we  derived  a  general  expression  for  the  /- th  controlled 
variable  in  the  most  general  case  of  interaction  through  the  plant,  the 
control,  and  the  load.  This  expression  has  the  form 

yj  M  ■ =  j  ( (- 1  )‘+iAj  (p)  \k,  mv,  ref  (P) +g„  (?)  u  (/.)] + 

+  %  [(— : i),+‘Au  (P)  Jj  blk  (p)h  (P)]  + 

+  2  [<-l)'+%  (P)  Jj  C„  (p)  Y *  „,(P)]  )  •  (2.34) 

The  characteristic  equation  of  a  multivariable  control  system  is 


A  =  0.  (3.98) 

Suppose  that  we  are  concerned  with  the  influence  of  the  parameter  ii 
of  the  /-th  subsystem  on  the  dynamic  properties  of  the  entire  multivariable 
control  system.  Note  that  the  parameter  is  a  linear  term  in  equation  (3.98). 
Under  these  conditions,  equation  (3.98)  may  be  written  in  the  form 

xAu  +  ijA/y  (— 1)<+;  =  0,  (3.99) 

tii 


whence  follows  an  equation  of  the  D -decomposition  curve  in  the  t <  plane 


n 


i=i 


(3.100) 


Dividing  (2.34)  by  Kiref(p)and  making  use  of  (3.49),  we  write 


Ytip) 

YlKf(P) 


(-i^^(/»K,0,+g„(p)-^T]+ 

TAi  +  2Ai/(_l)'+1 

m 


+2 


+  2  <-D'+,4y  (p)  j  C„  (p) 


*/*«+  2  Ay(- l)‘+> 

m 


(3.101) 
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Dividing  the  numerator  and  the  denominator  in  (3.101)  by  A«  and  putting 
p~ /to,  we  write 

YtiM  Wtot(M 
rirtiM  — 1+ 


where 


W'k.  O)  =  (-1>'+'A,  (A>)  [at,  „+£„  (/»)  T^^]+ 


S  w  2  b“  w*>  -raj] + 2 

*=i 


(-i),+%(yo>)2cit(/(o) 


ft  =  l 

w 


>Wfo) 

*W(Ao) 


is  in  fact  the  equation  of  the  auxiliary  curve.  We  easily  see  that 


2  Ay(-l)'-' 

(,co)=-^_ - 


is  the  equation  of  the  D- decomposition  curve  (apart  from  the  sign). 

Ail  the  previous  results  concerning  the  application  of  D-decomposition 
and  auxiliary  curves  for  the  evaluation  of  dynamic  properties  of  single - 
variable  control  systems  can  thus  be  extended  to  multivariable  controls. 
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Chapter  Four 


GENERAL  PROPERTIES  OF  MULTIVARIABLE 
CONTROL  SYSTEMS  WITH  INFINITE -GAIN  STABILITY 

§4.1.  DERIVATION  OF  THE  GENERAL  EQUATION 


(a)  PROPORTIONAL  SYSTEMS 

In  the  previous  chapter  we  established  general  rules  for  the  design  of 
multivariable  control  systems  which  permit  indefinitely  increasing  the  gain 
of  the  various  subsystems  without  losing  their  stability  as  a  whole.  The 
fundamental  properties  of  these  infinite-gain  stable  systems  can  be 
determined  by  examining  their  matrix  equation. 


FIGURE  4.1.  Illustrating  the  derivation  of  multivariable  control 
equation:  proportional  systems. 


Suppose  that  the  controlled  variables  are  coupled  through  the  plant  and 
the  measurement  devices.  Figure  4.1  is  a  block  diagram  of  the  prototype 
system  analyzed  in  this  section.  Stabilization  is  provided  by  an  elastic 
negative  feedback  element  connecting  the  plant  output  with  the  input  of 
the  measuring  device.  Alternative  feedback  configurations  will  be  con¬ 
sidered  in  what  follows.  The  essential  point  is  that  this  system  belongs 
to  the  class  of  structures  with  infinite -gain  stability. 

It  follows  from  the  results  of  the  preceding  chapter  that  the  system 
depicted  in  Figure  4.1  must  satisfy  the  following  structural  conditions: 

1)  The  polynomial  alk  (p)  aki  (p)  is  of  lower  degree  than  the  polynomial 

D,(p)Dk(p).  (4.1) 

ni  —  +  +  (4.2) 


2) 
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where  niy  mly  r*,  qt  are  the  degrees  of  the  polynomials  Fnl{p),  Fml  (p),  /?,(/?)  and 
Q(p)  ,  respectively. 

We  now  derive  the  equation  of  the  system  in  Laplace  transforms. 

A.  The  equation  of  the  controlled  object 


Di(p)ertpYl(p)  =  Kt 


y't(p) — s  ti  ( p > 

k^t 


(4.3) 


B.  The  equation  of  the  measurement  device 


l1; 


yt,jp)  -  y,  (p) + 2  ru  (P)  (yt,',(p)  -  y,  (?)  >  -  r,  (?) 

*=i  1 


(4.4) 


C.  The  amplifier  equation 


X"i(p)  =  KuX\{p). 


(4.5) 


D.  The  controller  equation 


QAP)y,(P)=\x"'(P)' 


(4.6) 


Eliminating  V,(p),  X\(p)  and  X’ (p) between  equations  (4.3) —(4.8),  we 
obtain  after  simple  manipulations 

[D,  (p)  Rt  (p)  Qt  (p)  Fm,  (p)  *V  +  p,biKuDi  (p)  Fnt  (p)  «V+ 


+  KtKt  fiiV-iF ml  (/>)]  K,(p)d- 

+  XiRt(p)Q,(p)Fnt(p)  So lt(p) 


XiV-iKut>iF mt  (p)  Sr ik  (P)  + 

ft  =  l 


ft*  1 
k^l 


y  kip)  + 


+  K,V.fi,K,  ,Fm  (p)  Sa,6  (p)  Yt  (p)  =  K,Kt  ,pfi,Fml  (p)  K,ref  (p)  + 
ftj/ 

+ (?)  JjO»  (?)  y,  ,AP) + KtRt  (?)  Q,(p)Fml  (p)f,(p)+ 

kj.i 

+WlK,.F.l(?)fl(p)  (1=  1,2 . n). 


(4.7) 


We  introduce  the  following  notation: 

F>i  (P)  Rt  (P)  Q,  (p)  Fml  (p)  e V  =  a,  (/>);  pfi,Ku  =  Kls,  , 
D,  ( P )  Fnl  (p)  e'F  =  b,  (p);  K,K,  M,  =  K, 

K,R,  (?)  Q,  (p)  Fm  (p) = c,  (py,  a ,  (p)  +  K,  „  b,  (p) + 

Xi  to tF mt  (p)  =  alt  (p). 


(4.8) 
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Now  equation  (4.7)  takes  the  form 


au (P)y, (/>)+[ KlmFml (p)  ±rlt {p)  +  ct |o„ (p)  4- 

L  k=l 

+  KlatFal  (p)  jla„  (J  Y„  (p)  =  K[,„Fml  ( p )  Y„ct(p)  + 
+  KimFml  (p)  tS  rn  (p)  Y,  „,(/>)  +  c,f,  (p)  +  KlmF„  ( P )  U  (P)- 

k*l 

The  complete  set  of  equations  is  obtained  by  putting  /=  1,  2, .  .  . 
The  complete  set  of  equations  can  be  written  in  matrix  form: 


(4.9) 


AY  =  (KtotFm  +  B)  Ytt{  +  NF.  (4.10) 

Here 


j  ai  ( p )  4"  Ki  st  (py\- 
j  (P) 

Kj  toF  mi  (p)  r  12  ( P )  4"  • 
4"  K\toFni  iP)  4* 

4*  C,  (p)ct!2  ( p ) 

•  Knot/7 ml  (p)  r m  (p)  4" 

4"  Knot/7 m  (p)  4" 
4-  Cj  (p)  a in  (p) 

A= 

\KitoFmi  (p)rt  i  (p)4* 
4-  KitoFni  (P)  4 

i  +  Clip)) an  (P) 

at  (p)-\- Kin  fii(p)  4-  ■ 
4“  KitoFmi  ip) 

•  Kitor F ml  (p)  r in  (p)  4* 

4~  (K/  t0Fni  iP)  4 

4-  C/  (p))  a,'„  (p) 

KntoFmn(p)r n i  (P)  4" 
4"  (Kfi  toFnn  (P)  4* 

4 -Cn(p))a„t  (p) 

... 

•  fl/j  (P)  4-  K„  (p)  4" 
4"  K/j  tot/7 ran  (p) 

Knot/7 ml  (P)  0  . . . 

0 

KJ*m  = 

0  KlmPm,(p)  ... 

0 

, 

9  0  ... 

K/itot/7  Ain  ( p) 

0 

Knot^ml  (p)^]2(p)  •• 

•  Kitot^mi  (p)r,„(p) 

- 

^2toF m2  (p)  r 21  (p)  0 

•  K-2u>Fm2  (p)  r 2rt  (p) 

f 

Kntot/7 flirt  (P)  rtl  (p) 

0 

"'I 

c 

(p)4-Kitot/7/n  (p)  0 

0 

N  = 

0 

^2  (p)  4~  Katot/7 a2  (p)  .. 

0 

0 

0 

(p)  4"  Kfl  tot 

Kurt  (P) 

(P)  II 

n,rf(p) 

h  <P) 

Y>  (  P ) 

Y%  ref  (P) 

f  2  (P) 

:  ’  Kfef== 

.  F= 

MP)  I 

>WP) 

fn  (P) 

From  (4.10)  we  obtain  a  general  matrix  equation  for  the  vector  value 
of  the  controlled  variables; 

Y  =  A~'  \(KtotFm  +  B)  Yre{  +  NF\.  (4.12) 

Further  analysis  requires  explicit  expressions  for  each  i-th  variable. 
This  can  be  done  along  the  same  lines  as  in  Chapter  Two,  where  a  simpler 
case  was  considered. 
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The  system  determinant  A  is 


01  (P)4~Ki  st  Mp)4“  Kitot^ml  (P)rl2  (P)4*  < 

•  Knot  F ml  ip)  r i„  (p)  4- 

4-  Knot/7 ml  (p)  4"  (Knot F m  (p)  4“ 

4"  (KitotP’nl  ip)  4- 

4-  Cl  (P))  al2  (p) 

4-  C,  (/>))  <*,„(/>) 

K2totFm2  (p)r2i  (p)4"  02(p)  +  K2st  b2(p)  4-  . 

•  K2t0t F m2  ip)  r 2n  ip) 

A— 

+  (Knot F n2  (p)  4-  4“  KStotF m2  ip) 

-\-K2totFn2  (p)  4- 

4-  C2  (p))  a2I  ip) 

4-C2  ip))  a2„  ip) 

KntotFmn  (P)  rnl  (P)4"  •*•  •• 

-  0n(p)4-Krtst  bnip) 4- 

+  Kntot^nn  (p)  4“ 

4-  Cn  ip)  afli  (p) 

4"  KmoiF mn  (p) 

(4.13) 


The  transpose  of  matrix  (4.11)  is 


01  (p)4"Ki  si  bx  ip)  -f-  K2 totF m2  (p)  r 21  ( P )  4” 
+  Kitot/rml  ip)  -j“  (K2totF n2  (p)  -)- 

+  C2  (p))  a2i  ip) 

KlmF mi  ( P )  r  12  (p)  4"  02  (P)+K2  st  b2  (p)4~ 
4"  %2totF m2  (p) 


A= 


+  (KltotFnl  ip)  + 
4“  Ci  (p))  a12  (p) 


KntoxFmn  (p)  rn\  (p)4" 
4"  KnxotF nn  (P)  4“ 
+  Cn(p)ant  ip) 

KmotFmn  (p)  r n2  (p)-|- 

4-  C„  ip)  a«2  (p) 


Knot  Fm i  ( P )  r in  ( P )  4“ 
4-(/Cuor/7m(/7)  + 
4-C,  «p))a,B</>) 


an  (p)4-K«  st  Mp)4~ 
4”  K/jtot  Fmn  (P) 


(4.14) 


Making  use  of  (4.13)  and  (4.14)  and  remembering  how  the  inverse  of  a 
matrix  is  formed,  we  write 


A"— 4 


-dll 

(-1)”+1  Am 

—  -4,2 

(-D'+2^i2  .. 

(-1  )n+2Anl 

Ai}i- 

-1)/+1 

(-1  )I+‘A„  .. 

(-1  )nArl  An) 

Aln(~ 

-1)"  +  1 

Ann 

(4.15) 


where  (-l)*  +  v4y  are  the  cofactors  of  the  elements  of  the  transpose.  Carrying 
out  the  multiplication  in  the  right-hand  side  of  (4.10)  and  making  use  of  (4.12), 
(4.13),  (4.14),  and  (4.15),  we  find 


yt(p) 

Y2{p) 


Yn  (p) 


X 


An  — A2l  .. 

<-i)'+1  ^  .. 

—  -d12  a22 

(-1)'+2  Aa  .. 

(-1  )"+!Ak 

(-1 

(-l),+'/ly  .. 

<-l)"+/>t„y 

(-1  )I+M,„ 

(-1  )UnAin  .. 

ml  ip)  Yi  ref  (P)  4“  K,  tot  Fm  1 

(P)~Elr[i(p)Yk, 

ef  iP)  4*  | 

4-(cl(p)4-K„ot/?«l  (p))f  1  (p) 

n 

KitotFmz  (p)  Yucfip)  4"  K2lolFm2  (P)  r 2k  ( P )  (p)  4~ 

k=\ 

k^=2 

+  {c2(p)  +  K2totFn2(p))f2(p) 


KJtmFm]  {p)  YJttf(p)  4-  KhoxKm)  ip)  2  rjk  (p)  Kftrcf  (p)  + 

*=t 

+  (Cj(p)  +  K;totFnJ(p))fj(p) 


KntotF  mn  (p)yn,'<(p)+Kn,«Fm„{p)  S  rm>(p)y*,t f0»+ 

+  (c„(p)+K„mFm„(p))f„(p) 


(4.16) 
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Performing  the  matrix  multiplication  in  the  right-hand  side  of  (4.16), 
we  find 


ip) 

r%U>) 


Yj{p) 

Yn\p) 


i;  (-»,+<  Au  (p)  r,,'t(p)+ 

+  KiwFml  (p)  2  rik  (p)  Vkrtf(p)  -f  (p)  +  KuotFni  (p))fi  (/>)] 

A=2  J 


KimFml  iP)Yinf(p)  + 


+  KiwFmi  {p)  2  Oft  (p)  Yfi  ref  (p)  +  (Cl  (p)  4  KimFnl  (p) )  f,  (p) 

ft=l 

ft=^2 


2  (-1)/+/  Aij  KhotFmi  (p)  Yitef(p)  + 
t= i  L 

n 

+  KhotFmi  (p)  2  rJk  ip)  Yk  tci(p)  4-  (cl  (p)  +KitotFni  (p)  )  fi  (p) 

ft=l 

k¥*J 


2  <-i>"+'  Atn  ^KlmPm,(P)  ri,Mp )  + 

n-l  -l 

+  KhotF  mi  (P)  2  r<i*  iP)  Y ft  rtf  (P)  +  (0  (P)  +  KitotFni  (p)  )  ft  (p) 

ft  =  l  J 


(4.17) 


We  have  thus  obtained  equations  for  each  y-th  controlled  variable  in  an 
^-variable  system  with  plant  and  transducer  coupling: 


o<p>-42<-1>/+'^ 


KltmFml(P)y„Ap)+ 


4~ Ki  tot^ml  (p)2lrjk(p)Y ktef(P)-\-(Cl(P)-\~ Khat^ni  (p))fi(p) 

ft  =  l 
kj=j 


(4.18) 


Equation  of  the  controlled  variables  in  a  system  with  plant  coupling  only 
is  obtained  from  (4.18)  by  putting  rih(p)~  0. 

The  equation  of  the  y-th  controlled  variable  of  an  n -dimensional  servo- 
system  can  also  be  derived  from  (4.18).  It  suffices  to  put  in  (4.18)  aih(p)  =  0 
(remember  that  A  and  Aik  are  dependent  on  aih(p)  and  rih(p)). 

The  structures  corresponding  to  integral  (or  floating)  systems 
of  necessity  contain  at  least  one  integrating  element  which  is  not  included 
among  the  structural  components  of  the  plant  and  which  is  not  enclosed 
by  the  stabilizing  loop  / 39 / .  The  structure  shown  in  Figure  4.1  thus 
corresponds  to  a  multivariable  system  with  proportional  subsystems, 
since  the  stabilizer  embraces  the  entire  forward  path,  with  the  exception 
of  the  controlled  plant  itself.  For  the  steady-state  case  we  have 


*i(0)=l;  M0)  =  0;  Cli 0»  =  *i;  Fml{ 0)  — 1;  Fnl{ 0)  =  0,  (4.19) 


and  the  7-th  controlled  variable  under  steady-state  conditions  is  thus 
expressed  by  the  equation 


Kl  tot^lrel(0)  +A7,ot  2  (0)  +  KJi 

] 

k*i 


(4.20) 
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where 


l+/C,tot 

/Citot^l2-f“a12  ♦ 

*  ^Cltot/" Irt  — (-  ai/J 

A0  — 

Kiloif  21°21 

l+/C2,ot  . 

.  /C2totf 2 n  +  °2n 

/Cntot^ni  “b  a«i 

... 

l  +  /C«tot 

1-h/C.tot 

/Caiot^i  -f-«2i 

•••  Kntotrnl  “f" a/ti 

/Cl  101^12  4“  tt]2 

l  +  /C2tot 

Kmoir  nl  ~h  a/i2 

/Citot^t/  +  aiy 

... 

1  "f“  /Cy  tot  /C/not^ nj~f~an/ 

/Citot^  Irt  “t*  ai  n 

... 

l  +  ZCntot 

(4.21) 


(4.22) 


All  /lij(O)  can  be  found  from  (4,22). 

The  steady-state  value  of  any  /- th  variable  can  be  obtained  from  (4.20). 
As  an  example,  let  us  consider  a  system  with  three  interrelated  controlled 
variables.  To  find  the  steady-state  value  of  the  second,  we  write 


whence 


1  +  *>  tot  /Cl totals  "4*  ®ia  /Citot^l3  -J“  Ol8 

^2tOtr2l  +°ll  1  T  ^2 tot  ^C»tOt^23  +  <*23 

^3tOtr3l  +  °31  ^3tot^32  “i-a32  1  +  /Cstot 


1  + /Cl  tot  /C2totr21  +  a21  /Catot^Sl  *h«3] 

/Cltotr12  +°1»  1  -f-  AT2 tot  /Cs  tot*' 82  -f“  a32 

/Cltot^ia  +  «I3  /Catot^23  +  a23  1-b/Cstot 


-421  —  | 

4  22  —  | 


/C*tot^*2l  “f*  ®21  /Csiot^Sl  d- a3l  | 

/Cjtotr23  “j“  a23  l  +  /C3  ,ot  I  * 

1  +  K,  tot  /Cstot^”  31  — 1  ®3 1  I 

/Citot^lS  +  OlS  l+/Cstot  I* 

V+*1  tot  /Catot^ 21  "F  ®21  I 
/Clt0i^l3  -f*  OlS  /Catotr23 -f"  ®23  I 


(4.23) 


(4.24) 


(4.25) 

(4.26) 

(4.27) 


Substituting  (4.27)  in  (4.2  5),  we  obtain  after  simple  manipulations 

n  <°)  =  a|;  I  -  Ktfto'a  +  “21)  (1  + *,„)  - 

- 23~H“  °23)  (^3totr 31  +  ^l)]  X 

X  lATitotTiref  (0)  +  Ku ot  (r 21^ lref  (0)  H“  r 23^ 3ref)  H~  Klfl]  H~ 

H“[0  +^ltot)0  H~  ^3 tot)  —  (AritotrI3H-a13)(/C,3tot''3l4-«3l)]  X 

X  [AT2totK2  ref  (0)  +  K2  t0t  (r„Kj  ref  (0)  -f  r23K3  ref  (0) )  KJ2]  ~ 

1(1  +  /r.tot)  (^2totr 23  +  a23)  (ATitotr  13  +  <*13)  {K^r 21  -|-  Ct23)J  X 

X  [KZtotr^f  (0)  +  KAm  (r 21K iref (0)  +  r 23K 3ref  (0) )  +  **]).  (4.28) 

The  steady-state  value  can  now  be  calculated  if  the  numerical  values 
of  all  the  parameters  are  known.  Furthermore,  some  general  properties 
of  these  systems  under  steady-state  conditions  can  be  established.  An 
interesting  particular  case  is  provided  by  an  ordinary  plant-coupled 
multivariable  system  having  rik=  0  and  by  a  multidimensional  servo - 
system  with  aih-  0. 
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Let  us  first  consider  an  ordinary  multivariable  system  ( rih=  0). 
rih=  0  in  (4.28)  and  (4.24),  we  find 


YA  0) 


"F  ZC|  tot 

a12 

al3 

a2i 

i+k3.o« 

a23 

®3I 

1 +  K3 

{  1(1  ~i-  AT3tot)  «21  ^23%l]  X 


X  [^Ito/lref(0)H-  Klfi]  -f  [(1  +  A'ltot)  (1  +  Kz  tot)  —  Oi3%]  X 

X  [K2  tot Y 2  ref  (0)  +  K2f2\  —  [0  +  KUot)  «23  ~  013a23]  X 

x[/faw,K3«f(0)+/y3]). 


Putting 


(4.29) 


Dividing  the  numerator  and  the  denominator  in  (4.2  9)  by  Ki«*K2mKZwt  and 
taking  Ku0x~K2loi  —  KZloi->00f  we  find 


Jim  ^2(0)  =  P2ref(0).  (4.30) 

K  tot+°° 

It  is  clear  from  (4.30)  that  the  accuracy  of  each  controlled  variable 
increases  as  all  the  subsystem  gains  are  increased.  In  the  limit  Yitef: 
moreover,  the  coupling  between  the  individual  controlled  variables 
vanishes  in  the  limit  and  they  become  independent,  noninteracting. 

This  result  derived  for  the  particular  case  of  a  three -variable  system 
is  readily  generalized  to  any  multivariable  control  system.  Indeed, 
in  the  nonsingular  case  the  rank  of  the  determinant  is  one  less  than 

the  rank  of  the  determinant  Aon  and  the  maximum  number  of  factors  Afftrot  in 
/* 

its  expansion  is  II This  product  is  further  multiplied  by 


n  Hm  Y,(0)-*Ym. 


(4.31) 


Increasing  all  the  subsystem  gain  parameters  (which  in  this  case  is 
structurally  permissible  without  loss  of  stability)  thus  ensures  that  the 
controlled  variable  retains  its  steady-state  value  to  arbitrarily  high 
accuracy  and  that  the  /- th  controlled  variable  is  independent  of  all  the 
rest.  If  the  gain  is  high  but  finite,  the  steady- state  accuracy  is  not  ideal, 
and  uncoupling  is  achieved  to  accuracy  of  e  (we  shall  refer  to  it  as  e- 
uncoupling).  The  value  of  e  can  be  determined  if  the  numerical  values  of 
all  the  parameters  in  the  equation  are  known. 

As  an  example  let  us  determine  the  steady-state  value  ^(0)  in  the 
particular  case  of  a  two-variable  control  system  with  the  following 
parameters: 

— 500,  K2  =  500,  a12  =  a21  =  0.5,  ^  =  1 ,  f2—  1,  ^  =  2,  ZC2  =  3. 

From  (4.20)  for  n~  2  we  have 

=  ^  [s(-l),+'  Au (0) j  [AriIO,r, (4.32) 
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Substituting,  we  find 


A02  =  |  '  +a^‘  '0'  1  +  I  =  0  +  “'H*  +  ^2.«)  -  aI2a21' 

A  II  ^4"Aitot  021  |! 

/oi  1  «I2  l-J-^2 tot  r 

Al  =  1  +/C2tot»  ^12  =  a12* 

K10 (°) =  (l  +  /Ci,o>)(H-KJt„,)-«ijOji  f(1  +  A'2,°^ W  — 

-«2l(A'2,o,K2ref(0)+Ar2f2))  = 

_  (1  -j-  K2tot)  (Ki  toi^lref  +  Ki/,  —  ^2 1^2  tot  ^2  ref  (0)  —  a2i  ATgfa)  _ 

(1  -f-  Knot)  (1  4"  K2  tot)  —  a12a21 

250  500Klrcf  (0)  +  1000/,  —0.5  ■  500K2ref (0)  —  1.5/2  _ 

—  25  100  —  0.25 

=  0.991^1  ref(0)  +251  fi  25  100  ^2ref  ®  25100  ^2‘ 


It  follows  that  already  for  K tot  =  500  the  effect  of  extraneous  parameters 
(i.e.,  the  effect  of  coupling)  in  plant-coupled  multivariable  control  system 
is  vanishingly  small  under  steady-state  conditions. 

Let  us  now  consider  the  case  of  a  three-dimensional  servosystem. 

All  a ih  are  zero,  and  the  determinant  is 


1 4~  A,  tot 

Knot  r12 

K|totr  13 

K2tot**  21 

1  +  ^2  tot 

K2totr  23 

KitOtr  31 

Katotr  32 

l  +  Katot 

1 4-Kitot 

Kiwr  2, 

K3tot^  31 

Kitocr  12 

1 4-  K2  tot 

Kstot'*  32 

K,totr  13 

K2totr23 

l  +  Katot 

(4.33) 

(4.34) 


The  properties  of  the  controlled  variables  can  be  elucidated  for  the 
particular  case  of  y^O).  AiU  AZi  and  ASi  are  required  for  the  analysis, 
and  from  (4.34)  we  have  with  proper  signs 


A 

A 

A 


II  4"  ^2  tot  Kawt^  32 
K2tot^33  1  4"  ^3 tot 

IKl  tot/'l2  ^3tOtr32  I 

Kjtotr  13  1  +Kstot  I 

Kitot^l2  1 4-  K2  tot 
Knot ''is  K2tot^33 


(4.35) 


'  1 4”  A^itot  Ki  tot^ia  Knotr.a 

Kjt0t^*2l  1  +  KatOt  K2tot^23 

Ka  tot^i  Katot^  1 4*  ^3  tot 

X  ([(1  +/Gtot)(l  ^3  tot) —  ^2 tot ^3 tot r 23r 32]  I^ltot^lref“h^ltotX 

X  (02^2ref+  ^13^3ref)  +  WlI~[^ltotr  12  0  +  %tot)  — ^ltatKatotf  13r32]  X 

X  [#2tot^2ref+ A+otfol^  1  ref +^23^3ref)+ ^21  + 

+  [KuoS  12^2 tot r 23  —  ^liorr13  0  +^2tot)]  X 

X  [A+tK 3 rcf  +  KSw  ( r 31^  1  ref  4~  ^ 32^ 2ref)  +  ^3/3] )  •  (4.35') 


yi(0)can  be  found  from  (4. 3  5’)  if  the  numerical  values  of  all  the  parameters 
are  known.  The  degree  of  influence  of  the  other  inputs  (the  extraneous 
reference  values)  depends  on  rih.  It  is  also  clear  from  (4,35’)  that  increasing 
the  subsystem  gains  does  not  decouple  the  system. 
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(b)  INTEGRAL  SYSTEMS 

Let  us  now  consider  a  structure  with  integrating  (floating)  control. 

In  Figure  4.2  the  stabilizer  embraces  only  part  of  the  forward  path, 
which  does  not  include  the  measuring  device.  For  integral  control  it 
is  necessary  and  sufficient  that  the  self-operator  R'(p)  contain  an  integrating 
element,  i.  e.,  R'(p)  —pR(p)  .  We  now  write  the  equations  describing  the 
transient  and  steady-state  properties  of  this  configuration. 


FIGURE  4.2.  Illustrating  the  derivation  of  multivariable  control 
equation:  integral  systems. 


The  plant  equation  is  as  before 

Dt  ( P )  Yt  (p)  =  Kfi-V  [ Y\  (p)  -  t  alt  (p)  +  ft  (P)  ]  •  (4.3  6) 

The  equation  of  the  measurement  device 

Xi u>)  =  h  {[y„AP)  -  y, (P)\  +2  rtt  (P)[Y„,cf(p)-Yk (/»)!) .  (4.37) 

k^i 

The  amplifier  equation 

X’,(p)  =  K„[x'l(p)—^Yl(p)].  (4.38) 

The  controller  equation 

Qi(P)yl(P)  =  6lXJ(p).  (4.39) 

Eliminating  Y'i(p),  X'i(p)  andXt(p)  between  (4.36)  —(4.39),  we  obtain 
after  simple  manipulations  the  following  equation  for  K,(p)  : 

[D,  (P)  R,  (P)  Q,  (p)  Fml  (p)pex‘p  +  K,AR,  (P)  Q,  (P)pFn,  (p)  er‘r+ 

(z1)]  Y  i  (p)  P-iK,  aKfiiF mi(p)^j  rlk{p)Y  b(p)~ f- 

k—  1 

+  Kfei  iP)  Qi  ( P)PFmi  (P)  ±  O-iu  (P)Yk  (p)  -h 

its] 

k±i 

H-  biKizKiRi  (p)pF „i  (P)  2  aik  ( p)Y k  ( p )  = 

*=i 

KtKi  a b^iFmi  (p)  Y 1 8  {p)  -j-  Ki\ilKl  fiiFml  (p)^j  r lk  (p)  Y k  ref  (p)  -f- 

*5=/ 

+  Ki  l*t  ip)  PQi  (P)  Fml  (P)  +  Rt  iP)PFm  (P)  Wt  a]  ft  (/>)•  (4.40) 
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Putting  j  =  1,2,...,  n,  we  obtain  the  complete  set  of  equations  which 
describe  the  dynamic  properties  of  the  multivariable  structure  under 
discussion.  To  reduce  the  set  of  equations  to  matrix  form,  we  write 


D,  (p)  R,  (p)  Fmi  (p)  P?1"  =  ai  </>).  W,  >=Ki« 

Rl  (P)Ql(P)F nl(P)  Pe',F  ~  bt  (P)’ 

R,  (P)  F„,  tp)P  =  g,  (P),  K,K ,  An,  =  K,m, 

Kfi,  ip)p  Q,  (P)  Fm,  (p)  =  c,  (p), 
ai h  (p)  +  Ki,olFmi(p)  =  ali(p). 


(4.41) 


The  equations  can  now  be  written  in  the  form 

n 

iii(p)  y I  (p) + K,mFm, (p)  2  r,t  (p) yt  (/>)  + 

+ct  wi«ii  (p)  y  k(p)+Ki  „  K,g,  < p )  i  a,*  (p)  r,(p)= 

k- 1  *=i 

k±i  k*i 

=  K(l0lF  mi  (p)  Y ircf(p)  4-  Kit0XF mt  ( p )  ]£  T ik  (p)  Ykttf(p)  + 

+  +  W  >.  gilPfihlP)  (<  =  1.2 . n),  (4.42) 


or  in  matrix  notation 

AY  =  BYtt(  +  CF, 


(4.43) 


*uip) 

Ru 

Rln 

A  = 

/?at 

a22(P)  •• 

•  Rin 

Rm 

.. 

&nnip) 

where 


Rn  -  Ku„FmX  (p)  r, 2  4-  fa  (p) + KiKi  „  g,  (p) )  a12  (p), 

Rln  ”  RltotFm\  (P)  ru  +  ( P )  4*  KxKi  «  gx  (p) )  alB  (/?), 

/?21  =  ^2ioxFm2  ip)  r2 1  +  (C2  (p)  +  KlKl  st  &2  (p)  a2I  (P)t 

=  ^2tot^?m2  (/>)  /-2fl  4-  (/>)  4-  ^2  st  #2  (p)  )  a2«  (/»). 

^?/?I  ==  K nio\F mn  (?)  r„i  (p)  +  fa  (p) + K„K„  „  g„  (p) )  «»i  (p). 


B  = 


I  KuoF mi  iP) 

Kito>\F mi  ip) 
Knzm^mi  ip)  r ni 


(/>)  'la  iP) 
KnotFmi  (p) 


KlxotF ml  iP)  r in  ip) 
^2tot Pm2  ip)  r a n  iP) 

KntotPmn  (p) 


c= 

c,  09+tfi/Ci  st  g i  ip)  0 

0  c2(P)+K2K2  stgtiP)  • 

.  0  ! 

..  0 

0  0 

•  cn  iP)~\~ R-n^n  it  gnip) 

(4.45) 


(4.4  6) 


Yiip) 
Y*  ip) 

YuMP) 

Yinfip) 

fl  ip) 
hip) 

M/0 

,  M  = 

YnrAp) 

,  F  = 

hip) 

We  will  now  derive  an  expression  for  the  j-th  controlled  variable. 
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From  (4.43)  we  have 


r^A-'iBYrt+cn 


(4.48) 


Expanding  (4.48)  and  proceeding  along  the  same  lines  as  in  the  previous 
case,  we  find 

"  2  o»  2  O’)  Yc,M 

p=l  k=\ 


2  Al^pmPm p  0»  2  V  O’)  r,*ip)  1+ 

P=1  ft=l 


2  A„pK„t<AFmf(p)  2  r„„  (p)  Yk,t,(p) 

P=1  k=l 


2  <-1>c+1  Ai»  (cp  o>> + Vp  „  *p  O’) )  fp  ( p ) 


+■ 


p=l 


2  (-Dp+^/p  (£p  O’)  +  Vp  „  t>„  (p)  )  i„(p) 

P=1 


2  (~1)0+"  K p(cp  (p)+Vo «  K  (P))fp0» 

P=1 


(4.49) 


Here  all  rpp~  1.  From  (4.49)  we  easily  obtain  an  equation  for  any  y-th 
controlled  variable: 


Y,  O’)  =  T  { [v.V  2rp*  (p)  >W(/>)  +  fCp  (P)  + 


+  ^P  st^p 


«]/»])■ 


(4.50) 


In  particular,  in  a  three -variable  system,  we  have  for  the  second 
controlled  variable 

)'S0)=-i-fil(-l)2+P^k.Vmp(p)  2rpt  (p)Y0,"(p)  + 

3  l p— l  L  ,ft=i 

+  («P«  +  A^.*p(p9/,(i»)]).  (4.51) 

We  write  equation  (4.51)  in  expanded  form: 


*n  iP) 

*12  (P) 

*13  (P) 

a3  = 

*21  (p) 

*22  (P) 

*23  (P) 

*31  (P> 

*32  (P) 

*33  (P) 

*n(P) 

*21  (P) 

*31  (P)  1] 

A,= 

*12  (P) 

*22  (P) 

*32  (P) 

*13  (p) 

*23  (P) 

*?3  (P)  II 

Here 


an(P)  =  Ku0tFim(P)rn(P)-hlCi(p)+f<iKi  u  gx(p)\  a l2(p), 
fli3 (P) =  KlmF i m  (p) r  13  (p)  ■+•  [^i  (p)  +  K\K\  st  gi  (Z7)]  ai3  (P)> 
«21  (P)  =  K^Fim  (P)  r2l  (p)  +  \c2  (p)  +  K2K2  st  g2  (p)\  a21  (p)t 

a23  (P)  =  ^Gtot^m  (P)  r 23  (P)  +  \c2  (P)  +  K2K2  st  g2  (Z7)]  a23  (Z7)* 

«31  (z7)  =  ^3tot^3m  (Z7)  ^31  (p)  +  fa  (z7)  +  „  g3  (/»)]  a31  (Z7). 

«32  (Z7)  =  (Z7)  ^32  (Z7)  +  fa  (P)  +  KaK 3  st  g3  (Z7)]  «32  (Z7)* 
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whence 


A2j 

^13 

J  (P) 

^12 

*11  (P)  *13 

^23 

<*33  00  | 

-  4423  —  , 

*21 

^22 

j,  422 — 

*21  %3  (P) 

where 

^21  “  ^2tot^m2  ip)  rn  (P)  4  fa  (p)  4  K1K1  „  g2  (p) )  aai  ip) 

Rll  =  K3101F ml  (P)  ra i  (p) + (c3  ( p )  +  K3K3  „  g3(P))  “31  (P)> 

Rz 3  =  (P)  /»  (P)  4  (e2  (P)  4  Kl  „  Kjgj  (p)  )  an  (P), 

R[l  =  /<2,mFml(P)ril(P)  +  {Cl(P)+t(ll<l  „  ft<P))“2,(P). 

R‘n  =  Ku„Fml  ( p )  r, 3  (p)  +  (Cl  (p)  +  *itf,  „  g,  (p)) «,,(/»). 

R'il  =  ^,0,^2  (/>)  r23  (/»)  +  (*J  (/»)  +  *2*2  ft  (/>))  °23  (P)> 

Ru^K3m,Fm3(P)r,AP)+(C^  +  K^  «  gz(P))a3l(P)- 

KL-KtJ’m(P)r»lP)  +  (*iW+Wi  «  ft W) “>3 </». 

and 

^2  (P)  =  X  (-  ( [*2,o,*m2  (P)  r„  (p)  4(ft  (p)  4 

4  K2K2  „  g2  (P)  )  %1  (P)l  a33  (  P)  —  (*2tot*m2  (P)  r 23  (P)  4 
4  (ft  (P)4  *2*2  s,  gl  (P)  )  “23  (P)l  [^,0,^,3  (P)  r„  (P)  + 

4  (C3  (P)  +  *3*3  si  g3  (P)  )  “31  (P)]  )  (*l.ot*ml  (P)  I'l  «f  (P)  + 

4*1,<„* ml  (P)r12^2trf(P)  +  ^liot^i ml(P)  ft3(P)  ^3ref(P)  4 
+  (ft  (P)  +  *1*1  „  MP)  MP)  )  4  (<*ll  (P)  fl33  (P)  - 

—  1*1  .oc^ml  (P)  ft3  (P)  4  (“l  (P)  +  *1  s.  gl  (p)  )  “13  (P)]  X 
X  I*3,o,*m3  (P)  Cat  (P)  4  (C3 (P)  4  K3K3  „  g3  (P)  )  “3i  (P)]  )  - 

—  (*2toi* m2  (P)  r 21  (P)  ^ Iref(P)  4"  *2iot* m2  (P)  ^2  rel(P)  4 

4"  R-iimF m2  (P)r 23  (P)  ^ 3  ref (P)  4"  (“2  (P)  4  *2  st  *2?2  (P))fl  (P)  )  — 

—  (“ll  (P)  [*2.oc*m2  (P)  ft3  (P)  4-  (ft  (P)  4 
4  Kl  »  Kigi  (P) )  “23  (P)I  —  [*i„,,*mi  (P)  ft3  (p)  4 
4  (ft  (P)  4  *i  „  Kigi  (p) )  “13  (p)]  I*2,o,*m2  (P)  fti  (p)  4 
4  (ft  (p)  4  KiKi  st  gi  (p) )  “2i  (p)] )  X 
X  (KaimFma  (P)  [fti  (P)  >/irei(P)4r32(p)  Ks„,(p)  + 

4  ^3ref(p)]  4  (“3  (p)  4  K3K2  si  gs  (p)  f3  (P) ))  •  (4-52) 

The  steady-state  value  of  the  /-th  controlled  variable  can  be  readily 
found  from  (4.52).  First,  however,  we  should  determine  4j,(0)  from  the 
transpose  making  use  of  standard  rules  of  matrix  algebra. 

As  an  example,  we  calculate  the  steady- state  value  in  a  three -variable 
system.  From  (4.52)  we  find 


where 


y 2  (0) X  ^ - ^2totr 21^3 tot  +  A^toF 23A,3totr31 )  (ATltor^ l  ref  + 

+  ATll0tr  ]2J/2tef+  ATitot^ I3>y  3ref)  (A*j  tot  A3  tot  K 1  tot^*  13^3tot^" 3l)  X 

X(^2,otr2,r iref-h  A2tot^ 2r*H“^2  tot  ^*23  ^3  ref) 

(ATitotATstot/*  23  —  K\ioxr  \sKitotr  21)  X 

X(K,tmr5ir Iref  +  A’atot7' 32^ 2reH”#3tot^ 3 ref) }  * 


(4.53) 


^ltot  AitotflS  ^Cl  tot''  13 

^2tot^21  *2  tot  KilOt?  23 

^3101^31  K2101K  32  ^3  tot 


(4.54) 
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Thus,  in  addition  to  the  general  steady-state  properties  of  the  system, 
we  have  derived  working  relations  for  the  determination  of  the  controlled 
variables. 


§4.2.  SYSTEM  DYNAMICS 

We  now  proceed  with  a  discussion  of  the  dynamic  properties  of  pro¬ 
portional  and  integral  configurations. 


(a)  PROPORTIONAL  SYSTEMS 

The  system  depicted  in  Figure  4.1  will  retain  its  stability  when  the  gain 
parameters  of  the  elements  in  the  stabilizer  loop  are  increased  indefinitely. 
This  structural  property  is  expressed  mathematically  in  tne  form  (see  (4.2,. ) 

ni  —  mi  T"  ri  *T  <7/  ^  2. 

Having  chosen  a  stabilizer,  we  make  connections  that  satisfy  the 
structural  criterion  above  and  thus  create  a  system  which  in  principle 
remains  stable  despite  an  indefinite  increase  in  the  subsystem  gains. 

To  ensure  realizability,  the  degenerate  and  the  auxiliary  equation  should 
of  course  satisfy  the  stability  criteria.  Since  the  structural  stability 
requirement  is  a  priori  satisfied,  we  have  to  choose  the  stabilizer  para 
meters  and  the  gains  of  the  starting  single -loop  system  so  that  all  the 
coefficients  of  the  degenerate  and  the  auxiliary  equation  meet  the  respective 
stability  criteria.  It  is  at  this  stage  that  we  should  take  steps  to  ensure 
not  only  the  stability  but  also  the  desired  dynamic  characteristics  (speed 
and  transients)  of  the  control  system. 

Let  us  consider  the  fundamental  proportional-control  structures.  It 
will  be  assumed  throughout  that  the  stabilizer  uses  passive  elements  only. 
For  this  reason  the  degree  of  p  in  the  numerator  of  the  stabilizer  rational - 
fractional  function  is  equal  to  or  less  than  the  degree  of  p  in  the  denominator 
In  our  nomenclature,  we  may  thus  write 


(4.55) 


From  (4.2)  and  (4.55)  it  follows  that  the  degree  of  the  self-operator  of 

the  stabilized  section  must  not  exceed  2. 

We  now  return  to  equation  (4.7)  which  describes  the  j- th  controlled 
variable  of  the  structure  shown  in  Figure  4.1.  Let  each  subsystem  be 
made  up  of  aperiodic  and  amplifying  elements.  Condition  (4.2)  is  satisfied 
in  the  following  two  cases:  either  the  self-operators  have  the  form 

Ri  (P)Qi{p)  —  ^-}rTlrP)  04-  Tlqp)* 

or,  if  one  of  the  time  constants  is  zero,  we  have  a  general  self-operator 
of  the  form 


Ri(p)Qi(p)  =  (yjrTiP)' 
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In  the  former  case 


ftx  —  OTj  —  0, 

and  in  the  latter  it  is  permissible  that 

nx—mx  —  1. 

Let  us  consider  the  first  of  the  two  cases.  Equation  (4.7)  takes  the  form 

{Di{P)V}  +  Tl,p)(\  +  Tiqp')exi"Fmi(p)  +  Ki  «/r.i(p)eV]  + 

+Ki  „  Ki  (p)}  Yi  (P)  +  KlmFim  (p)  21  rlk  (p)  Yt  (p)  -f- 

+  0  4  Ttqp)  (1  +  T,  fp)  Fim  ip)  J;  o,4  ip)  Yk  (p)  + 

4*i  st  (/>)  2  Q-ik  {p)Yk  ip)  = 

/i 

=  KnoiFim  ip)  21  La  (/0  L*  ref(p)  +  KitotFim  (p)  Yltc{(p)  -|_ 

*  --hi 

+  (1  4  T,  tp)  (1  +  Tlqp)  Fim  (p)  ft  (p)  +  Ki  st  (p)  ft  (p).  (4.56) 

Dividing  (4.56)  by  Kist  and  assuming  a  sufficiently  large  Ki  « ,  we  put  ~ 
and  write  1  *  •' 

(A  (/>)  k  (1  4  7*/  r/0  (1  4  Tlqp)  Fim  {p)  erip~\-Fln  (p)  *V]  + 

4-  ZC/  deg  (/>))  ^  (/>)  4  Zfj  dcg  F im  (p)  La  (p)  Yk  (p)  -|- 

W 

+  mt  ( 1  -f  T,  rp)  ( 1  4-  Tt  qp)  Fim  {p)  J]  a(.*  (p)  K*  (p)  + 

n 

+F‘- 0>)  s  ■/»  (P)  yk  (P) = AT,  ^ (p)  K(rer  (p)+ 

k^l 

n 

4  Zfj  deg  ^/m  (/>)  2  La  (/*)  ^ A  ref  iP)  4“ 

A 

4 «  0  +  7*1  rp)  (1  4  71, qp)  Z9,*  (p)  f,  (p)  +  Z^  (p)  ft  {p).  (4.57) 

We  can  now  find  the  matrix  equation  of  the  output  vector  as  a  function  of 
the  small  parameter  m.  Putting 

m  (H-  T,  rp)  (1  +  Tiqp)  Fml  ip)  Dt  ip)  exip  =  mat  (p).  ] 

Di{P)FiniP)extp  =  bl{p)1  1  (4.58) 

mil  4-  Z’/qP)(l  +  TiTP)Fim{p)—mcl{p),  I 
we  rewrite  (4.57)  in  the  form 

lmat  iP)  4  bt  ip)  +  Kt  deg  F im  (p)J  K,  (p)  + 

«  n 

+  Kt  deg  Fjm  (p)  2)  rlt  (p)  Y k  (p)  -f-  me,  (p)  21  aik  (p)  K,  (p)  -(- 


+  Pin  (P)  2  ®i»  (P)  y n  (p)  =  AT,  dog  A*,  <p)  K,  ,cr(p)  + 

+ A’,  d.g  /=■,„  (p)  J)  ri#  (p)  K»  (p)  + 

A  ¥=i 

+  me,  (p)  f,  (p)  +  F„  (p)  ft  (p)  (/  =  1,2,...,  n). 


(4.59) 
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The  matrix  form  of  equation  (4.59)  is 


AV^K^Fjr^  +  BY^+NF. 


«Mp)  +  Mp)  + 

•  deg  F\fn  ( p )  f\  n  “|" 

+  *.  deg  B i  m  iP) 

+  [m°]  ip)  +  F\n  (p)]  aln 

Kj  deg  Fjm  (p)  rj\  -f 

•  Kj  deg  F jm  (p)  r  jn  -(- 

+  [mcj(p)  +  FJn  (p)  ay,  (p)] 

+  lmcJ  ip)  +  Fj„(p))  ajn 

Kn  deg  Fnm  ( p )  r n\  4" 

•  'naniP)Jcbn{p)  + 

+  [mcn  (p)  +  Fnn  (p)]<xnl 

“h  Kn  deg  F„m  (p) 

®  deg  ip)  F\ m  if)  rl2  iP)  •  •  •  K\  deg  F l m  ip)  r in  ip) 

B  =  K*  deg  F*m  iP)  rvip)  0  . . .  Ki  deg  Ftm  ( p )  r2n  (p) 

Kdcg  Fnm  (p)  r n\  (p)  ...  ...  0 

mc1  (p)  +  Fln(p)  0  ...  0 

0  mc2 iP)  +  F2n (p)  ...  0 

0  •••  0  « cn(p)  +  Fnn(p) 

From  (4.60), 

r  =  A-llKieiFmVKf  +  BrKt+NF\. 


(4.60) 

(4.61) 

(4.62) 

(4.63) 

(4.64) 


Consider  the  degenerate  vector  equation.  Since  condition  (4.2)  is 
satisfied,  we  assume  that  the  auxiliary  equation  of  second  kind  meets 
the  stability  requirements  and  thus  obtain  the  degenerate  case  from  (4.64) 
putting  m=  0.  From  (4.64),  (4.63),  (4.62),  and  (4.61)  we  have 


l^deg  -4  deg  {Kdeg  FrnKef  +  BVie(  +  Ndeg  F],  (4.65) 

where 

degF\m  F.\^egF\mr\2-^-F\ifl.\2  '  ‘  •  K‘\degF\mf‘yn-\~F j i /*  II 

I:::::::::::::::::::::::::::;::;  i  (4.66) 

Kn  deg FfimT n^F nnanl  ...  •  •  •  bn  -f-  Kn  deg  F nm  | 


The  transpose  of  (4.66)  is 


+  K\  deg  F\m  K2  deg  +  F2rfl 3,  ...  Kn  deg  F nmT nX  -f-  F nn<Xm 

•^4  deg  t~~  . 1  !!!!!*.!!.!..]  ! 

I  degFlmrln-\-Flnain  ...  ...  bn  +  Kn  ^gFnn 


(4.67) 


(4.68) 


The  elements  of  A^lg  are  found  from  (4.68).  Inserting  the  respective 
expressions  for  the  matrices  in  (4.65)  and  multiplying,  we  obtain 


A  1 1  deg 

deg  « 

Y  _ JL 

*  de8  A 

<-l)'+1-4;.4eg 

(-l)'+2.4/sdeg . 

..  (-nu"Aj„  deg 

(-l)1+n^,  deg 

... 

•  Ann  deg 
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K\bF  im^lrcf-h  K\  deg-/7  imrl2^2ref  4  •••  4  Ki  deg  ^imr\n^me{  4  F inf  1 
K2  deg  •^*'201^21  L  ref  |  Ki  deg  ^2  ref  4  •«•  4"  Ki  deg  ^ imr2nX n  ref4  ^2rt/2 


Kit  deg  F(imrn\  Y\  ref  4  ■  •  ■  4  Kn  deg  F nmY n  rcf4  F nnf n 


-4 1  deg  ^^1  deg  ^ uti  2  rltYlxei-\-F lff/l^4  ••• 

•  •  •  4  (  1)I  +  ”  A\  n  deg  ^ Kn  degFnm  2  r  tilY i  ref  "4“  Fnnf  n^j 

( — 1/+1  Aj\  deg  ^ K\  deg  F im  2  r in/i^4  ••• 

♦  •  •  4  (  l)1  +  >l  Ajn  deg  ( Kn  deg  Fn m  2  rnl^t ref  4  ^ nnf  n 


(— l)n  +  1  Ani  deg  (Ki  deg-^lm  2  r U*7rcf4  F\nf  l)  + 


(^2  rnl^i  ref 4  ^nnfrt^j 


-  •  •  4"  AnKn  deg  F nm 

(everywhere  rw  =  l), 

whence  follows  the  degenerate  equation  for  the  /- th  controlled  variable: 

=  [Ki^Zn/^+FJ,^.  (4.69) 


Comparison  of  (4.69),  (4.50),  and  (4.18)  shows  that  these  equations  are 
identical.  They  all  have  the  same  structure,  differing  only  in  the  numerical 
values  of  A,  Aiit  and  other  coefficients.  The  expression  for  the  full  value 
of  Yj  (nondegenerate)  is  obviously  of  the  same  form  as  (4.69),  with  the 
difference  that  its  components  include  coefficients  that  depend  on  m.  Any 
of  the  controlled  variables  can  be  found  from  (4.69). 

Let  us  consider  the  properties  of  the  degenerate  equation  for  the  first 
controlled  variable  in  a  plant-  and  transducer-coupled  three -variable 
system.  From  (4.69)  for  n=  3  we  have 

Y\  —  [Al  deg  I^ldcg^lm(^lrefH“n2^2rcfH_r13^3tcf)  +  ^ l«/l]  — 

- ^12  deg  f^2  deg  f*  2m  (r21^1  ref  4“  ^2  rcfH-  r 23^ 3rcf)  4"  ^2nh]  4~ 

4"  A3  deg  [K3  deg  ^*3 m  (r31^  I  ref  4”  Y 32^  2  ref  4”  ^  3^)4“^ 3  ahl  1*  (4.70) 


Writing  out  the  expressions  entering  (4.70),  we  have 


*3  = 


4“  /Cl  deg  F  1  m 
k2  deg  ^2 mf  21  4"  F 2na2\ 

Kz  deg  Kztnr 31  4  F 3na31 


K\  deg  F \mr  12  4  F i„a12 
*2  4*2  deg  Kzm 
Kz  deg  Ksmrtt  4  F zrP-Z2 


*1  deg*  \mriZ~\-F  l/ia!3 

*2  deg  *2m^23  4  *2rt®23  , 
*3  4  *3  deg* 3 m 


lll  =  1 

*2  4*2  deg  * 2 m  Kz  deg  * 3mr32  4* 3/ia32  1 

1  Ki  deg* 2mr2ZJrf  2«a23  *3  4  *3  deg  * Zm  ! 

1  K\  deg*im^l2  4  *l/taI2  Kz  deg  * zmr  Z2  4  *3/ia32  1 

l12 

i  *1  deg  * \mr\  3  4  * lnal3  *3  4  *3  deg  *3n  i 

13  —  j 

*1  deg*lmr12  4  *lnal2  *24*2deg*2m  | 

*1  deg*imri3  4* inO]3  *2deg* 2mr23~YF 2na2z  1 

(4.71) 


(4.72) 
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The  first  structural  conclusion  which  obtains  from  the  general  equation 
for  the  /-th  variable  as  determined  via  the  degenerate  equation  (4.69),  and 
which  is  likewise  applicable  to  any  particular  case  of  a  degenerate  system, 
is  the  following:  a  degenerate  system  of  the  given  structure  is  characterized 
by  a  multicoupled  dynamics. 

The  coupling  between  the  controlled  variables  in  this  case  is  determined 
by  the  properties  of  the  controlled  plant  (the  coefficients  a**)  and  the 
additional  interconnections  artificially  introduced  into  the  system  (the 
coefficients  rik).  As  regards  transducer  coupling,  it  is  artificial  and  is 
thus  specified  by  the  particular  features  of  the  technical  problem  at  hand; 
the  contribution  from  this  coupling  to  system  dynamics  should  thus  be 
elucidated  for  each  individual  case  separately.  Note  that  transducer 
coupling  is  introduced  to  ensure  a  certain  resultant  variation  of  all  the 
controlled  coordinates  as  a  function  of  variation  of  each  individual 
coordinate.  This  interrelationship  ensues  primarily  from  the  fact  that 
a  change  in  any  controlled  variable  modifies  the  setting  for  all  the  other 
controlled  variables.  However,  as  is  clear  from  the  expressions  for  A, 
system  stability  requirements  should  be  kept  in  mind  in  choosing  rih, 
since  the  characteristic  equation  A=  0  depends  on  rih. 

Let  us  consider  three  different  cases  for  3,  specifically  (1)  rih  —  0, 
a ik  =£0,  (2)  r{k  =£0,  aift=0,  and  (3)  rih  =£  0,  aik  =£0. 

Case  1 .  rik  = 0,  aih  ^ 0. 

This  case  corresponds  to  an  ordinary  plant-coupled  multivariable 
system.  From  (4.70)  we  have 

n ' =  jr  A'n  (tf,  *,  FJd  -  4,  (Kn  aeg  Wi .,+ 

+  F2nh)  +  (^3  deg  FZmV S  ref+  FsJz)>  (4.73) 


where 


and 


b]  4"^Ideg  F lm 

F 2na2\ 

F  3n°3l 

F\nQ-i2  F  i/jCt  j  3 

b2  +  K2  deg  F2m  F 2/1^23 

FsnPii  b$  -f-  Kz  deg  Fzm 

(4.74) 

4l  = 

I  ^2  +  ^2 

1  F  2rt«23 

deg^2m  F3na.2l  1 

bz  4*  ^3  deg  Fim  \  ' 

(4.75) 

^4l2  = 

1  F \nO-\2 
\  F 3no3j 

FznPzz  J 

bz  4-  Kz  deg  Fjfiz  |  ’ 

(4. 75') 

s 

II 

F  J/l®  1 2 

F  1/1^13 

bi  +  Kn  deg  F2m  | 

F 2rta23  I  * 

(4.75") 

The  closed-loop  transfer  function  (not  generalized,  so  that  ff=  0)  is 


K(p)  = 


y\jp) 

Ylref(P) 


(P)  *■  d.e  Kj W  -pfgjf f  + 

K  ( P ) 

A  3<J>) 


(4.76) 
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Let  us  find  the  expression  of  the  D- decomposition  curve  for  the  gain 
factor  /(Ideg.  The  determinant  A  is  not  affected  by  interchanging  its  rows 
and  columns.  This  transposition  will  simplify  further  manipulations, 
and  we  therefore  write  the  determinant  A'  in  the  form 


A3  — 


*1  +*.  deg^ltfi 

F  inai* 

F  lnai3 


F  2naai 

h  +  K>  deg  ^2m 
F3ffl23 


F 3fla31 
F  3rt®32 

*3  +  ^3  deg  F 3m 


(4.77) 


Expanding  (4.77)  in  elements  of  the  first  row  and  making  use  of  (4.75), 
we  obtain  for  the  characteristic  equation  of  the  system 

I^i  (P) + K\  deg  F\m  (/?)]  An  {p)  —  Fin  ip)  an  An  (p)  +  Fin  (p)  a3i  An  (/>)]  =  0, 


whence  follows  an  equation  of  the  D -decomposition  curve  for  the  gain  K\ deg 
of  the  first-loop  degenerate  equation: 


Ku«(p> 


■4l  1  ( P )  ^1  ip)  d~  FZn  ( p )  <*31^13  ( p )  —  F2n  ( p )  021^12  ( P ) 
Fim(P)  A'n  (P) 


(p=*M- 


(4.78) 


Dividing  the  numerator  and  the  denominator  of  (4.76)  by  F\m{p) An (p), 
we  find 


where 


M/0  *1  *eg+N(p)+M(p) 

YlKf(p )  -  -jjp) 


A'(n\F .  (n\ 


M(p)  =  KuCi 

<P  (p)  =  K,  Jeg 


'’i.W^nW 

A'n  (P)b  i  (P)~F2n(p)a2lA'l2(p)^F3n(p)a31A,n(p) 
'  F\m(p)An(p) 


(4.79) 


Equation  (4.79)  fully  specifies  the  dynamic  properties  of  a  three -variable 
degenerate  system.  A  similar  expression  can  be  obtained  for  a  degenerate 
system  of  n  plant-coupled  variables.  By  analogy  with  (4.79),  we  have 
for  the  n-variable  case 


Ki(p)  = 


y i  (p) 

y i  tef  ip} 


n 

V  _L  V  i  1\*  +  *  a’  /„\Fkm(P)  y^  ref(P) 

*‘**  +  2i<  1}  A‘*(p)F^ffi-T7^(P) 


*= i 


deg  *1"  Kx  deg 


(4.80) 


where 


h  (P)  4/  (P)  +  2  (-l)'+t  (P)  K*  (P) 

k—l 

_ i±i _ _ 

Flm{p)A'u{p) 


(4.81) 
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Equation  (4.81)  is  the  equation  of  the  ^-decomposition  curve  for  the 
gain  factor  Kideg  of  a  degenerate  n-variabie  system. 

In  (4.80)  and  (4.81),  Al}  (p)  is  found  from  a  determinant  of  degree  n  as 
previously  in  the  particular  case  of  a  third-degree  equation. 

Let  us  consider  expression  (4.79)  in  more  detail.  For  uncoupled 
controlled  variables, 

C£ift  =  0 


and  it  follows  from  (4.75)  that 

A\2  —  A3  —  0. 


Equation  (4.79)  thus  takes  the  form 


Kz{p) 


K 


ideg 


K\  deg  + 


blip)  * 

Fl  m  iP ) 


(4.82) 


The  denominator  in  (4.82)  is  a  sum  of  /Cidcg  plus  the  equation  of  the 
D- decomposition  curve  for  Ki deg *  The  numerator  is  Kide g  alone.  We  thus 
see  that  the  D-decomposition  curve  fully  describes  the  dynamic  properties 
of  the  system  in  this  case  / 39 / . 

Comparison  of  equations  (4.79)  and  (4.82)  shows  that  plant  coupling 
always  has  a  substantial  influence  on  the  dynamics  of  each  subsystem. 

In  the  general  case,  the  effect  introduced  by  coupling  may  be  advantageous 
(if  coupling  improves  the  dynamic  properties  of  the  given  subsystem)  or 
disadvantageous  (when  the  dynamic  properties  deteriorate  due  to  coupling). 

From  the  general  equation  of  the  transfer  function  of  an  ^-variable 
system  (equation  (4.80))  we  see  that  the  dynamics  of  the  /- th  subsystem 
cannot  be  determined  from  the  £>- decomposition  curve  alone.  The  D- 
decomposition  curve  should  be  supplemented  in  general  by  an  auxiliary 
curve,  the  system  dynamics  being  obtained  from  these  two  curves  jointly. 
As  an  example,  we  shall  calculate  the  fundamental  dynamic  properties 
of  a  two -variable  system. 

From  (4.80)  we  have  for  the  first  controlled  variable  (  n—  2) 


Kideg  iP) 


M£> 

Y\nfiP) 


Ki  deg 


F2  miP)  ^12  iP)  Y2nfiP) 
F\ miP)  A\iP)  Y\nfiP) 


Kx 


deg 


b\  ip)  A[  1  (p)  —  F2n  ( p )  A[2  ( p )  q2] 
FimiP)A'niP) 


(4.83) 


Here 


All  —  £2  +  K2  degF2 m  =  Dl  ip)  Fin  ip)  ~f-  Kl  deg  Fim  (/>)* 
—  A12  =  —  Fzn  ip)  (X21* 


Substituting  (4.84)  in  (4.83)  we  find 


is  _  F 2m  ip)  F lnq12  y 2  ref(p) 

IS  (n\  —  l±iPL _ deg  Pimip)  A HP)  ‘  r»««f(p) 

^1  deg  \P)  Yxttfip)  u  ,  Dl(p)Fln(p)N(p)  F2n(p)a2lFUl(p)  «„  * 
ldeg+  FymiP)N{p)  Flm(p)N(p) 


(4.85) 
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where 


N  ( p )  =  D2  (p)  F2„  ( p )  +  K,  d,e  F2m  (p). 


We  first  construct  the  D-decomposition  curve  for  fCidcg  assuming  uncoupled 
variables.  Thus, 


K, 


deg 


D\  {p)Fn\  (P) 
F\m  (p) 


P=j ©• 


(4.86) 


We  have  previously  assumed  that  the  stabilized  section  is  structurally 
representable  as  one  or  two  aperiodic  elements  in  series.  We  thus  choose 
the  following  transfer  function  for  the  stabilizer: 


fi niP)  X\P 

F\m  ( P )  1  -f"ti P  ‘ 


(4.87) 


The  plant  transfer  functions  for  the  first  and  second  controlled  variables 
are  chosen  from 


D,(P)  =  a'0pi  +  a'y  +  a'2p  +  a'v  I 
DAP)  =  aoP3  +  a'lP'!  +a'2p  +  a"3  j 


and 


Fin  ( p )  _  t %p 

Fim  (/O  1  +  x2 P  ’ 


We  adopt  the  following  (arbitrary)  numerical  values  of  the  coefficients: 


Tj  =  0.3  sec,  t2  =  0.2  sec, 
a;  =  0.001,  <  =  0.1,  <=  1,  <  =  1, 

<'  =  0.0001,  <  =  0.001,  <  =  0.1,  <  =  0.1, 
deg  —  5,  Ct21  =  0.5,  ref  (p)  =  Y  2  re  f{P)’ 


Figure  4.3  (curve  a)  is  the  ^-decomposition  curve  in  the  Kideg  plane 
plotted  from  equation  (4.8  6).  As  is  shown  in  §  3.  7,  the  system  dynamics 
in  this  case  can  be  obtained  directly  from  the  ^-decomposition  curve. 

We  now  plot  the  /^-decomposition  curve  and  the  auxiliary  curve  making 
use  of  (4.85).  The  equation  of  the  D- decomposition  curve  in  this  case  is 


£>i(P)Fla(p)  Wi  (j P)F2n  ip)  +  K2  deg F2m  (P)]  .  .  . 

Fun  (p)  1^2  ( P )  F „2  ( p )  -f-  /c2  Jeg F7m  (p)]  'P  J®)' 


(4.89) 


The  equation  of  the  auxiliary  curve  is 


M 


is  F2m  ( p )  c  v 

deg  F]m(p)  * Xn  ttl2 

(p)  Fni  ( P )  +  Ki  deg  Fsm  (p) 


(4.90) 


Curve  b  in  Figure  4.3  is  the  D -decomposition  curve  constructed  from 
(4.89).  The  auxiliary  curve  in  our  particular  case  has  virtually  no  effect 

on  the  system  dynamics.  Indeed,  since  is  close  to  unity  in  the 

entire  relevant  frequency  range,  the  numerator  of  (4.90)  is  close  to  Kldcg. 
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The  D -decomposition  curve  thus  provides  information  not  only  on  system 
stability  but  also  on  the  fundamental  dynamic  characteristics. 


FIGURE  4.3.  D- decomposition  curve. 


The  ^-decomposition  curves  suggest  the  following  conclusions. 

1.  The  region  of  stability  of  an  isolated  system  is  less  than  that  of 

a  coupled  system  (the  intersection  points  of  curves  a  and  b  in  Figure  4.3 
are  not  shown) . 

2.  The  positive -response  bandwidth  for  the  given  Ki  value  in  a  coupled 
system  is  substantially  greater  than  that  of  an  isolated  system,  whence  it 
follows  that  the  dynamic  properties  of  a  coupled  system  are  substantially 
better  than  those  of  an  isolated  system. 

3.  It  is  clear  from  the  preceding  that  in  the  case  at  hand  the  system 
should  not  be  made  noninteracting.  This  conclusion,  however,  is  by  no 
means  applicable  to  other  numerical  values  of  the  parameters. 

The  ^-decomposition  curves  are  tabulated  numerically  in  Tables  4.1 
and  4.2'  for  the  two  cases  being  considered.  We  see  that  must  not  be 
ignored.  In  constructing  the  D -decomposition  curve  for  K Weg,  we  put 
^2 deg =  5*  A  change  in  this  parameter  substantially  modifies  the  trend  of 
the  curve  (see  Tables  4.1  and  4.2).  The  D-decomposition  curves  should 
therefore  be  constructed  for  all  /f/deg,  the  appropriate  value  of  Kideg  being 
picked  out  in  accordance  with  the  problem  at  hand. 

The  choice  of  the  parameters  may  also  substantially  influence  the 
auxiliary  curve,  as  is  clearly  evident  from  Table  4.3.  We  see  that  in 
our  case  the  auxiliary  curve  can  be  reduced  to  a  single  point,  /Gdeg.  The 
tabulated  data  also  show  to  what  extent  the  auxiliary  curve  can  be  mani¬ 
pulated  by  an  appropriate  choice  of  system  parameters. 

Case  2.  rik=£ 0,  aik~0. 

First  let  us  write  the  transfer  function.  In  equation  (4.70)  we  collect 
the  terms  which  contain  the  factors  ylrcf,  F2tcf,  F3rcf.  Moreover,  seeing 
that  a ik-  0,  we  put  A'h,  A"2 ,  and  An  for  the  respective  cofactors  and  write 
A3  for  the  system  determinant. 
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TABLE  4.1 


(D 

0.0lp+l 

(2)XO,lp 

(3)+l 

(4)Xp 

Di(p) 

(S)+l 

0.3p 

0.3p  +  l 

(6)  x{9) 
“^deg 

*dcg 

0 

1*'°° 

0 

u'°° 

0 

1*'°° 

0 

1*/°° 

0 

0 

0 

1 

\e>'' 

0.1^9l° 

1.01*'6° 

LOl^968 

1.35*'499 

0.3*'900 

l.05*'ir 

0.286e^73° 

0385*/122° 

0.385*“  z580 

2 

0V91-5° 

l.Q2*'u‘ 

2.04^101° 

1.81^7l° 

0.6,/909 

1.175*'31' 

0.51*'599 

0.922*/130* 

0.922*- /50° 

3 

le^ 

oV929 

I.04^17° 

3,12^107° 

3,/88" 

0.9*/909 

1.35*'42° 

0.667*/48' 

2^/1360 

2*-^° 

4 

yF-5° 

0  Ae^s° 

1.07*'220 

4.28*'112’ 

4^/980 

1.2*'909 

1.57*/50’ 

0.763*/406 

3.05*/l38° 

3.05*-  /42° 

5 

le»° 

oV939 

l.l*'27-5° 

5W11™' 

5.15*'108° 

1.5*'900 

l.8le^° 

0.83e1M° 

4.28*/,42° 

4.28*-^° 

7 

\e»° 

0.7e^° 

U9e&° 

o 

§ 

1 

00 

7.7*'120° 

2.1*/909 

2.35^649 

0.893*'26° 

6.87*/i46° 

6.87*“  ■^34° 

9 

U '5° 

0.9*'95° 

t.29^440 

11.6^134° 

10.9*'l30° 

2.7^90° 

2.9*/69° 

0.93*'21° 

10.1*/151° 

10.1*-/299 

10 

1.01^5S° 

i.oi*'9S-5° 

1.35e^° 

13.5*/138° 

12.7<?/135° 

3*'909 

3.17^72° 

0.95^>189 

12.06*/153° 

12.06*->27° 

12 

l.0l5e^° 

122^/96.50 

1.49e/54° 

17.85^l44e 

17^142° 

3.6^90° 

3.75*/74° 

0.96*/ 16° 

16.3*/158° 

16.3*—  J** 

15 

l.V2e*8° 

l.53eF*° 

IJ^'630 

25.5*/153° 

24.6^1529 

4.5^90° 

4.6^78° 

0.98*/ 12° 

24.1*/164° 

24.1*“ 169 

20 

1.03^na 

2.06e*m° 

2.U>73-59 

42g/163.5<> 

41*/163° 

6^/90“ 

6.1*/819 

0.983*/9° 

40.2*'172° 

40.2*“ /8° 

TABLE  4.2 


( P )  ^ p j  t^a  (/O  /*2/i  (P)  4"  ^2  deg  Z7 2 m  (P)  —  F2n  ( P )  F\n  ( P )  ®l2a21 1 

(p)  Fn2  (p)  -J-  Ki  deg  F 2m  (p)  —  Fn j  ( p )  a2( 


0) 

Dx(p) 

DAp) 

*1  *g 

0.2  (p) 
^2<'> 

0.2P  +  1 

FmM 

(3)  X  (5) 
D2(P)Fni(P) 

5x(6) 

0.5x(5) 
Fn2<P>  °2i 

-Pn2(P)a2i 

Denomi¬ 
nator 
(10) +(M) 

^.deg 
(4):  (11) 

<7>+(8) 

0 

leJ°° 

0.1*/°° 

0 

0 

l*/9® 

0 

5*/0° 

0 

0 

5*/9° 

0 

5*/0° 

1 

1.35*/49° 

0.135*/49° 

0.385e-/38° 

0.2*/ 99° 

i.03*/n8 

0.027 */139° 

5.15*/H8 

0.1*/90° 

O.le” /96° 

5.12*/19° 

O.075*-/680 

5.i5*/n° 

2 

1.8ltf/71° 

O.lSIc/7!0 

0.922*  “Z500 

0.4*/90° 

1.085*/21.5° 

0.0722*/181° 

5.425*/21-5® 

0,2*/ 90° 

0.2*~ /9°° 

5.25* /20° 

Q.9e~J^ 

5.37*/22° 

3 

3^/88° 

0.3c/88° 

2*-/440 

0.6*/"0 

1.175*/31b 

0.18*/ 178° 

5.875 */31° 

0.3*/90° 

0.3* -/9°B 

5. 62*/ 28° 

2.355*“/42° 

5.75*/31° 

4 

4^/98° 

0.4c/98° 

3.05*  “/42° 

0.8*/90° 

1.29*/4*° 

0.32*/ 188° 

6.45*/4l° 

0.4*/99° 

0.4*-/906 

5.9*/4®0 

3,518*— /42° 

6.2*/430 

5 

5.15«/l98° 

0.515*/ 198° 

4.28  *-/38° 

l*/90° 

1.42*/45° 

0,515*/ 198° 

7.1*/43s 

0.5*/ 99° 

0.5*" /90° 

6.4*/48e 

5.67e-/4,° 

6.7e/46° 

7 

7.7^/120° 

0.77*/120° 

6.87*-/34° 

1.4*/ 99° 

1.73*/55° 

1.08*/210° 

8.65*/35° 

0.7*/99° 

0,7*— /99° 

7,l*/33° 

7.97*-/49° 

7.65*/38° 

9 

10.9c/ 136° 

1.09*/ 139° 

10.1*”  /29° 

1.8*/99° 

2.07*/69° 

1.96*/220c 

10.35*/69° 

0.9*/99° 

0.9*- /90° 

7,7S*/62° 

10.3*-/41° 

8.53*/65° 

10 

12.7e/l35° 

1.27*/ 133° 

12.06*”/27° 

2*/90® 

2.23*/63° 

2.54*/223° 

11.15*/63° 

l*/90a 

1*— /90° 

7.75*/64° 

12.56*-/41® 

8.7*/«7° 

12 

17c/142° 

1.7*/H2° 

16.3*” /22° 

2.4*/90° 

2.62*/670 

4.08*/232o 

l3.1*/67° 

1.2*/99° 

1.2*  — /99° 

8. 2*/ 79° 

17.99*— /42° 

9.25*/ 730 

15 

24.6c/152° 

2.46*/ 132° 

24.1*”/16° 

3*/90° 

3.17*/72® 

7.37*/ 242  ° 

15.85*/72° 

1.5*/99° 

1.5*  — /99s 

7.3*/77° 

3.3*— Z430 

8.7*/®9° 

20 

4.1*/163® 

40.2*  ”/8° 

4*/90° 

4.1*/76° 

16.4*/253® 

20.5*/76° 

2*/90° 

2*-/90° 

2.4*/86° 

83.8*— /44° 

4.4*/88° 

110 


TABLE  4.3 


(0  (II) 

*i  d«e  —  ■ 

ldee  IW)'’*  O’) 


(0 

(i) 

'W» 

'W* 

~F2 n  </J)a2l 

-11 

(5)X(6) 

Numerator 

(D-(ii) 

(2)+(7) 

Denomi¬ 

nator 

(8) 

(9) 

(10)- 0.2 

mm 

(10)-*ldeg 

0 

5.0 

1*'°° 

1*'°° 

le>»° 

0 

0 

5*'°° 

5*'°° 

1*'°° 

5.2*'°° 

1 

5.0 

1.03*'“° 

1.05*'l7° 

0.98^-^6° 

O.me-J960 

5.1*'I0° 

5.12*'10° 

1*'°° 

5.2*'°° 

2 

5.0 

1.085^215° 

I.175^31° 

0.92&r>9-5° 

0'2e-J*>° 

1 

•-> 

1 

3 

0 

5.32*'I9° 

5.25*'"° 

I.Ol*'*0 

5.202*'r 

3 

5.0 

1.175e'3l° 

1.35*'42° 

0.872«”^n° 

0 

O.261*“^100° 

5.6*'"° 

5,62*'28° 

l*'1’ 

5.2*'>° 

4 

5.0 

l.29<?'41° 

1.57*'500 

0.822^’^ 

0.4e-^° 

0.329*“ 'M° 

5.9*'«° 

5.9*'40’ 

1*'*° 

5.2*'*° 

5 

5.0 

1.42*'*° 

l.Sle'560 

0.785e“^u° 

0.5e-^° 

0.392*“ '101° 

6.4*'47° 

6.4*'430 

1*'4° 

b.2elv 

7 

5.0 

1.73*'550 

2.35*'640 

0.736*  ~^9° 

0.7e~J90° 

0.514*“'"° 

7.2*'5*0 

7-1*'55’ 

1.01*'1’ 

5.202*'10 

9 

5.0 

2.07^60° 

2V690 

0.715*“ '9° 

0.9*-'90’ 

0.642*“'"° 

7.85*'64° 

7.75*'62° 

5.202*'*° 

10 

5.0 

2.23e^° 

S.17^720 

0.703*“  ^9° 

0.703*“'"° 

S*'65” 

7.75*'640 

I.03*'10 

5.206*'*° 

The  determinant  is 

given  by 

Aa  = 

*1  +  deg  F lm  deg^lm^  Kf  deg^lm'n 

Fi  deg  ^2mr2l  ^2  4~  ^2  deg'* 2m  ^2  deg^2mr23 

f(*  deg  ^3mri\  K3  deg  ^ 3mr 32  ^3  4*  Fi  deg  ^ 3m 

:  (4.91) 

to  find  ^we 

first  write  the  transpose 

4=| 

4”  ^1  deg  ^im  ^2  deg^*2m^21  ^3  deg  3/n^* 31 

Ki  deg^'lm''l2  b2  +  K2  deg^m  *3  deg^’3mr32 

deg  ^im^is  ^2  deg  23  b3  4~  ^3  deg  ^ 3m 

|.  (4.92) 

whence 

*><  I  h  4“ ^2  deg^2m  ^3deg^3mr32  j 

11  1  ^2  deg ^2rnr2Z  ^3  4“^3  deg^m  r 

(4.93) 

.»  1  K]  deg  ^lmrl2  ^C3  deg  ^?3m7‘32  j 

An  ~  1  K>  deg/W.3  b3  4-/C3  deg^m  |  * 

(4.93’) 

j”  _ 1  ^1  deg F imrl3  b2  4'^2deg'?2m  1 

1  K\  deg  F\mr\3  K2  deg  ^2m^23  1 

(4.93") 

Equation  (4.70)  reduces  to 

^1  ==  "T#-  deg-^lm  -^12^2  deg^* 2mf“2l  ~f~  -^13^3  dec^*3/n^ 3l]  ^1  ref  4“ 

A3 

“I"  [^llATldeg  F l mr  12  A.Y1K2  deg  F 2 rn  H h  -^13^3  deg F 3m  7* 32]}^ 2ref~ J- 

4“  [-4ll/Cl  deg^lmr  13  —  deg^2wir23  +  i4l3^3  deg  /73m]^3rcf  + 

H-^u^ib/i  — i4l2/72fl/2  +  >4i,3/:,3n/3).  (4.94) 
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The  transfer  function  (ignoring  the  load)  is  written  as 

jjl  (P)  Al^l  deg  F\m  ( P )  -^12^2  deg^2m  (P)  r21  4~  AlzKj  deg  ^3 m  (P)  r 31 

Aref(P)  ^  . 

,  Al  A  deg  Am  (P)  r12  ~  ^12^2  deg  Am  (P)  4~  AaA  .deg  A m  (P)  r 32  Arcf(P)  , 
*J  '  Aref<P) 

,  AlA  deg  Am  (P)  r  13  ~~  A2A  deg  A m  (g)  r23  4“  A3A  deg  Am  ( P )  Y 3  ref  (P) 

^  A"  ‘  K !  ref  (P) 


(4.95) 


Transposing  the  determinant  (4.91)  and  expanding  the  transpose  in 
elements  of  the  first  row,  we  find 


A3  —  (&l  4“  Kl  deg  Am)  Al  — Kl  deg/r2mr2li4i2  4“  A^3  dcg/*'3m/‘3ii4i3. 


(4.96) 


The  elements  of  the  first  columns  in  Al2  and  A 13  are  multiplied  by  Kue g. 
Taking  this  factor  outside  the  determinant,  we  write 


An  =  Kl  dee  A2.  A 13  =  Kl  dee  ^13- 


(4.97) 


Making  use  of  (4,96)  and  (4.97),  we  write  the  transfer  function  (4.95) 
in  the  form 

Vl  ( p )  A  deg  [Al  (P)  Am  (P)  ~  A  deg  Am  (P)  r2lAl2  (P) 4~A  deg  Am  (P)  r31^l3  (P)]  ■ 

V' ref  ”  Mil  (P)  +  Kl  deg  [Am  ( P )  AU  (P)  ~  A  deg  Am  (P)  r2l  Al2  (P>  4"  -* 

->+AdegA«(P>'3lA3(P)] 

.  Vitcf{p)  A  deg  \Ah(P)Klm(p)rl2~K2<i^2m(P)Ai2(P)+K3d^rn(p)r3,2Au(p)\ 

Yi  ref  (P)  X  K  deg[Flm(p)All(p)-K2iegF2m(p)r2lAl2(p)  +  -> 

“►  4"  A  deg  Am  (P)  r 31  A3  (P)] 

I  ref  (p)  y  A  deg  [  Al  (P)  Am  (P)  rl3 —  A  deg  Am  (P)  r23  A2  (P)  4~  A3  (g)  A  deg  Am  W]  (4  98) 

ref  (p)  MllO>)+ A  deg  [  Am  <P>  <P)  ~  A  deg  Am  <P)  r21  A2  <P>  4“ 

4~  A  deg  Am  (P)r3lA3  (P)] 

Dividing  the  numerator  and  the  denominator  of  (4,98)  by 

Am  (p)  A'h  (p)  —  K2  deg Fim  (p)  ruAn  {p)  4-  Kz  deg Am  {p)  r3iAl3{p) 


and  putting  p  =  j®}  we  find 


k  p * 

* 1  dee  "q7 


A  ref  (y0)  A  deg  4*  DKX  0©)  A  deg  4"  (/’©)  A  reft/©)  A  deg  4"  DK,  (7©)  A  ref  (7©) 


■  *'  ^  Q.  Aref<7©)  (4  99) 


where 

Pi  =  4u  (yo)  Am  (yo)  rl2  —  /G  deg  Am  (yo)  i4i2  (yo)  + 

KzdegFzmU®)  A\3(j(d)  m, 

Ql  =  Flm  (y"«)  -4n  (yto)  —  /G  deg  Flm  (y©)  P 21-4]2  (yo)  4- 

4~  Kz  deg  Fzm  (yo)  r  13^13  (jm] . 

Pz  —  An  (yo)  Pim  (yo)  n3  —  /G  deg  Fim  (yo)  r23Ai2  (yo)  4- 

4“  Kz  deg  Fzm  (yo)  v4i3  (/(£>), 

Q2  =  Pim  (yo)  i4n  (yo)  —  /Gdeg^m  (yo)  r2i^i2  (yo)  4- 

+  AT3  deg  Pam  (y«)  Pl3^13  (y®)- 
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Here  Dk ,  (yo>)  is  the  equation  of  the  D  -decomposition  curve  for  Kueg  with 
its  sign  reversed,  defined  by  the  equation 


/Ci 


deg 


_ _ 

F\m  —  deg  F2m  U®)  r 21^12  O®)  + 

+  ^3  deg  FZm  U®)  r 31-^13  U®) 


(4.100) 


The  first  term  in  the  right-hand  side  of  (4.99)  determines  the  dynamic 
properties  of  an  isolated  servosystem.  These  properties  can  be  found 
from  the  D-decomposition  curve  (4.100).  Subsequent  terms  specify  the 
influence  of  other  servosystems  on  the  one  being  considered.  Since  the 
system  is  linear,  the  effect  of  extraneous  servosystems  can  be  found  by 
superposition.  All  terms  in  the  right-hand  side  of  (4.99)  have  a  common 
denominator,  and  the  D-decomposition  curve  DK ,  (y'w)  is  thus  applicable 
to  all  the  components.  It  therefore  suffices  to  perform  geometrical 
addition  of  the  auxiliary  curves  only. 

In  the  general  case  of  an  ^-dimensional  servosystem,  the  dynamics  of 
the  i-th  servo  is  found  from  the  general  equation 


YiU®) 
YiKt  (M 


Kl  deg 

deg 


fed 


jWM 

YlredM  ’ 


(4.101) 


The  functions  g [i4« (/co) r**]  are  obtained  as  previously  for  a  three- 
dimensional  servo.  The  expression  in  brackets  in  (4.101)  is  the  auxiliary 
curve  for  the  general  case  of  an  w-dimensional  servosystem.  Having 
constructed  the  D-decomposition  curve  for  Kilie g  and  the  auxiliary  curve, 
we  can  choose  the  appropriate  gain  /^/deg  which  ensures  system  stability 
and  desired  quality. 

Some  general  conclusions  concerning  the  dynamics  of  this  class  of 
structures  can  be  drawn  from  (4.99)  and  (4.101). 

1.  The  auxiliary  curve,  representing  the  contribution  from  extraneous 
servosystems,  may  raise  the  crossover  frequency  of  a  closed-loop  i-th 
servo  at  constant  gain.  This  is  obvious  from  Figure  4.4,  where  a>i0  is  the 
crossover  frequency  of  gai-n  in  an  uncoupled  system,  CO20  the  crossover 
frequency  for  the  same  gain  Kfldeg  in  a  system  with  the  auxiliary  curve 
shown  in  the  figure.  Hence  follows  a  very  important  conclusion:  the 
dynamic  properties  of  each  Mh  servo  in  a  multidimensional  servosystem 
can  be  better  than  those  of  an  isolated  i-th  servo. 


FIGURE  4.4.  Estimating  the  crossover  frequency. 
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2.  The  dynamic  properties  of  each  component  servo  can  be  adjusted 
by  an  appropriate  choice  of  variation  of  the  reference  values  Ykte{.  We 
see  from  (4.101)  that  the  auxiliary  curve  of  the  i-th  servo  is  substantially 
dependent  on  the  variation  of  F*tefof  all  the  other  servos.  This  in  a  sense 
provides  a  sort  of  control  coupling,  and  in  certain  cases  a  sequence  of 
Y kK{  values  can  be  programmed  in  advance  to  ensure  the  desired  quality 
characteristics  of  the  i-th  controlled  variable. 

As  an  example,  we  calculate  a  two-dimensional  servosystem,  which 
illustrates  the  procedure  and  also  validates  the  above  conclusions. 

From  (4.99)  we  have  for  the  transfer  function  of  a  two-dimensional  system 

Kx  d  M  r\2~  ^2  deg F2m  (g)  A\2  ( P ) 

_Y_(P)  _  *1  deg  ■  1  deg  Firn  (P)  An  (P)  —  *2  deg  Y2m  (p)  r2lA"2  (p)  Y2tci[p) 

YUef  (P)  *1  deg  +  DKx  (P)  deg  +  DKl  iP)  *  I'lref  (^)  * 

Here 

A\\  —  fa  +  Kl  deg  ^2 mi 
An  =  K\  deg  P\mf\2y 

Die  (D)  = _ D'  —  F%n [EL  1^1  iOH de6  (/’ll 

F\m  (P)  1*2  (P)-\~K2  deg  F2m  (P)]~K2  deg  F in  (p)  riXFXm  {p)  r,a  ’ 

/?=/© 

bi  =  a0p3  -f-  a-if2  +  a2P  4-  <h* 
h  =  *oP*  +  a[P7  +  a'2P  +  a'v 
ao  =  O.00l,  aj ~0.1,  a2=l,  03  =  1, 

<z0  =  0.0001,  a[  =  0.001,  a' =  0.1,  ^  =  0.1, 

r\2~  r2l  —  0.2, 

Cjj  —  ttj] =  0.5. 

Figure  4.5  plots  (a)  the  D -decomposition  curve  for  r12=r21  =  0.2,  (b)  the 
D-decomposition  curve  for  ri2=r2i=0.5.  Figure  4.6  shows  separately  the 
auxiliary  curves  for  r12=0.2  and  r12=0.5. 


it  lmKideg 


FIGURE  4.5.  D- decomposition  curve. 


The  various  curves  indicate  that  as  the  degree  of  coupling  increases, 
the  ^-decomposition  curve  becomes  more  favorable:  the  range  of 
values  corresponding  to  a  stable  system  increases,  and  the  crossover 
frequency  for  the  same  Kldeg  is  higher.  Furthermore,  in  a  coupled  system, 
the  auxiliary  curve  can  be  modified  by  appropriately  changing  YiKf. 

I fTl  Hj  (jCg 


(a)  rl2=  0.2,  (b)  r„  =  0.5. 

Case  3.  The  general  case  rik  =?=  0  and  a,-*  =f=  0. 

System  calculations  and  choice  of  parameters  in  accordance  with 
quality  specifications  can  be  divided  into  two  separate  stages,  putting 
first  rik  =£  0,  aift=0  and  then  rih  =  0,  a, **=£(),  and  adding  the  results.  The 
parameters  are  chosen  so  as  to  ensure  the  desired  system  dynamics 
with  a  view  to  the  task  at  hand  (designing  a  servosystem,  stabilizing,  etc.). 


(b)  INTEGRAL  SYSTEMS 

We  shall  establish  how  the  expression  for  the  /- th  controlled  variable 
changes  when  integrating  control  is  introduced  in  each  loop  and  derive 
working  formulas  for  system  analysis  and  choice  of  fundamental  parameters. 

We  have  previously  obtained  an  expression  for  the  /- th  controlled 
variable  in  an  integral  multivariable  system.  This  expression  is 


f  n 

Y,  (P)  =  x  (->  )P+/  Aj  (P)  (p)  2  rp*K*«,0>)  + 

A<=1 


+  (fp  (P) + K„K  „  gp  (p))  f„  (/>)] } . 


(4.50) 
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As  in  the  case  of  proportional  systems,  we  assume  that  the  configuration 
remains  structurally  stable  as  the  gain  increases  indefinitely.  In  other 
words,  condition  (4.2)  is  again  satisfied.  Stabilization  is  provided  by 
passive  elements  meeting  condition  (4.55). 

We  now  derive  an  equation  for  the  /- th  controlled  variable  assuming 
sufficiently  large  gain  for  the  stabilized  section.  Dividing  (4.42)  by  Kt  st 

and  putting  —  —  mi  we  obtain  (making  use  of  nomenclature  (4.41)) 

*\i  st 

Mfli  ( P )  Yt  ( P )  +  b,  ( p)Y I  ( p )  +  K,  deg  Fmi  ( P )  Yi(p)  + 

+  KtinFmt(p)  yirtsVk(p)  +  mlcl(p)  2  aitKt  (/>)  + 

b  ft=l  k= 1 

k=fl  k=£i 

+  K,g,  (p)  ±<xltYt  ( p )  =  K,  deg  Fmi  (p)  Y„„  ip)  + 

k  *»  1 

n 

+  Kt  dcg  Fml  (p)  S  r ,hY tKt  (p) + rn.fi, ,  (p)  f,  ( p ) + K,g,  ip) /,  ip) 

k  1 
k^l 

(<  =  1.2. . n  K,^-=-^f).  (4.102) 

Let  the  auxiliary  equation  (which  may  be  of  first,  second,  or  third  kind 
in  this  case)  satisfy  the  stability  conditions.  It  thus  suffices  to  ensure 
stability  of  the  degenerate  equation  and  to  choose  its  parameters  in 
compliance  with  system  quality  specifications.  The  point  is,  that  in  a 
stable  system  with  sufficiently  large  /C*st  ,  the  quality  of  the  entire  system 
is  completely  determined  by  the  degenerate  equation. 

The  set  of  degenerate  equations  is  derived  from  (4.102)  by  putting  m*  =  0. 
We  have 

\b,  ip)  +  Kt  deg  Fml  </»]  Y i  ip)+K,  dcg  Fml  ( p )  J)  rlk Y„  ip) + 

+  K,g,  ip)  jka,„Ytip)  =  K, ddg Fm,ip)Y Mip)  + 

+  K,^Fimip)  S  ritiP)Yktttip)+K&,{p)f,(p) 

(<  =  1,  n).  (4.103) 

In  matrix  form  equations  (4.103)  are  written  as  follows: 

AY  =  K^FmY„t  +  BY,cl  +  NF, 

whence 

Y  =  A-'\K^FmYre,+  BY,tl  +  NFl 

where 

^i(/04”  ^Cideg  P\m  (p)  ri2  4"  •••  %l  deg^mt  {p)r\n‘\m 

"4"  deg  Lnl  (P)  +  Klgi  {P)Un  4“  (P)  <*i/i 

^2  deg  Pirn  ( P )  r3l  4"  *8  ( P )  +  deg  F m2  ( P )  ^2n  4* 

4"^2ifa  (p)  ®2i  4“Ka  deg^ma  (P)  •••  4-  a£a  (p)  &2n  ’  (4.106) 

%n  deg  ^nm  ip)  rn\  4*  •  •  •  •  •  •  h  i.P)  4" 

4"  Kngn  (P)  4"  Kt  deg  Pmn  ( P ) 


(4.104) 

(4.105) 


116 


K^F„ 


B  — 


■^1  deg  fffll  (?) 

0 

o 

0 

dcg^*ms 

IP)  ...  0 

0 

0 

Klr,f(p) 
^2  ref (P) 

...  Kn  deg  (P) 

y,.- 

Yn;*dP) 

t 

0  K\  deg  1<?mi  (P)  r 

12  « •  •  deg  F mi  (p)  r \n 

mi  iP)  r 21 

0 

...  Ka  deg  P/ni  ( P )  rin 

mn  ( P )  rn\ 

... 

...  0 

(4.107) 


(4.108) 


(4.109) 


Kxgdp)  0 

..  0  I 

N  = 

0  Kigi(p)  * 

..  o 

and 

0 

KngniP)  1 

(4.110) 


/.(/>) 

h  (p) 


In  O’) 


(4.111) 


The  inverse  A~]  is  obtained  by  the  previously  outlined  method  from  the 
transpose  4,-.  Inserting  for  the  matrices  in  (4.105)  their  expressions 
(4.106)  —  (4.111)  and  multiplying,  we  find 


Y — 


2<-i 

j= i 


(KjPm]£rJtrtrt  +  Klg,u'j 


2(->  r*1**) 


^ ’ Kj^rn J  2  rjkYk rcf”f"  Krtgnfn^J 


where  all  r«  =  1 . 

Hence  for  the  /- th  controlled  variable 


Yj  =  ~  S  An  Kfm  S  ri>Y" r  *  +  Kjgjfi 


(4.112) 


(4.113) 


The  structure  of  (4.113)  is  identical  to  that  of  the  equation  of  the  j- th 
controlled  variable  in  a  proportional  system.  The  only  difference  is  in  the 
explicit  expressions  of  the  operators  in  (4.69)  and  (4.113).  It  is  thus 
unnecessary  to  repeat  the  previous  manipulations  described  in  detail  for 
proportional  control  systems.  Integral  systems  can  now  be  investigated 
and  calculated  using  equation  (4.80)  with  appropriate  expressions  inserted 
for  the  operators  from  (4.113). 

As  an  example,  we  proceed  with  a  calculation  of  a  two -variable  integral 
control  system.  Here  aik  =h  0,  rih= 0;  we  thus  start  with  working  formula  (4. 8  3). 
Here 


^1  deg 


K\  deg  • 


^2miP)  A'l2  (P)Y2k{(P) 
Fim(P)  (P>  Yncf  </>) 


bx  (P)  An  ( p )  -  F7„  (p)  Al 2  {p)  o21 


Ki 


deg 


FlmiP)A[,  (p) 


(4.83) 
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Remembering  that  we  are  dealing  with  an  integral  system,  we  will 
determine  the  expressions  for  all  the  operators  entering  (4.8  3).  For 
simplicity  a  lagless  system  is  assumed,  and  making  use  of  nomenclature 
(4.41)  we  obtain  in  the  integrating  case 

bi  —  Ri{p)pDi  (p) F nl  (/>), 

An  =  b2  (p)  -+*  Ki  deg  F2m  (p)  =  R2  {p)  pD2  (/?)  Fn2  (p)  -J-  K2  deg  F2m  (p), 

A\2  =  —  F2na2\. 


Substituting  in  (4.83),  we  find 


deg 


_  L{p)~N{p) 
~  <P  <P) 


where 


L  (P) - K\  deg  • 

N  (n\  =T  W  .  - _ ^3fl  (p)  <*21 _  1*2  ref  (p) 

KP)  /*!  m  (P)  (P)  D,  (p)  p^na  (P)  +  K2  deg  ^am  (p) *  K,  ref  (p) ' 


<P  (P)  =  deg 


#1  (P)  P£>l  (P)  fgl  (P)  ~  F7n  (M  0|2 
^lm(P)  1^2  (P)  £>2  (P)  ^ nt  (P)  P  +  deg^Sm  (P)  * 


The  equation  of  the  ^-decomposition  curve  for  Ku^  is 


_ _ El  V®)  D'  W  W  Ja  ~  F*n  (J®)  <*12 

1  dcg  F\m  (M  [*2  (yco)  Ds  (y<D)  Pfl2  (yco)  7(0  +  k2  deg  F*m  (M  • 

For  the  sake  of  simplicity  we  put 

Rt  (»=i, 

—  1  +  T/P» 

F/n  =  T;/7. 


The  calculations  are  then  continued  as  for  a  proportional  control  system. 


§4.3.  STRUCTURES  WITH  SEVERAL  STABILIZERS 

Stabilizers  using  passive  elements  have  the  obvious  advantage  that 
technically  their  design  and  construction  involve  neither  fundamental 
nor  practical  difficulties.  On  the  other  hand,  it  is  clear  from  the  preceding 
and  from  the  very  nature  of  the  passive  elements  that 


ft  i  fiti  ^  0 , 


so  that  the  self-operator  of  the  stabilized  section  of  the  loop  cannot  be  of 
degree  higher  than  two. 

It  is  shown  in  /39/  that  in  single -variable  control  systems  a  single 
stabilizer,  though  possibly  ensuring  infinite-gain  stability,  is  insufficient 
for  high-quality  operation.  This  is  so  because  the  degenerate  equation  is 
of  a  high  degree  and  the  dynamic  properties  of  the  system  are  inadequate. 
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Systems  of  rational  structure  considered  in  / 39/  possess  infinite-gain 
stability  and  an  unlimited  closed-loop  positive -response  bandwidth.  In 
cases  when  the  initial  single -loop  system  is  described  by  an  equation  of 
higher  than  fourth  degree,  the  desired  structure  is  generated  by  intro¬ 
ducing  several  stabilizers  using  passive  elements. 

In  this  section  we  generalize  the  preceding  results  to  the  case  of  v 
stabilizers  in  the  system.  Owing  to  the  inclusion  of  numerous  stabilizers, 
the  system  now  constitutes  a  multiloop  structure  in  each  controlled  variable 


FIGURE  4.7.  A  multiloop  subsystem. 


Figure  4.7  is  a  block  diagram  of  the  layout  for  the  i-th  controlled 
variable.  In  the  derivation  of  the  general  equation  we  allow  for  coupling 
through  the  plant  and  the  measuring  devices.  By  putting  subsequently 
rik—  0,  we  will  obtain  the  equation  of  an  ordinary  plant -coupled  multi¬ 
variable  system. 

We  assume  that  the  v  elements  whose  gain  can  be  made  sufficiently 
large  are  stabilized;  part  of  the  measurement  device,  part  of  the  controller, 
and  the  plant  are  not  stabilized.  The  set  of  equations  describing  the 
behavior  of  the  i-th  controlled  variable  in  this  system  is  the  following. 

The  plant  equation: 

Ot  {p)  y;  -  |a  lkrk + f] .  (4.114) 

*V*  -I 

The  equation  of  the  unstabilized  part  of  the  controller: 

=  (4.115) 

The  equations  of  the  v  stabilized  elements  in  No.  1  configuration  /39 / : 

ft  \NifFpmi  +  Kt  pf.ipl  X^fl  KtpFmtpXn-  (4.116) 

P<=1  P=1 

The  equation  of  the  unstabilized  part  of  the  measurement  device: 

Qt  (P)  Xu  =  6 J Yt  Kf  -  Yt  +  S  rlk  (V k  ref  -  Yh)  .  (4.117) 

k^i 
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Eliminating  Y'h  Xix,  and  Xn  between  (4.114),  (4.115),  (4.116),  and  (4.117) 
we  obtain  after  simple  manipulations 

{ R,  ( p ) D, ( p )  Q,  (p)  n  |A?,P ( p )  Fmtp  (p)  +  KieFH,p(p)\-\- 

\  p=  1 

_V  \  V 

4  Kpfit  n  KipFmi  (p)  K,  +  R;  ( p )  Qt  ( p )  II  \x iP  (p)  Fm{p  (p)  4 


4  KipFmpip)]  2  +  nA  ft  KipFmip  2  == 


=  AAA  FT  KlpF  mip  (p)Y i  ref 

P=1 


4  AAA  II  KlpF mip  (p)  2  r iiX h  ref  4 

P=1  ft=l 

k*t 

4-  Ri  (p)  Qi  (p)  n  Wlp  (p)  F mip  (P)  +  KlpF  nip  (p) I  h- 


(4.118) 


Putting  i—  1,2,...,  we  obtain  the  complete  set  of  equations  describing 
this  multivariable  control  system. 

An  ordinary  plant-coupled  multivariable  system  is  obtained  by  putting 
rih=  0  in  (4.118).  Thus 

{ R,  (p)  D,  (p)  Qi(p)  n  [W<p (P) Fml p (p)  +  Kifn^p)]  + 

'  P=1 


4  AAA  II  KtpF mip  (p)  |  Y t  + 

p=i  J 

+  Ri  (P)  Qi  (P)  n  [Nie  (P)  Fmi,  (p)  +  KlpF*,,  (p)]  £  alkYt  = 


- KlPfil  IT  KlpF lmfy I  ref  — 1“ 

P=1 

+  R,  (P)  Q,(P)  n  [W,p  (p)  Flm p  (p)  +  KipF„ie  (p)]  f,. 

P=1 


(4.119) 


The  following  notation  will  be  needed  if  we  are  to  write  (4.118)  in  matrix 
form: 

Ki  (P)  ^i  {p)  Qi  (p)  H  [Nip  (p)  Fmip  (p)  -f-  KipF „ip  (/>)]  —  at  ( p)t 

p=i 

V 

au  —  (p)  +  Ki  tot  II F mip  ip)* 

p=i 

II  ^mpf(jP)  =  £*(/>), 

P=1 

V 

KiH fit  H  Kip  =  Kiwi* 

p=i 

v 

Kl(p)Ql  (P)  II  [Kip  {p)  Fmip  (p)  4  KlpF  nip  (p)]  =  bl  ip). 

P-1 

Equations  (4.118)  are  thus  rewritten  as 

U(P)  +  Kt  n  Fmt p  (p)l  Y ,  +  bt  (p)  2  altY„  = 

L  p=i  J  *=i 


The  matrix  form  of  (4.119)  is  thus 


AY  =  Kt0{y^+BFy 


(4.121) 


whence 


where 


r  =  A-'lKo£VK<  +  BFl 


01, 

...  bialn 

b2a2l 

^22  . .  •  b2  a2n 

bJaJi 

aii  bJaJn 

bnttn: 

...  a„n  I 

Y’i  rcf 

Ko&Y Kf  — 

Knto&nYfi  Kf 

BF  = 

bnfn 

(4.122) 


The  inverse  A ^  is  calculated  as  before. 

Since  equation  (4.122)  has  the  same  form  as  equation  (4.121),  we  can 
directly  write  the  equation  for  the  /- th  controlled  variable: 


i (- 1 1  y +p aj>  « n + k ip) l 


Assuming  that  all  (with  the  exception  ofp  =  /)  are  known  numerical 
values  and  that  K/rcfis  the  input,  we  obtain  the  following  expression  for  the 
transfer  function  for  the  /-th  controlled  variable  (taking  /  =  0)  : 


Y ,  ( p )  l  -JL 

~~Yjlc[  ~  a  ^  *0 JuL  (P) 


«  ‘  V  1 

AK/rcf  2  (  ^  P  A  jp  Kp  tot  JJ  Pmpk  (P)  Y k  rcf  = 

p=i  k=i  J 

P¥>J 

=  t\A>J  ip)  U  FrnjkK)  ,0,  -f- 

i  A=I 

n  V  ) 

Yjref  ^i(  (  ^  P  AfoKpioi  JJ  F mpk  (j>)  Y k  tcf  I . 


(4.123) 


This  generalization  can  be  interpreted  as  follows.  Since  the  stabilizers 
use  passive  elements  where  the  degree  of  p  in  the  numerator  (m)  is  invariably 
less  than  or  equal  to  the  degree  of  p  in  the  denominator  (m*),  i.e., 
the  stabilized  section  in  a  system  with  a  single  stabilizer  can  be  described 
by  a  differential  equation  of  not  higher  than  second  degree.  Our  generaliza¬ 
tion  lifts  this  essential  restriction.  It  is  proved  that  the  stabilized  section 
can  be  described  by  a  differential  equation  of  any  degree,  provided  that 
not  one  but  n  stabilizers  are  introduced.  The  number  of  stabilizers  n 
depends  on  the  degree  of  the  equation  describing  the  stabilized  section. 

If  the  degree  of  this  equation  is  v,  the  minimum  number  of  passive -element 

stabilizers  for  this  loop  is  n  —  ^. 
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Chapter  Five 

COMBINED  MULTIVARIABLE  CONTROL  SYSTEMS 

§  5.  1.  INTRODUCTORY  REMARKS 

Combined  multivariable  control  systems  are  automatic  control  systems 
with  plant  and  load  coupling  between  the  various  controlled  variables. 

All  loads  act  as  disturbances  on  all  controlled  variables. 

The  present  analysis  of  combined  control  systems  is  based  on  two 
principles,  the  Watt  —  Polzunov  principle  (or  the  principle  of  control  by 
deviation)  and  the  principle  of  load  control. 

A  simple  problem  to  be  considered  at  the  outset  is  the  choice  of  rational 
structure.  In  ordinary  plant -coupled  multivariable  systems  the  choice 
of  structure  reduces  to  the  determination  of  stabilizer  properties  and 
points  of  stabilizer  connection  to  the  network  that  meet  certain  quality 
and  functional  specifications.  In  combined  control  systems  one  is 
additionally  concerned  with  the  transducer  through  which  disturbances 
are  introduced  into  the  control  loop  and  with  the  connection  of  its  output 
to  the  system. 

Aside  from  the  requirements  for  ordinary  multivariable  control  systems, 
we  should  consider  certain  invariance  aspects  of  the  structural  properties 
of  these  systems.  Invariance  is  dealt  with  in  a  special  chapter. 


§5.2.  TRANSFER  FUNCTIONS 

Figure  5.1  is  a  block  diagram  of  a  combined  control  system.  No 

restrictions  are  imposed  on  the  elements.  The  stabilizer  chosen 

so  that/Cci  may  increase  indefinitely.  In  general,  it  follows  from  the 

results  of  Chapter  Four  that  if  is  such,  that  the  stabilizer  should  have 

n,>mt,  Ri(p)  can  be  structurally  partitioned  and  several  stabilizers 
introduced;  this  approach  will  not  affect  the  fundamental  results.  For 

this  reason  the  transfer  functions  and  are  structurally  of 

very  general  character. 

So  as  not  to  restrict  the  generality  of  our  analysis,  a  section  of  the 
loop  with  a  transfer  function  y  is  left  unstabilized.  No  restriction  is 
imposed  on  this  transfer  function  at  the  present  stage,  but  later  on  it  will 
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turn  out  that  the  parameters  of  the  unstabilized  element  should  be  chosen 
so  that  the  degenerate  equation  remain  stable  as  Kci-+oo.  The  sum  of  all 
load  disturbances  applied  to  the  plant  constitutes  "the  input  of  this  element. 

The  transfer  function  is  unknown  at  this  stage,  and  it  is  therefore 

immaterial  at  what  particular  point  of  the  main  control  loop  the  output  of 

the  transducer  ?ni is  delivered. 

“mi  \P) 


FIGURE  5.1.  A  combined  control  system. 


Our  problem  is  the  following:  given  a  certain  quality  criterion 
or  a  certain  desirable  property  of  the  combined  control  system, 

choose  the  transfer  function  ^ in  compliance  with  the  properties 

of  the  section  between  the  transducer  output  and  the  plant  input, 
where  the  load  disturbances  are  applied.  Once  the  sought  property 
of  the  transducer  has  been  determined  and  its  transfer  function  established, 
the  connection  of  the  output  can  be  found  unambiguously. 

The  transfer  function  for  the  *-th  controlled  variable,  according  to 
Figure  5.1,  is 


q,  (p)  = i*/  \y,'<  «■ -  y, + S  u>)  h 

L  *=i 

Qi  (p)  e„,  (p)  x, = (i  J  (Y„„  -  r,)  e„,  (P) + e„,  (P)  2 

L  *  =  i 

(5.1) 

[/?,  (P)  Fm i  (p) + Kc  ,F„,  (/,)]  Y\  =  Kc  ,Fml  (p)  X„ 

(5.2) 

Di  (p)  Yt  =  Ki  \y\ —  2  «(« (p)Yt+ 2  (P)  h 

k- I  k = 1 

k*l  -1 

* 

(5.3) 
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Eliminating  Xi,  Y\  between  (5.1),  (5.2),  and  (5.3),  we  find 
(P)  K,  0 P )  [*/  (P)  Pm,  (p)  +  Kc  ,Fn,  (P )]  V,  =  PlKc ,F mi  (p)  \v«tl  ~  Y  l)  K,  (p)  +  8„,  (p)  2  Pj4  (?)  /„]  . 

Yi  =  E^L  y,  +  2  „j4  (?)  Yk  -  5J  fit  (?)  („ 


Q, (p) e.,  (?) \R,  (?) Fml  (/>)  +  KctF„, (?)]  SlM. r,+£ a,t  (p) Y„  _  £ p,4 (?)  fk 


n 

=  y,c!,  ,em,  (p)  -  Yfim,  (p) + e„,.  (p)  £  Pi4  (p)  f„  \L,KclFml(?) 
or  *=1  -1 

[Qi  (?)  8ffi,  (?)  R,  (p)  Fml  (?)  D,  (p)  + 

4-  KclDt  (?)  Q,  (?)  0m(  (?)  F„,  (?)  +  ,K,Fml  (?)  6m,  (/,)]  Yt  + 

+ R,Qi  (p)  K,  (p)  R,  ( p )  Fml(p)t*lk  (?)  Y„ + 

k  =  1 
k^i 

+  KiKclFni  ip)  0m/  (p)  Qt  (p)  2  (/,)  T*  = 

*=i 

k^i 

—  KiVlK  c  /^m/  (p)  9/n/  (/O  Krcf  +  ( P )  (p)  ^2  Pi  A  (p)  4* 

+  AT/Q/  (/>)  0m,  (/?)  /?,  (/>)  (p)  2  piA  (/>)  /*  + 

+  /Q,  (?)  &ml  (?) Fnl  (?)  S  pi4  (/,)  f4.  (5.4) 

*=1 

Taking  /=  1,  2.  .  .  ,  we  obtain  the  complete  set  of  equations  for  a  combined 
control  system  with  interrelated  variables.  In  order  to  write  these  equations 
in  matrix  form,  we  put 

Ql  ip)  ip)  Ri  ip)  Fml  ip)  Dl  ip)  =  O'U  ip\ 

°1  (p)  F„i  (?)  6mi  (?)  Q,(?)  +  \i,K,Fmi  (p)  Bml  (p)  =  bn  (?), 

K,Q,  (?)  K,  (P)  R,  (P)  Fm,  (?) = cu  (p), 

KlF„l(p)Ql(p)*m,(p)  =  clu(p).  (5.5) 

K,V-,Fm ,  (p)  9mi  (?)  =  l„  (p), 

Fm,  (p)  KtP-fim  (P)  =  P„  (?), 

K,Q,  (?)  0„,  (?)  R,  (p)  Fml  (p)  =  Nh  (p). 

Making  use  of  (5.5),  we  write 

[au (p)  +  Kcibu(p)\Yl-\-cli (p) <x„ (?) K1(p)4- ctl (p)a:i (?) Y2(?)  +  . . . 

•  •  •  +  Ca  (p)  a, „  ( p)  Y„  (?)  +  dn  (p)  Kc ,  (?)  S  «,*  (P)  Y„  (?)  = 

£*=  1 

fc^l 

=  K*  ,‘u  (P)  Y„m  (P)  +  Kc  ,9,,  (?)  2  bn  (p)h  +  (p)  S  P,.  (?)  h  + 

k= l  k= I 

n 

+  ^c idaip)  '2i^ikip)fk  (/=  1,  2,  . . n).  (5.6) 

In  matrix  form  equations  (5.6)  are  written  as 


A  ip)  Y  ip)  =  B  (p)Ynt  {p)  +  D  ip) F (p). 
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D{p)F(p)  = 


[*c,  <P., +<*„)+*!, ]  2  M* 

k  =  \ 

[^Cc2  (p22  +  ^22)  +  ^22]  2  fakfk 


[Kci  (Pjj  +  dJ})  -f  Njj)  2  $)kfk 

k=\ 

[Kcn(Pnn-\-dnn)-\-Nnn\  2  fWft 
k- 1 


(5.13) 


Inserting  for  A'l{p),  B{p)Yx*{p),  and  D(p)F(p)  in  equation  (5.9)  their 
expressions  from  (5.11),  (5.12),  and  (5.13)  and  performing  matrix  multi¬ 
plication,  we  obtain  after  simple  manipulations  an  explicit  expression  for 
the  matrix  of  controlled  variables: 


K(/>)  = 


2  <-!)'+* 


2<-i  r*"  A„kKckittY„ 


*=1 


+i 


2  A>1  lK't«<,i+du)  +  Nii)  2  PW* 


1= 1 


2  Ai>  (*«  i  (pi,  +  <t„) + n„]  2  p„f. 


2  P — ^.i  [((c  i  (pii  "t"  d[i)  -f-  Nn]  2  Pi*P» 

/=!  ft=l 


(5.14) 


The  expression  for  any  controlled  variable  is  obtained  from  (5.14)  by 
•equating  the  corresponding  elements  of  the  columns  in  these  matrices. 
The  expression  for  any  y- th  variable  is  thus  written  as 

n 

yi  w  - 12  (-D'+^vcc#/ttKt[ef((>)+ 

2  (-D'+'  !*..  (p„ +rf„) + Ay  S  p,,/..  (5.i5) 

/-l  ft=l 

The  transfer  function  is  defined  as  the  ratio  of  the  Laplace  transform 
of  the  output  to  the  Laplace  transform  of  the  input.  In  single -variable 
systems  the  transfer  function  is  the  ratio  of  the  Laplace  transform  of  the 
controlled  variable  to  the  Laplace  transform  of  the  reference  value,  the 
load  being  ignored.  We  see  from  (5.15)  that  even  if  the  component 
dependent  on  load  (or  disturbance)  fh  (the  second  term  in  the  right-hand 
side)  is  neglected,  the  output  ^-(p) depends  on  all  YiKf(p).  The  concepts 
of  a  transfer  function  and  a  generalized  transfer  function  will  be  very 
useful  in  this  case. 
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The  transfer  function  for  the  /- th  controlled  variable  is  defined  as 
the  ratio  of  Laplace  transforms  of  the  /-th  controlled  variable  to  the 
/-th  reference  value,  disturbances  being  ignored. 

If  fi~  0,  we  have  from  (5.15) 


YjiP) 

Y jtefip) 


Ajj  ( P )  KcjtjJ  ( P ) 


yrefO^A^  1  ^  +^C  kAjkftik^k 


( P)‘ 


k  =  \ 
k^j 


(5.16) 


Defining  the  generalized  transfer  function  along  the  same  lines  as  in 
single -variable  control  systems,  we  obtain 


Mrt  A,J  (p)  Kcjln  M  ly  ,  1)/+t  ,  .  ,,  Ya,cf(p)  , 

Yjnt(P)  A  11  KckAik'kk'P’TJ^nj)  + 


**/ 


n  n 

A  H  (/»)  [*«  /  (p«  (A)  +  <*«  (P))  +NU  (p)|  2  fW„  <p).  (5.17) 


The  physical  content  of  these  expressions  for  transfer  functions  is 
quite  obvious.  J’he  first  term  in  either  expression  is  the  ordinary 
transfer  function  of  a  single-variable  system;  the  second  term  in  (5.16) 
and  (5.17)  gives  #ie  contribution  to  transfer  function  from  the  coupling 
of  the  given  variable  to  other  variables;  finally,  the  third  term  in  (5.17) 
shows  to  what  extent  the  transfer  function  is  influenced  by  self-load  and 
by  load  or  disturbance  in  other  controlled  variables. 

Combined  multivariable  control  systems  considered  in  this  chapter 
are  conveniently  analyzed  with  the  aid  of  the  generalized  transfer  function. 
The  characteristic  equation  of  the  entire  multivariable  system  has  the  form 

A  =  0.  (5.18) 

In  what  follows  we  consider  some  quality  aspects  of  combined  multi - 
variable  systems. 


§  5.  3.  STEADY -STATE  OPERATION 

The  state  of  rest  is  a  particular  case  of  steady- state  operation.  The 
statics  equations  for  this  case  can  be  derived  from  the  theorem  of  limiting 
values.  A  statics  equation  is  obtained  from  (5.15)  by  putting  p=  0. 

We  consider  two  different  cases: 

(a)  the  case  of  proportional  subsystems,  and 

(b)  the  case  of  integral  subsystems  (both  in  relation  to  the  self-load). 


(a)  PROPORTIONAL  SUBSYSTEMS 

Using  the  nomenclature  of  (5.5)  and  putting  p-  0,  we  write 

(0)  =  Qi  (0)  eM,  (0)  Rt  (0)  Fml  (0)  Dt  (0)  =  iem/  (0), 
btl  (0)  =  ^KKi  (0),  CU  (0)  »  (0), 

du  (0)  —  o,  lu  —  \i{Kfim{  (0), 

(0) «  6,/  (0)  Nu  (0)  =  Kfiml  (0). 


(5.19) 
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The  transpose  in  this  case  is 


all  -f- Kcl^ll  (C22  +  /CC2^22)  «2I  (C33  + /Ccs^)  ®3I 

Aft—  (Cll  +  ^Cci^ll)  Ct]  2  022  +  ^02^22  (C33  +  Kc3^33)  a32 

(C]l  +^Clrfll)0|3  (C22  +  /(c2^22)  a23  033+^03^33 

whence 

.  _  I  fl22  +  Kc2^22  (C33  +  ^Cc3^33)  a32  I 

11  I  (C22  +  Kc2<^22)  a23  a33  +  Kc3^33  (' 

.  _ I  (cu  +^Cci^n)  o12  (C33  +  Kczdzz)  a32  I 

12  j  (<-tl  +  a13  fl33  +  ^Cc3^33  I* 

^  _  I  OmI  +  ^cl  +  l)  <*12  <*22  +  ^02^22  I 

^  I  (^11  +  ^01^11)013  (C22  +  Kc2^2l)  O23  I’ 

Under  steady-state  conditions,  we  have  from  (5.19) 

emi  (0)  +  Kfiml  (0)  a,2  KiBml  (0)  a13 

+  ^ClMl^l9f7M  (0) 

A  (0)  =  (°)  a2i  ®m2  (0)  +  K$m2  (0)  o23 

+  ^021*2^20/712  (0) 

*30/7/3  (0)  <*31  *30/713  (0)  032  0/n3  (0)  + 

+  *031*3*30/713  (0) 

/q\  __  j  ®«»2  (0)  +  *c2!*2*20/712  (0)  *30,n3  (0)  032  j 

111  ;  ~  I  *20*2  (0)  a23  0m3  (0)  +  KczlhWmz  (0)  I ' 

a  /q\ _ I  *J®nii  (0)  0J2  *30^3  (0)  a32  I 

12  I  *l®r7ll  (0)  0)3  0ffl3  (0)  +  *031*3*30/773(0)  I* 

A  /f)\  - _ I  a<2  0m2  (0)  +  Kc2\i2K2^m2  (0)  I 

l3{)  U.0m.  (0)o,3  K2Qm2  (0)  a23  | 

or  substituting  the  steady-state  expressions  in  (5.22),  we  find  after  simple 
manipulations 

^1(0)  =  (0)  I(0m2  (0) + Kc2ix2K2em2  (0) )  (em3  (0) + 

4~  ^03^3^3^/713  (0)  K2K$ n2  (0)  G/,3  (0)  Ct^C^)]  Trefl  — 

Kc2\x'2K2^m2  jATiO/ni  (0)  a12  (0m3  (0)  +  Arc3fx3*30m3  (0) )  — 

^«i  (0)  K$„z  (0)  aI3a32J  Y  ref2+  f/Cj0ml  (0)  K2§n2  (0)  a12a13 — 

-  tfi0/*iai3  (0m2  (0)  +  Kc2n2K2Qm2  (0) )]  Y  ref3  +  [(0m2  (0)  + 

-+  Kc2\i2K<$m2  (0))  (0m3  (0)  +  K c3M,3^30/n3  (0)  )  — 

K2K^m2  (0)  0m3  (0)  a23a32l  [^clM-l K\^m\  (0)  +-  (f\  +  P12/2  +- 

+  P13/3)]  -  [ATi0/ll  (0)  (0m3  +  Kc^KzK,Bm3  (0) )  - 
(0)  ^30/i3  (0)  Ct13a32]  (ArC2J^2M-20/i2  (0)  +  *2^2)  (P2l/l  *+  ^2*4“ 

+  P23/3)  +  [(ATi0„,  (0)  K2Bn2  (0)  —  (0m2  (0)  + 

+*  ^c2M'2^20m2  (0)  Kflnl  (0)  Ctl3|  {Kc3K3\*-$n3  (0)  +  (0)  )  OWl  + 

+  P32/2  +  f3)}{  (0^1  (0)  +  (0)1  [0m2  (0)  + 

•+  Kc2\^2K2^m2  (0)1  [0m3  (0)  +  /Cc3^3^303  (0)1  + 

H-  Kfiml  (0)  K<fim 2  (0)  K3Qm,  (0)  [Oi2a23a31  +  a21a32al3I - 

~  ^I0m3  (0)  emI  (0)  a13a31  [0m2  (0)  +-  Kc2\i2K2^m2  (0)]  - 

-  K2KJm2  (0)  0m3  (0)  a32a23  [0ml  (0)  +  (0)]  - 

(0)  0m2  (0)  Cli2a21 1  1  •  (5.23) 

We  are  now  in  a  position  to  draw  some  conclusions  from  this  example  of 
a  three-variable  system  that  can  be  readily  generalized  to  n-variable 
systems.  At  the  outset  we  have  assumed  that  the  structure  (i.e.,  the 

stabilizer  ^  and  the  point  of  its  connection  to  the  system)  permits 
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indefinitely  increasing  the  gain  in  any  of  the  subsystems  without  loss  of 
stability.  Let  the  gain  parameters  of  all  the  three  subsystems  Kcu  i=  1,  2,  3, 
increase  indefinitely.  Then,  as  it  follows  from  (5.23), 

lim  r1(0)  =  Ka(1  +  |^{f,  +  P12f2  +  Pi3/3)  «  =  1.  2,  3).  (5.24) 

/rc<->oo  W 

In  other  words,  indefinite  increase  in  the  subsystem  gains  under  steady- 
state  conditions  makes  the  output  equal  to  the  reference  value  Ytcf  appropri¬ 
ately  modified  by  the  various  disturbances.  The  effect  of  disturbances 

depends  on  load  coupling  coefficients  p{&(0)  and  the  coefficient  In 

the  particular  case  0n<(O)=O,  which  can  be  implemented  without  any 
difficulty,  we  have 

limK1(0)  =  r,re(.  (5.25) 

This  result  is  obtained  for  the  steady-state  conditions,  since  we  have 
taken  fn{(0)=0.  This  is  a  natural  assumption  because  in  this  case,  as 
has  been  shown  in  /  39  / ,  increase  in  gain  improves  the  accuracy. 

Two  particular  cases  deserve  special  attention:  one  is  the  case  of 
stabilization  by  proportional  feedback  and  the  other  the  case  of  a  mixed  - 
type  stabilizer.  Expression  (5.24)  clearly  does  not  apply  in  these  cases, 
and  we  will  have  to  consider  them  separately.  The  following  general 
conclusions  thus  follow  from  the  statics  of  combined  multivariable  systems 
with  proportional  subsystems: 

1.  Increase  in  subsystem  gains  leads  to  decoupling,  eliminating  all 
interrelationships  between  the  controlled  variables  under  steady-state 
conditions. 

2.  Increase  in  gain  improves  the  accuracy  of  each  controlled  variable, 
and  if  0ni(O)=O,  all  disturbances  are  rejected. 

If  the  gain  factors  are  finite,  these  conclusions  are  true  only  to  a  certain 
degree.  In  the  case  of  finite,  but  sufficiently  large  gain,  we  can  speak  of 
decoupling  or  disturbance  rejection  under  steady- state  conditions  to  an 
accuracy  of  e  only.  In  the  general  case,  the  actual  output  values  for  each 
load  and  for  each  set  of  gain  parameters  can  be  obtained  from  (5.23). 

We  see  from  (5.23)  that  each  controlled  variable  depends  not  only  on 
the  disturbances  and  its  own  reference  value  but  also  on  the  reference 
values  of  all  the  other  controlled  variables. 

Our  conclusions  are  based  on  the  particular  case  of  a  three -variable 
control  system.  Generalization  to  ra-variable  systems  obtains  from  the 
following  considerations.  It  is  clear  from  equation  (5.22)  and  from  the 
construction  of  A  and  that  the  highest  degree  of  Kc,  equal  to  the  highest 
degree  of  Kc  in  the  expansion  of  A,  occurs  only  in  that  term  of  the 
numerator  which  corresponds  to  the  reference  value  of  the  variable  itself. 
This  explains  why  structures  of  this  class  are  inherently  capable  of 
suppressing  the  effect  of  other  extraneous  components. 


(b)  INTEGRAL  SUBSYSTEMS 

A  system  is  integral  if  and  only  if  an  integrating  element  is  included 
in  the  corresponding  single -loop  configuration;  the  integrating  element 


130 


should  be  unstabilized  and  must  not  constitute  a  structural  component 
of  the  plant  / 3 9 / .  Under  these  conditions  we  have  for  the  steady- state  case 


au  (0)  =  0,  M0)  =  MG9mf(0),  cu  (0)  =  0,  j 

d„( 0)  =  0,  /„(0)  =  nJft'iOmi(0),  p„(0)  =  *r/|iie,((0),  (5.26) 

Nui 0)  =  0.  J 

Substituting  (5.2  6)  in  (5.22),  we  find 

3 

k=\ 

3  3 

+•57  S  AXc  (0)  2  (5-27) 

/=1  fc  =  l 

Inserting  for  their  expressions  and  making  use  of  (5.26),  we  find 


A\  1  =  A^c2^c3^2^3M'2fA3®m2  W  ®m3  (0)» 

An  —  0, 

An  =  0, 


(5.28) 


whence 

Y  _  ^Ccl^Cc2^c3^1^2^3H-l  1*21*30/711  (0)  0fll2  (®)  0/713  (0)  „ 

1  ^Ccl^Cc2^c3M'1^2^3^t^2^Cs^nil  (0)  0/712  (0)  0m3  (0)  ref  1  ' 

•  ^Cl^c2^c3^l^2^3M-l|A2^30m2  (0)  ®m3  (0)  0/ji  (0)  f  f  (  £  (  f  , 

+  KcxKctKcsVHWtKiKtKJrm  (0)  0m2 (0)  0m3 (0)  U1  +  pi2'2-h  PxafaJ  = 

=  ^rcf  1  +  jj|-  [/l  +  P12/2  ~b  ^13/3!-  (5.29) 

In  other  words,  in  integral  systems,  without  increasing  the  gain,  we 
find  that  the  steady-state  output  variable  is  equal  to  the  corresponding 
reference  value  plus  a  contribution  from  all  the  loads.  If  we  select 
0nf(O)=O,  the  load  contribution  vanishes  under  steady-state  conditions. 

In  general,  introduction  of  the  factor  —  makes  the  variable  load 

dependent  in  integral  systems  also.  In  a  number  of  cases  this  load 
dependence  may  prove  to  be  quite  profitable.  It  is  actually  utilized  in 
the  so-called  compounding  systems,  e.g.,  an  electric  power  station 
where  proportional  current  feedback  increases  the  voltage  of  the  syn¬ 
chronous  power  generators  when  the  load  is  increased. 

By  reversing  the  sign  of  71  j the  load  can  be  made  to  increase  or 

decrease  the  output  value  of  integral  systems  in  comparison  with  the 
reference  value. 

A  significant  feature  of  systems  considered  in  this  chapter  is  that 
load,  or  disturbance,  is  used  as  an  additional  factor  for  imparting  certain 
desirable  properties  to  the  system  as  a  whole  and  consequently  to  the 
individual  controlled  variables.  It  is  clear  from  equations  (5.29)  and  (5.24) 
that  under  steady-state  conditions  the  output  of  both  proportional  (for 
Kci-^oo)  and  integral  systems  depends  on  the  reference  value  and  the 
properties  of  the  transducer  and  all  the  loads.  In  proportional  systems, 
in  particular,  the  load  can  be  employed  to  improve  the  accuracy,  if  the 
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gain  is  insufficiently  high  for  meeting  the  accuracy  standards.  It  will  be 
clear  from  what  follows  that  load  can  be  utilized  as  an  additional  powerful 
factor  for  modifying  the  system  dynamics. 


§5.4.  STABILITY 

The  dynamic  properties  of  multivariable  control  systems  are  defined 
by  equation  (5.14).  This  equation  corresponds  to  zero  initial  conditions. 
Introduction  of  nonzero  initial  conditions  will  not  alter  the  structure  of 
equation  (5.14),  only  adding  a  matrix  of  initial  conditions.  There  is  an 
almost  infinite  variety  of  initial  conditions,  and  no  one  particular  set 
of  conditions  can  be  given  preference.  However,  zero  initial  conditions 
have  certain  other  advantages  than  a  simple  form  of  the  equation.  Analysis 
of  system  dynamics  with  zero  initial  conditions  brings  out  those  properties 
which  are  dependent  solely  on  the  system's  structure  and  the  numerical 
values  of  its  parameters.  This  information  is  highly  valuable,  as  it  can 
be  used  as  a  foundation  in  the  development  of  system  design  techniques. 

In  what  follows  we  therefore  confine  our  investigation  of  system  dynamics 
to  cases  with  zero  initial  conditions. 

The  dynamic  properties  of  any  i-th  controlled  variable  are  specified 
by  equation  (5.15).  This  equation  is  used  as  a  point  of  departure  in  our 
analysis.  Let  us  first  consider  the  stability  of  combined  multivariable 
control  systems.  The  stability  of  a  multivariable  system,  like  that  of 
an  ordinary  linear  system,  is  determined  by  the  position  of  the  roots 
of  the  characteristic  equation.  The  characteristic  equation  is  obtained  by 
putting  the  system  determinant  A  equal  to  zero,  thus; 

A  =  0, 


or  in  expanded  form 


au  -\-Kc\b\ 

(CJ2  -f*  Kc2^2l)  <*21 

(Cn  + /(ci^n)  «i2  ...  (C||  -j-A^ci^ll)  aln 

a22  “1"  Kc2^22  •  (^22  4"  ^Cc2^22)  ®2/3 

(cjj  +Kcjdjj)*ji 

ajj  +  Kcjbjj  ( Cjj  4-  Kc  jdjj)  aJn 

( cnn  K  c  n^nn)  an  i 

...  ...  o,nn  4-  K c  n^nn 

(5.30) 


At  the  outset  let  us  note  that  the  introduction  of  a  transducer  ®n/ ■ 

®mi  ( P ) 

(its  input  receives  the  overall  load  or  disturbance)  does  not  affect  the 
stability  of  a  combined  control  system  as  long  as  all  0mi(/>)  have  no  right- 
half-plane  zeros,  i.e.,  if  the  transducers  themselves  are  inherently  stable. 
Indeed,  it  follows  from  the  notation  in  (5.5)  that  each  of  the  quantities 
an,  bu,  cny  and  da  contains  the  corresponding  0,„;  as  a  factor,  and  0mi  can 
therefore  be  taken  outside  the  determinant  from  each  row  in  (5.30);  now 
if  none  of  these  0mi-,  /=  1,2,...,  n,  has  right-half-plane  zeros,  the 
stability  of  the  entire  system  is  independent  of  the  transducer  properties. 
This  fundamental  (though  trivial)  property  leads  to  a  very  important 
structural  corollary:  if  the  structure  of  a  combined  multivariable  control 
system  (in  the  absence  of  load)  remains  stable  at  indefinitely  high  gain. 
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the  combined  control  system  generated  by  introducing  external  load  or  any 
other  external  disturbance  into  the  original  system  through  a  transducer 
of  a  quite  general  kind  also  possesses  infinite -gain  stability.  The  only 
restriction  in  this  case  is  the  requirement  of  minimum  transducer  phase. 

This  proposition  can  be  given  a  rigorous  proof.  Indeed,  let  the  gain 
factors  Kd  be  related  by  the  expression  Ki  =  r\iK,  as  in  Chapter  Four. 
Expanding  the  determinant  (5.30),  we  write  the  characteristic  equation  as 

jft  e„,  (P)  [F„  (P)  +  Kfm  (p)  +  K\Fm  (P)  4- 

4-  ...  *-„(/>)]=  0,  (5.31) 

or  dividing  through  by  K ”  and  putting  -C  —  m‘,  we  find 

]\Qml(P)[nnFN(p)  +  m-'Fm(p)  +  +F„.  w_„</>)]  =  0.  (5.32) 

It  follows  from  the  results  of  a  previous  chapter  that  the  difference  in 
the  degrees  of  the  adjoining  polynomials  Fm%  Fm.t  is  determined  by  the 
subsystem  structures.  If  these  structures  are  stable  at  infinite  gain, 
the  structure  of  the  combined  control  system  is  also  stable  at  infinite  gain. 

Introduction  of  load  disturbance  thus  does  not  affect  the  stability  of  the 
system,  so  long  as  the  transducer  through  which  the  load  disturbances  are 
fed  complies  with  the  requirement  of  minimum  phase. 


§5.5.  DYNAMICS 


The  dynamic  properties  of  multivariable  systems,  unlike  their  stability, 
depend  not  only  on  the  poles  but  also  on  the  zeros  of  the  transfer  function. 
The  transfer  function  of  ordinary  multivariable  systems  is  expressed  by 
equation  (5.16),  and  the  generalized  transfer  function  of  combined  control 
systems  is  represented  by  equation  (5.17). 

In  order  to  elucidate  the  dynamic  properties  of  structures  (or,  more 
precisely,  the  structural  features  of  system  dynamics),  let  us  assume 
that  the  reference  values  have  the  form  of  unit  step  pulses  (or  that  all  the 
reference  values  vary  according  to  the  same  relation,  differing  only  in 

a  scale  factor).  The  factor  can  therefore  be  omitted,  as  it  introduces 

only  a  scale  correction.  The  factor  y^{£)  ente**ing  the  second  term  in  the 

right-hand  side  of  (5.17),  however,  cannot  be  ignored.  System  dynamics 
are  thus  determined  by  the  generalized  transfer  function  (5.17). 

Let  us  establish  the  dynamic  properties  of  systems  which  remain  stable 
as  the  gain  Kc(  is  increased  indefinitely,  assuming  fairly  high  gains  from 
the  start.  From  (5.17)  we  now  have 


Yj  Kf(p)  a  I  Am  (P)  Kcjljj  iP)  -+-  2  (— l)y+ ik  ( P )  hk  iP)  H- 


*=i 


S(  !)/+  Aji(P)lKii9u(p)-{~dli(p))  -\-Nu  (/?)]  y  ^  P ikfk  ( p ) 

i=1  K  ’  *=i 


.  (5.33) 
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The  structure  of  (5.33)  in  relation  to  a  small  parameter  is  found  by 
expanding  the  numerator  in  the  right-hand  side  of  this  equation  in  terms 
of  Kc •  Since  Ajk  ( k  =  1,  .  .  .  ,  n)  are  the  cofactors  of  the  corresponding 
elements  in  the  transpose  of  the  determinant  (5.30)  and  since  all  the 
elements  of  (5.30)  are  linear  combinations  of  Kc,  the  highest  degree  of  Kc 
in  the  expanded  cofactors  4jfeis  clearly  n- 1.  Now,  since  each  of  the 
terms  in  the  equation,  with  the  exception  of  A JH{p)  which  multiply  Aikj 
is  linear  in  Ka,  the  highest  degree  of  Kci  in  the  numerator  of  (5.33)  is  also  n. 

Let  us  now  concentrate  on  the  construction  of  the  cofactors  4,*.  From 
the  construction  of  the  system  matrix  and  its  transpose  it  is  clear  that 
only  cofactors  of  the  form  An  can  be  expanded  into  expressions  with 
components  that  are  independent  of  the  coupling  coefficients  aik.  This 
follows  from  the  fact  that  only  cofactors  of  the  form  Au  have  diagonal 
elements  corresponding  to  the  diagonal  elements  of  the  original  matrix. 
Keeping  these  remarks  in  mind,  we  write  the  transfer  function  (5.33)  in 
the  form 


+  (P)  +  m"%,  ( P )  /,  (<*„)+ (p)  f,  (a,k)  +  . . . 

•••  +'»M-,(P)f,(a«)+»VO»)/.(P/»f0+  ••• 

•  •  •  +  **-.  (P)  in  (P^)]  {  n  Qm,  (P)  K  (P)  +  ^F^p)  +... 


■■■  +mFN^n-4P)  +  FNt-n(P)^l  .  (5-34) 


where  m  =  -4-. 

Ac 

We  see  from  (5.34)  that  the  numerator  in  the  right-hand  side  of  (5.33)  is 
a  composite  function  of  system  parameters,  gains,  and  loads.  Let  us  try 
to  elucidate,  in  as  great  detail  as  possible,  the  structure  of  polynomials 
in  (5.  34);  this  will  enable  us  to  reach  some  conclusions  concerning  the 
general  structural  properties  of  these  systems. 

First  consider  the  denominator  in  (5.34).  Since  we  work  with  structures 
which  remain  stable  for  /(C1— »-oo  or,  equivalently,  form-^0,  the  degrees  of  two 
adjoining  polynomials  differ  at  most  by  2,  i.  e.. 


n*u1  —  nnui+i<  2. 

Since  An  is  a  triangular  determinant  constructed  from  elements  of  the 
same  matrix  as  A,  with  the  omission  of  one  row  and  one  column,  the 
polynomials  <pjvi  obey  the  same  rule  and  for  the  degrees  of  two  adjoining 
polynomials  we  have 

9/v  —  <Pw  —  — AL  . 

Z  YA2/+1  Nl  Nl  + 1 

This  conclusion  is  obviously  also  valid  for  the  polynomials  ^  and  lNii . 

Let  us  now  establish  a  relationship  between  the  absolute  value  of  the 
degrees  of  the  polynomials  in  the  numerator  and  the  denominator.  The 
highest  degree  in  A  is  greater  than  the  degree  of  Au  by  an  amount  equal 
to  the  degree  of  the  term  aa+Kcbn.  From  (5.5)  it  is  clear  that  the  degree 
of  cia{p)  is  greater  than  the  degree  of  6ti(p),  so  that  the  highest  degree  in 
A  is  greater  than  the  degree  of  Au{p)  by  an  amount  equal  to  the  degree  of 
aH(p).  Making  use  of  the  expression  for  bn(p)  we  conclude  that  the  highest 
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degree  in  A,  or  equivalently  the  degree  of  Fm,  is  greater  than  the  degree  of 
<PM,  the  difference  being  ’’degree  aa-degree  Fmi{p)Qmi{p )  .  "  If  the 
structure  has  infinite-gain  stability  and  if  the  additional  conditions  are 
also  satisfied,  the  system  dynamics  is  determined  by  the  degenerate 
equation,  which  has  the  general  form 


K*S(P) 


<Pjy2  -  B  (p)  +  tyjv,  - n  ( p)  f  n  (a/fe)  +  -  n  C/7)  fn  (M k) 

ft  Kl(P)FNl-n(P) 


(5.35) 


Let  us  now  find  explicit  expressions  for  FNi_H%  ^s-n  >  and 

This  will  provide  us  with  a  starting  point  for  the  reconstruction  of  the 
transients  and  for  the  determination  of  the  fundamental  properties  of 
systems  with  sufficiently  high  gain. 

We  will  make  the  calculations  for  the  particular  case  of  three  inter¬ 
related  variables,  and  then  generalize  to  the  case  of  n  interrelated 
controlled  variables. 

The  equation  for  the  1st  controlled  variable  is  obtained  from  (5.17), 
where  we  put  n=  3: 


ri  (p) 

L  ref  iP) 


( p)Kcltn  (p) 
A 


1 

A* 


^c2-^12  ( P )  ^22  ( P ) 


Yg  ref  iP) 

YuaiP) 


+^KaAl3(p)l33(p) 


jj 3  ref  (P) 
Yg  tef(p) 


+  j  Ali\K'MAP)  +  ‘ln(P))  +  Nl,  (p) l-Fni©-</i ip)  +  p'^(/’)  + 
+  Pl3^3  (P)  )  —  X  ^12  I^c2  (P22  iP)  +  ^22  ( P )  )  +  N  22  (/0]X 

X  Y~F{p)  1  ^  fi  H"  P^h  (p)  )  +  X  ^13  f*c  3  (/>33  (P)  + 
+  ^33  (P)  )  +  W 33  (/>)]  ylre^)’  (P3l/ 1  (/0  +  P32/2  (P)  *+  h  (f)  )« 


(5.36) 


where  p„  =  1  and 


A  = 


0n  {p)Ar  ^ci^n  (p)  [cn  (P)-\-Kcidu  (/>)]  cti2  [Cn  (/>) -f-/Cc i^u  (/?)] al3 
[C22(/?)4'^Cc2rf22(P)I°21  &Vl{P)-\- Kcubztip)  {<^22  0?)+^C2^22  (/*)]  «23  » 

[C3a(/?)  -h  ^Cc  a^3S  (Z^)]  «31  [C33(P)  ■f~ZCcS^33(/7)]a32  <233(/>)  +  ^c3&33(/>) 


(5.37) 


.  i  <*22  (/0  H"  c  2fr22  (/?)  U33  iP)  +  Kczdtt  (/>)]  <*32  1 

11  I  lC22  (P)  H-  Kc  2^22  00]  <*23  033  (P)  +  Kc  8^33  (P)  |’  (5.38) 

.  I  [Cll  (P)  +  ^C  lrfU  C/7)]  <*12  [C33  (P)  +  Kc  3rf33  (/>)]  <*32  [ 

12  I  (C1I  (p)-b^cl^ll  (/0]<*13  033  iP)  “b  3^33  (P)  I'  (5.39) 


.  _  lCll  (P)  +  Kc  1^11  (P)]  <*12  022  (P)  +  Kc  2^22  iP) 

13  lcii  (p)  -bZ(c  \du  (/?)]  aj3  [c22  {p)  +  Kc2dn  (/?)]  a23 


(5.40) 


Let  the  various  gains  Kci  be  of  the  same  order  of  magnitude,  so  that 
we  may  put  ATcl— Kc2—^cz~ Kc .  This  is  not  a  fundamental  restriction, 
since  we  can  always  make  use  of  the  relation  /Cf=ri</C.  Dividing  the 
numerator  and  the  denominator  in  (5.36)  by  K\  and  taking  /(c-voo,  we  obtain 
after  simple  manipulations  a  degenerate  equation  in  the  form 

VirfCrt  =  T^7  [A"»  (P)  {  *h  (P) + [Pn  (P)  +  rf.i  (P)l  X 
Xr^F)  0») +PJ.  (/>)]}-  Am(p)  { ln  (p)  + 

+  |Pa  (P)  +  d2 2  (/*)]  ylKl(p)  iPai/i  (/>)  +  /»  (P)  +  P23  (P)l }  + 

+  Aat  (p) { 4,  (P) + [P33  (p)+d33 (P)\  X  -p^- [(W,  (p)  +  w2  (p) + h (/>)] } ] .  ( 5.4 1) 
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where 


A  deg  3  — 


A\\b  — 
^126  = 


Am — 


iP)  dii(p)a,2  dn  (p)a,3 

iP)  a2i  b22  {p)  d22  (p)  ct23 

[•  (5.42) 

ip)  a3i  d33  (p)  a32  b33  (p) 

I  b22  (p)  d33  (p)  a32 

(5.43) 

1  ^22  ip)  a23  ^33  ip)  I 

1  du  (p)  a)2  d33  (p)  a32 

(5.44) 

1  rfn  ip)<*i  3  b33{p)  \ 

du  (P)aj2  b22  (p)  | 

(5.45) 

rfii(p)aj3  d22  (p)  ct23  1 

The  degenerate  equation  of  the  1st  controlled  variable  in  an  n- variable 
system  obviously  has  the  form 

i Sr=iS^^)(-'),+sx 

I 

x(  w)w+few+^w]^riw1[ 

Let  us  now  derive  the  formulas  for  the  calculation  and  analysis  of  the 
dynamic  properties  of  combined  control  systems.  As  in  Chapter  Four, 
we  intend  to  make  use  of  the  ^-decomposition  curve  for  the  gain  of  the 
degenerate  part  of  the  equation  of  each  control  subsystem. 

The  gain  in  the  degenerate  part  of  each  subsystem  is  made  up  of  two 
factors,  the  plant  gain  Ki  and  the  gain  ^  of  the  unstabilized  section.  The 
gain/fdegiof  the  degenerate  equation  can  obviously  be  altered  by  changing  jj,,*. 
We  will  write /Cdeg ,  =  and  hence 

blt  ( p )  =  Dt  (p)  Fnl  (p)  Qt  (p)  0W/  (p)  +  ^iKiFm  (p)  Bmi  (p) « 

=  bt  (p)  -}-  K  deg  lFmi  (p)  0mi  (/?). 

In  this  nomenclature  equations  (5.43)— (5.45)  take  the  form 


I  b2ip)^-ii2K,Fmip)Bm2(p)  d33  (p)  a32  | 

(5.46) 

l  d22ip)a23 

*3  ip)  +  \isK3Fm3  ip)  03m  ip)  1  ’ 

Am  =  | 

1  dual2 
\  du  ip)  a  is 

^33  ip)  «32  1 

M-3^3  -f  K  deg  3^m3  ip)  03m  ip)  1  ’ 

(5.47) 

II 

CO 

< 

|rf,,(p)  a, 2 
\du  ip)  a,  3 

^2^2  4-  K2  deg  Fmi  ip)  02 m  iP)  1 

d22  (p)  a23  | ' 

(5.48) 

Interchanging  the  rows  and  the  columns  in  (5.42),  we  expand  the  trans¬ 
posed  determinant  in  elements  of  the  first  row.  Using  our  nomenclature 
we  thus  write 

A3 b  —  bi  (p)  Anb  (/>)+  V\K\Fml  (p)  0ml  (p)  Anb  (p)  — 

~d22(p)a2l 

Am  ( P ) + ^33a3i-^i3*  (P)*  (5.49) 

and  the  equation  of  the  ^-decomposition  curve  for  jii  is 


n  — _  h  (P)Anb(p)  d22(p)a2lAl2b  ip)-\- d33{p)v.3iAX3b{p) 

K\Fm\  ( P )  9mi  (^)  A\\b  ( p ) 

P=M 


(5.50) 
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We  divide  the  numerator  and  the  denominator  of  (5.41)  by  KiFmi{p)Qmi(p)An  b{p). 
After  elementary  manipulations  we  obtain 


Mp)  _L(P)-B(p)  +  D(p ) 

WP)  ®(P> 


(5.51) 


where 


L{P)= 


<4ll*(P)|*M  (p)  -f-  [pl  I  (p)  +  rf!I  (p)l  y,tef(p)  +  (P) +  013^3^)]  | 


l126 


(p){'.2(p) 


KXF ml  (p)  ®ml  (p)  A.\\b  ( P ) 

Yj  ref (p)  I 


r>  /  _\  v  Y\  ici(p) 

K\F ml  (p)  ®/ni  (P)  A\\b  (p) 


"h  f P22  (P)  +  *22  (p)]  ~y~f Tp\  tP21^1  (p)  +  fa  (p)  +  p23f3  (p)]  | 


Yu«(p) 

K\F mi  (P)  (p)  A\  l*  (P) 


^136  (p)|  '  ^33  (p)  4* 

KP}  K,FmAp)*mAp)Aub{p) 

4"  [p33  (p)  +  *33  (p)l  K,  f(p)  ^3I^'  ^'^'P32^2  (p)  -h  f 3  (p)]| 
KlFmx  (P)  0m i  (PMlii(P) 

_ ,,  |  f>l  (p)  -4  16  (p) - *22  (p)  <*21^126  (p)  +  *33  (p)  °3l^l3ft  (p) 

KiFm]  (p)Qmi(p)Al]b(p) 

P=M 


This  equation  can  be  readily  generalized  for  an  n-variable  system.  It 
may  be  used  as  a  working  formula  in  stability  calculations  and  in  selecting 
system  parameters  that  ensure  the  required  performance  characteristics. 

Indeed,  the  denominator  in  (5.51)  is  the  sum  of  the  gain  and  the 
corresponding  D- decomposition  curve.  If  the  D-decomposition  curve  is 
available  (from  which  the  stability  of  the  entire  system  can  be  inferred), 
the  well-known  rule  / 39  /  can  be  applied  to  directly  determine  from  this 
curve  the  values  of  the  denominator  in  (5.51)  at  any  frequency.  The 
numerator  of  (5.51)  is  the  equation  of  the  auxiliary  curve.  The  dynamic 
properties  of  the  entire  multivariable  system  are  completely  determined 
by  the  position  of  the  D- decomposition  curve  and  the  auxiliary  curve. 

As  an  example  we  consider  a  two-variable  combined  control  system, 
from  which  we  will  try  to  deduce  some  general  properties  of  combined 
control  systems. 

For  n- 2  equation  (5.51)  is  written  as 


YAP)  __  L(p)  +  N(p)  +  P(p) 
Y\  ref  (P)  °(P) 


(5.52) 


where 


Up) 


Anb(p)  Li  (P) 

KlFmi  ip)  iP)  Anb  (p) 

1 


N(p): 


A\\b  (p)  [Pu  (P)  4-  *n  (P)l  yAap)  [fi  (p)  +  Ms  (p)] 


K\Fr. 


_ 1  ret  (p) 

(P)  0mi  (PMii*(P) 


Pip) 


K\Fm\  ip)  9/ni  ip)  Aub  ip) 

+  [P22  (P)  +  *22  (P)l  Yuc{(p)  [fc.f  1  (P)  4-  U  (P)) 

K\Fm\  ip)  0mi  ip)Allb{p) 

,  6i  (p)  A  ,»(/>)  —  *22(p)g2i 
KiFmAp)*miip)Aub{p)  ' 
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Inserting  for  the  operators  in  (5.52)  their  expressions  from  (5.5), 
we  obtain 

hl£l  _  Ml+t(p)H-V(p)  +  6 (p)-t(p) 

Yuef(P)  <P(p)  ’ 


(5.53) 


where 


v {p)  =  "'^1 '(p)P)  ^ 1  (p) + ^ ^  /,„'(/>)  ’ 

6  O’) = O’)  Qi  (/>)  em.  O’)  “12  { K^F7m  (p)  em2  (p)  + 

+  [K^Fmi  ip)  0„2  (p)  +K,Fni  ip)  Q2  O’)  0ra2  (p)j  X  ~  ip)  -I-  [2  ( p)j  } , 

l(p)= KiFml  ip)  eml  (p)  [  KithFm2  ip)  e„2  ip) + d2  ip)  q2  iP)  pn2  ip)  era2  (p) 


T(jr)_  pi(p)g'(p)f<n(^)emi(p)[P|)-A:2F„2(p)Qa(p)e„,(i.)g„  |  ^ 


where 

Pi  =  [\hK2Fm2  ( P )  0/712  (p)  +  ^2  (p)  <?2  (p)  Fn2  (p)  0/n2  (p)]. 

^2  =  Ki^mi  (p)  ©mi  (P)  [K2a2Fm2  (p)  Qm2  (p)  -(-  Z>2  (/>)  Q2  (p)  Pn2  (p)  0m2  (p)]. 

The  following  conclusions  follow  from  (5.53). 

X.  Suppose  that  the  controlled  variables  are  coupled  neither  through 
the  plant  nor  through  the  load,  i.  e.,  a12=0  and  p12=p2i  =  0.  Then 


0/71  (p)  U  (p) 


eml  (p)  YmcHp)  , 

,  (p)0,(D\F„t(D\  KP=m 


°i  (P)  Qi  (p)  ^/zi  (p) 
•^7711  (P)  /Cl 


(5.54) 


and  in  the  absence  of  load  disturbance  we  find 


Yi{p) 

Yuziip) 


D 1  (P)Ql(P)Fnl  ( p )' 
K\Fmx  (p) 


(5.55) 


We  see  that  the  auxiliary  curve  is  sensitive  to  load  signals.  The  function 

6^7^*  can  be  so  chosen  as  to  ensure  a  desirable  transient.  As  it  could  have 

been  expected,  the  function  does  not  influence  the  stability  of  the 

system.  If  a12~0,  Pi2  =  p2i  =£  0,  the  system  dynamics  can  be  improved  by 
supplementing  the  self-load  with  load  from  other  subsystems. 

2.  The  system  dynamics  are  invariably  determined  by  the  D -decomposition 
curve  and  the  auxiliary  curve.  The  auxiliary  curve  is  highly  sensitive  to 

the  function  .  Hence  follows  a  very  significant  conclusion,  namely 

that  the  system  dynamics  can  be  altered  between  wide  limits  with  the  aid 

of  transducers  . 
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3.  The  equation  of  the  D-decomposition  curve  can  be  written  in  an 
alternative  form.  Carrying  out  term-by-term  division  in  the  second  term 
in  the  denominator  of  (5.53),  we  obtain  for  the  D -decomposition  curve 


-  _  (P)Qi(P)Fni  ( P ) 
KiFmi(P) 


I  Ki  F„  2  ( p )  w 

+  Ki  Fnl  ( p )  * 


y/  _ _ (p)  Q 2  ( P )  «2I  ( P ) _ 

*  e«i  ( p )  [K^Fm  l p)  em2  ( p )  +  o2  (pj  Q2  (p)  Fn 2  (p)  Qma  (p)I 


(5.56) 


The  first  term  in  equation  (5.56)  is  the  D- decomposition  curve  for  *ii  in 
the  uncoupled  case,  the  second  term  gives  the  contribution  from  coupling. 
Equation  (5.56)  can  be  written  in  a  still  different  form: 


(5.57) 


where 


02  (P)  Qi  (P)  Fni  (P) 

KiFm2  (p) 


is  the  D-decomposition  curve  forfx2(the  gain  of  the  second  subsystem). 

£>- decomposition  curves  for  and  \i2  can  be  plotted  before  we  have 

actually  decided  what  are  to  be  used. 

D-decomposition  curves  enable  us  to  determine  all  the  terms  in 
equation  (5.57),  with  the  exception  of  the  transfer  function  Qmi{p)  which  is 
chosen  in  compliance  with  a  certain  quality  criterion  of  the  entire  system. 
We  have  thus  derived  a  formula  for  the  synthesis  of  combined  control 
systems. 

The  method  described  in  this  section  can  obviously  be  applied  to  systems 
with  n  controlled  variables  as  well. 


§  5.  6.  LOAD  REJECTION 

The  effects  of  load  and  other  disturbances  are  dealt  with  in  separate 
sections  of  the  following  chapters.  At  this  stage  of  our  discussion  of 
combined  control  system  dynamics,  however,  we  cannot  ignore  this 
problem  altogether.  It  should  be  emphasized  that  the  load  rejection* 
is  a  characteristic  feature  of  combined  control  systems. 

Since  load  rejection  is  generally  related  to  the  problem  of  coarseness 
in  the  sense  of  A.  A.  Andronov,  we  shall  investigate  the  complete,  and 
not  the  degenerate  equation.  Suitable  working  formulas  for  load  rejection 
in  the  degenerate  equation  will  be  given  at  a  later  stage. 

Consider  the  equation  of  the  /- th  controlled  variable  in  a  system  with 
n  variables  which  are  coupled  through  the  plant  (equation  (5.15)).  We  see 
from  (5.15)  that  the  load  does  not  affect  the  controlled  variable  if 

An  (j>)\Kct  (pu  (p)  +  du  (p)  )  +  Ntl  (p)]  =  0.  (5.58) 


*  We  are  dealing  with  loads  applied  to  the  plant  only. 
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Equality  (5.58)  is  satisfied  if 
(a)  AJI(p)  =  0 


or 


(b)  Kcl(pli(p)-\-dll (/>))  +  Nu(p)  =  0. 


(5.59) 


store  ”  .  ni  J  however  that  the  requirement  A„{p)  =  0  is  inadmissible, 
smce  as  it  follows  from  (5.15),  KSrefis  also  multiplied  by  A„{p),  and  the 

the  load" P  _  °  W0Uld  eliminate  the  entire  control  system,  as  well  as 
Thus  load  rejection  is  based  on  the  condition 


K'  i  [Pn  (p)~hdu  (p)\  +  Nu  (p)  =  Q.  (5.59') 

Inserting  for  the  operators  in  (5.59')  their  expressions  from  (5.5),  we  find 

Kc i  \KiV-tFmi  (P)  (p)  +  KtF„i  (p)  Q,  (p)  Qmi  (p)\  -p 

+  KtQt  {p)  {p)  Ri  (p)  Fml  (p)  =  0,  (5.60) 

or 


r  On*  ( p )  m 

Fni  (p)  1 

iQmt(p)  Qi  (p) 

r  Fml  ip)  J 

RAp)= o. 


whence  follows  an  expression  for  the  transducer  ratio: 


».iW 

Ki  (p) 


[R,ip)  +  Kcl 


Fallen  qi(p)  _ 

F ml  (p)  / 

(^i  ( P )  Fml  ( p )  ~h  Kc  jFnl  ip)  )  Qi  ( P ) 
Vfml  (P)  ' 


(5.61) 


fs  1S  fairly  difficult  to  implement  since,  as  it  follows  from 

(5.61),  the  degree  of  en,(p)  should  be  greater  than  the  degree  of  emi(p) at 
least  by  an  amount  equal  to  the  degree  of  the  product  Ri(p)Qtlp).  This  is 
precisely  the  degree  of  the  section  which  includes  the  stabilized  component 
Ri{p)  and  the  unstabilized  component  Qi(p). 

The  problem,  however,  is  solved  very  easily  by  a  simple  modification  of 

structure.  Clearly,  the  effect  of  load  is  eliminated  if  the  output  of  pdjfj 

f„ellV,er„ed  directly  to  the  plant  input.  Indeed,  first  we  write  equation  (5.61) 
in  a  different  form:  x  ' 


Ret  mi  e„, (P)  kcI  fm (P) 

Ft ( p )  Qi (p)  em, (p)  -r  >m( (r)  + 1  =  0 •  (5.62) 


Now  the  transducer  output  is  delivered  directly  to  the  plant  input.  In  the 
result  of  this  operation,  the  factor  before  should  be  divided  by  the 

transfer  functions  of  those  elements  which  are  dispensed  with  in  the  new 


This  problem  is  considered  in  more  detail  in  the  next  chapter. 
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We  thus  obtain  for 


~  ,  •  ^Cc  i  M 

configuration,  i.e.,  the  transfer  functions  Qi{p)‘ 

the  transducer  ratio 


9  ntiP) 

r  Kd 

Fni  (P)  . 

QiiP ) 

L  RliP) 

F ml  (P)  1 

(5.63) 


This  transfer  function  can  be  implemented  without  difficulty. 

As  we  have  already  noted,  q”*  does  not  influence  the  system  stability, 

provided  that  0m<(p)  has  left -half -plane  roots  only.  The  problem  of 
Andronov's  coarseness  therefore  does  not  arise  in  this  case. 


§  5.7.  LOAD  REJECTION  FOR  Kc-»oo 

In  the  preceding  section  we  showed  how  to  choose  the  transducer  ratio 
and  how  to  connect  the  transducer  to  the  system  so  as  to  ensure  complete 
load  rejection.  Earlier  we  demonstrated  the  advisability  of  using  structures 
which  are  stable  for  KCI-+  oo.  In  this  section  we  correspondingly  proceed 

to  consider  the  choice  of  for  this  special  class  of  structures,  when 

the  fundamental  dynamic  properties  of  the  system  are  entirely  specified 
by  the  degenerate  equation.  Our  aim,  of  course,  is  to  achieve  perfect  load 
rejection. 

From  (5.46)  it  is  clear  that  the  load  does  not  affect  system  dynamics  if 

P«(P)-M, /(/>)  =  <>•  (5-64> 

Inserting  for  pa(p)  and  du{p)  their  values  from  (5.5),  we  have 

KptFmi  if)  *nt  ip)  +  Kfnt  ip)  Ql  iP)  iP)  =  0 


or 

Vt  *nl(P)  _  Fnl(P )  (5.65) 

Qi(p)  Qml(P)  Fml(P)' 

This  can  be  achieved  without  difficulty  if  the  structure  is  appropriately 
modified.  Indeed,  if  the  transducer  output  is  connected  as  shown  in 

Figure  5.2  (after  the  element  with  the  transfer  function  -q^),  left- 

hand  side  of  (5.65)  is  divided  by  and  for  Ka-^oo  we  finally  have 

9 m(P)  Pm(P)  (5.66) 

9 ml  ( P )  Fml  (P)  * 

There  is  no  need  to  emphasize  that  a  transducer  with  this  transfer 
function  can  be  built  without  any  difficulty. 

In  the  general  case  of  an  n -variable  system,  load  rejection  is  achieved 
by  using  structure  configurations  shown  in  Figure  5.2.  The  transducers 
are  chosen  from  the  condition 

jk. _ I*L  (5.67) 

9 ml  F mi  * 
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where  /-  1,2,  ...  ,  n. 

In  practice,  the  system  can  be  further  simplified  by  using  a  stabilizer 
which  doubles  as  a  transducer.  In  this  case  the  load  disturbances 

.  k- 1 

are  delivered  directly  to  the  stabilizer  input,  as  is  shown  in  Figure  5.3, 
There  is  no  need  to  adjust  the  parameters  of  the  stabilizer  and  the 
transducer  to  achieve  matching,  as  there  is  only  one  set  of  parameters 
in  question,  the  parameters  of  the  stabilizer. 


FIGURE  5.2.  A  combined  control  system  with  load 
rejection. 


Thus,  for  sufficiently  large  gain  Kci,  the  structure  in  Figure  5.3 
ensures  that  the  control  process  is  independent  of  loads  and  disturbances 
applied  to  the  plant.  (The  case  of  disturbances,  loads,  and  other  inter¬ 
ferences  applied  not  to  the  plant  but  elsewhere  in  the  system  will  be 
considered  separately. ) 
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Chapter  Six 

INVARIANCE  AND  NONINTERACTION  IN 
MULTIVARIABLE  CONTROL  SYSTEMS 

§  6.1.  INTRODUCTORY  REMARKS 

In  automatic  control  systems  one  always  faces  the  problem  of  eliminating 
the  effect  of  disturbances  (loads)  on  the  variation  (or,  in  particular  cases, 
constancy)  of  the  controlled  variables.  In  other  words,  we  have  to  deal 
with  rejection  of  external  disturbances  acting  on  the  control 
system. 

The  principle  of  invariance,  when  some  generalized  coordinate  of  a 
dynamic  system  is  independent  of  disturbances,  was  formulated  by 
N.N.  Luzin  in  1940,  as  a  generalization  of  the  previous  results  of 
G.  V.  Shchipanov.  The  problem  of  invariance  was  subsequently  developed 
by  Kulebakin  /26,  27/,  Petrov  /51/,  Fel'dbaum  /66/,  Kukhtenko  / 24/, 
and  others  (see  Bibliography).  Rozonoer  / 58 /  reduced  the  problem  of 
invariance  to  a  variational  problem. 

Synthesis  of  systems  where  the  controlled  variable  is  entirely  independent 
of  external  disturbances,  the  so-called  perfect  load -rejecting  systems,  is 
discussed  by  Shchipanov  / 7 6/ .  In  later  researches  /27,  31,  32,  51,  56/, 
Shchipanov' s  results  were  considered  in  very  great  detail  and  we  now  have 
a  thorough  understanding  of  his  fundamental  contributions,  as  well  as  of 
some  inaccuracies  in  his  work. 

The  practical  significance  of  Shchipanov' s  ideas  is  due  to  the  fact  that 
the  load-rejection  principle  is  realizable  in  real  systems.  Petrov  / 51/ 
formulated  the  two- channel  principle,  which  provides  us  with  a  key  to 
the  design  of  single -variable  systems  with  complete  or  partial  rejection 
of  external  disturbances. 

In  this  chapter  invariance  is  considered  in  application  to  multivariable 
control  systems.  The  characteristic  problems  of  multivariable  control 
systems,  aside  from  those  which,  though  solved  by  the  general  methods, 
refer  to  single -variable  systems,  arise  from  the  fact  that  each  controlled 
variable  is  influenced  not  only  by  various  disturbances  but  also  by  all  the 
other  controlled  variables:  all  the  variables  interact  through  the  plant, 
the  measurement  devices  (in  multidimensional  servosystems),  and  the  load. 

One  of  the  fundamental  problems  in  multivariable  control  is  the  problem 
of  noninteraction,  i.e.,  choice  of  structures  and  system  parameters 
ensuring  that  the  various  controlled  variables  do  not  interact,  so  that  the 
control  subsystems  for  each  variable  can  be  considered  independently  of 
all  the  rest. 
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The  problem  of  noninteraction  was  first  formulated  by  I.N.  Voznesenskii 
/10,  11/  and  he  was  the  first  to  propose  methods  for  the  selection  of 
regulator  connections  that  ensured  active  control  by  each  subsystem. 
Noninteraction  is  the  subject  of  numerous  Soviet  /5,  6,  21,  19,  52/  and 
Western  publications  (see  Bibliography  at  the  end  of  the  book). 

The  problem  of  noninteraction  is  closely  related  to  the  problem  of 
invariance.  It  is  shown  /27,  29,  51/  that  the  noninteraction  conditions 
sometimes  coincide  with  invariance  criteria. 

It  is  clear  from  the  results  of  Chapter  Five  that  rejection' of  external 
disturbances  does  not  ensure  noninteraction.  Our  task  is  thus  to  consider 
the  relationship  between  invariance  and  noninteraction.  It  will  be  shown 
that  invariance  in  relation  to  external  disturbances  does  not  automatically 
ensure  noninteraction  and  vice  versa;  noninteraction  does  not  automatically 
mean  invariance.  That  these  problems  should  be  considered  separately 
follows  from  certain  physical  realizability  conditions,  and  in  particular  from 
conditions  of  stability  of  the  entire  multivariable  system. 


§  6.2.  THE  PROBLEM  OF  NONINTERACTION 

In  noninteracting  multivariable  systems,  the  controlled  variation  of  one 
of  the  variables  does  not  influence  the  other  variables.  Noninteraction 
in  this  sense  may  be  complete  (or  perfect)  or  alternatively  it  may 
hold  true  to  a  certain  finite  accuracy. 

Noninteraction  can  be  considered  from  two  points  of  view.  First,  it 
may  be  attributed  to  what  we  call  technological  factors.  As  an  example, 
take  the  system  of  frequency  and  speed  control  in  an  asynchronous  motor. 
Desirable  performance  characteristics,  especially  when  starting  or 
stopping  the  motor,  are  ensured  by  varying  the  stator  voltage  and  the 
supply  current  frequency  according  to  equations  which  differ  from  the 
natural  variation  of  the  variable -frequency  outputs  (e.g.,  in  a  variable- 
speed  synchronous  generator). 

Second,  noninteraction  may  be  regarded  as  a  certain  dynamic  property 
of  the  system,  an  organic  outgrowth  of  its  structure.  This  case  is  of 
considerable  importance  and  will  be  treated  separately  in  the  following. 

I  will  first  discuss  the  fundamental  results  obtained  by  Voznesenskii  / 1 0,  11/ 
and  American  authors  / 77/  and  then  proceed  to  analyze  my  own  contributions 
to  the  subject. 


1.  Voznesenskii* s  fundamental  results  /10,  11/ 

These  results  deserve  special  attention,  as  they  were  essentially  the 
first  contributions  to  the  theory  of  automatic  control  and  laid  down  a 
foundation  for  the  design  of  quality  control  systems  / 1 0,  11,  19,  52/. 
They  also  provided  a  point  of  departure  for  numerous  later  researches. 

Voznesenskii* s  results  apply  to  cases  when  the  controlled  variables 
interact  through  the  plant  only.  The  problem  is  thus  stated  as  follows; 
choose  a  control  system  such  that  noninteraction  of 
the  individual  controlled  variables  is  ensured. 
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The  problem  is  investigated  for  a  multivariable  control  system 
described  by  the  following  set  of  differential  equations: 


dy  i 

ai  dT  —  — 

an  —  M-/J 


(6.1) 


where  a{  are  constants,  are  the  controlled  variables,  mo  are  the  steady- 
state  loads,  torques,  etc.,  m  are  the  loads,  torques,  etc.,  corresponding 
to  the  variables  yim 

The  quantities  m  are  controlled  by  the  controllers  mu  To  ensure 
noninteraction,  m  is  controlled  not  by  the  i-th  controller  alone  but  by 
all  the  interconnected  regulators  jointly.  The  behavior  of  the  controllers 
is  thus  described  by  the  following  set  of  equations: 


jij  =  kutnx  +  knm2-{~  •  ••  ~h kinmn> 
\i2  =  k2Xml~\-k22m2-\-  ...  - \-k2nmn , 

Mvi  =  knim\  +^/i2^2+  +  knnmn' 


(6.2) 


where  kih  gives  the  effect  of  the  k-th.  controller  on  the  *-th  parameter  m. 

In  a  system  with  controlled  variables  a  measuring  device  (a  sensor) 
is  provided  for  each  variable.  Ideal  transducers  are  assumed,  satisfying 
the  relations 

yt  =  nfii,  (6.3) 


where  i—  1,2,...,  n.  The  various  controllers  are  described  by  the  equations 


tnx  —  lXQ-\-  luzx-\-lnz2-\-  ••• 
m2  —  4)  +  h\z\  +  ^22Z2  +  •  •  *  +  llnzn' 

mn  =  4o  +  K\z\  +  ^n2z2  +  •  •  «  +  l nnZn- 


(6.4) 


Here  lih  are  the  transfer  numbers  between  the  measurement  devices  zh  and 
the  controllers  m*.  These  are  the  numbers  to  be  determined  if  noninterac¬ 
tion  is  to  be  ensured. 

Inserting  for  m*  in  (6.2)  their  expressions  from  (6.4),  we  find 


\i-l  =  knlxx-\-knluZ\-\-knll2Z2-{- knlnz3-\-  ...  -f- kxxllnzn -J- 

-f-  ki2l2Q  -f-  ^12^21^1  ~f"  ^12^22Z2  ^12^23Z3  H“  ♦ • •  +  ^12^2 nzn  H" 

•••  +  ^13^31^1  +  ^13^32^2  H-  ^13^33^3  •  ■  •  ~f* 

n  n  n 

k\zhnzn  “b  •  •  *  =  2  ^iJiO  +  ^2  k\lh\ ~f”  z2  2  kuli2  +  •  •  • 
<  =  1  1  1 

n 

•••  “f"  znSl^uhn* 
1 

n  n  n  n 

M-2~  2  ^2i^i0“l_'2:i  2^2t^l  2^2i  ^12  ~1"  Zn  2^2<4i» 

<=111  1 


(6.5) 


M-n —  2  kni^iO  f~  z\  2  ~h  z2  2  ^ni^i2  +  2/i  2 
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The  coupling  coefficients  lik  are  chosen  so  that  all  the  sums  of  the 
products  kp!slsqi  p  ¥=  q,  vanish,  i.  e., 

n 

2  kpJsq  —  0  f or  q  #  P-  (6.6) 

In  (6.5)  there  are  n(/z+l)  unknown  coefficients,  whereas  (6.6)  provides 
only  n{n~  1)  equations  for  these  coefficients  (n coefficients  of  the  form 
U o  and  n  coefficients  of  the  form  ku  are  not  included).  The  number  of 
missing  equations  is  thus 

(n  +  1)  n  —  n  (n  —  1)  —  n?  -f-  n  —  n2  n  —  2n. 

The  2 n  missing  equations  can  be  obtained  from  the  following  conditions. 
Making  use  of  (6.6),  we  write  (6.5)  in  the  form 

n  n 

M- 1  ~  2  £ls(sO  +  z\  2  kls^sV 

1=1  1 

n  n 

M'2===  2  ^25^0  ^2  2  (6.7) 

11  '  ' 

n  n 

Vn  —  2  knslgO  ~\~zn  2  knJsn* 

I  1 

If  the  control  domain  for  the  given  range  of  n,0  is  denoted  by 

Ajlj  =  (1^  max  (6.8) 

the  coordinates  of  the  measurement  devices  by  zlmln  and  zixan  respectively, 
and  the  irregularity  coefficients  by 

5  —  yimax  —  yi  min  (6.9) 

1  yto 


Equations  (6.6),  (6.10),  and  (6.11)  give  n(n+ 1)  equations  in  n(n+ 1) 
unknowns,  ho, hn,  ho, ...»  hn, . . . ,  Un. 

Solving  these  equations  for  hj,  we  find 

2 . n;  i  =  1,2 . «),  (6.12) 

where 


^11 

k\t 

. .  .  kin 

k2\ 

k22 

k2n 

kjl 

k)2 

•  •  •  k]n 

kn\ 

kni 

•  •  •  knn 

and  h;t  is  the  cofactor  of  k jit  Having  thus  selected  the  transfer  numbers  lik, 
we  ensure  noninteraction  within  the  framework  of  our  assumptions. 
Noninteraction  is  thus  ensured  if  the  following  are  known: 

(a)  the  matrix  of  the  coefficients  ||&,j||,  where  i=  1,  2,  .  .  . ,  n,  j  =  1, 2,  . . . ,  n; 

(b)  the  irregularity  coefficients  6,-,  where  i~  1,2,...,  n; 

(c)  the  normal  loads  n,o,  where  i-  1,  2,  .  .  . ,  n; 

(d)  the  rated  (guaranteed)  steady-state  values  of  the  controlled  variables 
yio,  where  /  =  1,2,...,  n . 

It  follows  from  the  preceding  that  noninteraction  is  primarily  the  outcome 
of  a  certain  mode  of  operation.  In  a  different  operating  mode,  interaction 
may  be  restored. 

We  have  discussed  here  the  fundamental  contributions  of  Voznesenskii. 
Later  researches  are  based  on  his  work,  and  their  aim  is  to  establish  non¬ 
interaction  criteria  under  more  complex  conditions.  Note  that  Voznesenskii1  s 
presentation  is  most  elementary,  since  each  controlled  variable  is  described 
by  a  first-order  differential  equation.  Furthermore,  ideal  transducers 
(measuring  devices)  and  controllers  are  assumed. 

The  noninteraction  conditions  become  obviously  more  complicated  in 
slightly  more  complex  systems.  It  has  been  shown  /19,  52/  that  in  indirect 
control  systems  employing  the  same  simple  plant  as  before,  noninteraction 
requires  equality  of  time  constants  of  all  the  servomotors. 

We  do  not  discuss  here  further  developments  of  Voznesenskii’ s  approach, 
and  the  reader  is  referred  to  special  literature  /5,  6,  16,  19,  52,  etc.  /. 


2.  The  method  of  Boksenbom  and  Hood  /  77 / 

Boksenbom  and  Hood  / 77 /  published  their  results  in  1949  and  they  are 
essentially  similar  to  those  of  Voznesenskii.  The  only  difference  is  the 
mathematics  of  the  solution.  Almost  all  later  Western  publications  in  this  field 

/ 8 1 ,  82,  77,  78,  79,  etc./  are  based  on 
the  original  paper  of  Boksenbom  and  Hood*, 
and  we  therefore  proceed  with  a  detailed 
analysis  of  their  method.  Consider  a  plant 
with  i  controlled  (dependent)  variables  y , 
which  are  henceforth  referred  to  as  output 
variables  or  briefly  outputs,  and  n  independ¬ 
ent  inputs  x  (Figure  6.1). 


FIGURE  6.1.  A  multivariable  controlled 
object  with  n  inputs  and  /  outputs. 


*  With  the  exception  of  the  book  by  Mesarovic  /85/  ,  mentioned  in  Chapter  Three. 
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If  each  output  is  dependent  on  all  the  inputs,  we  may  write  the  following 
set  of  equations  in  Laplace  transforms: 


r\  —  ^11^1  +  ^12^2+  • 

•  +£l 

/2~  ^21^1 +  ^22^2+  • 

•  -\-ElnXni 

/i  —  EilXl  -\-Ei2X2~\-  . 

■  +EUX„ 

(6.13) 


or 


Yt  =  ?>EikX»  /=  1, 

*=i 


2, 


The  operators  £ffeare  the  transfer  functions  between  the  k-th  input  and 
the  i  -th  output. 

X,  Xg  X'  X;,,  X„ 


FIGURE  6.2.  Schematic  representation  of 
the  controlled  object  (see  Figure  6.1). 
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Equation  (6.13)  may  be  written  in  matrix  form  (Figure  6.2).  Each  matrix 
element  Eik  stands  for  the  corresponding  transfer  function.  Each  input  as 
if  acts  on  its  own  column  and,  upon  multiplication  by  the  elements  of  that 
column,  gives  the  output  sum  in  the  corresponding  row.  Thus  Xi  acts  on  the 
first  column:  it  is  multiplied  by  each  element  of  that  column,  the  products 
are  added  up,  and  the  sum  is  the  output' written  in  the  first  row.  From 
the  general  matrix  E  we  isolate  the  first  /  columns,  this  being  the  number 
of  dependent  (controlled)  outputs,  and  form  an  i  X i  square  matrix. 

It  is  assumed  that  with  n  inputs  only  i<n  outputs  are  controlled.  For 
this  reason  n  —  i  inputs  can  be  manipulated  as  desired. 

Figure  6.3  is  a  functional  diagram  of  a  control  system  for  a  single 
variable.  The  controller  outputs  X{  are  represented  by  the  set  of  equations 

=  cn  (Fj  Fj)  +  ciz  (F2  —  F2)  +  ...  -J-  cu  (Y i  —  V i)  + 

^2  —  C21  (Fi  —  Vi)  +  C22  (F 2  —  F 2)  +  .  .  .  +  Cu  (V t  —  Fz)  + 

+  <W*i+i-*i+i  )+...+c'2n(Xn~Xn),  <6*14) 


Xn  —  cn  1  (F 1  —  Fj)  +  Cn2  (F2  —  F2)  +  •  •  •  +  cnl  (Fz  —  Fz)  -j f- 
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First  note  that  the  controller  outputs  depend  not  only  on  the  deviations 
of  the  respective  controlled  variables  but  also  on  the  deviations  of  all  the 
other  variables,  and  equations  (6.14)  are  analogous  in  this  sense  to 
equations  (6.2)  in  Voznesenskii’ s  method.  The  only  difference  is  that 
contributions  from  the  slack  inputs  Af+1,  etc.,  are  added. 


An  obviously  interesting  approach  is  to  use  the  slack  inputs  as  additional 
control  factors.  Equations  (6.14)  can  be  written  in  the  following  abbreviated 
form: 

*»  =  2  (/,-?,)  +  2  Ci,  (*„-*„).  (6.15) 

j=l  n=/+l 

Figure  6.4  is  a  matrix  representation  of  (6.15).  The  controller  matrix 
is  interpreted  in  the  same  way  as  the  plant  matrix  in  Figure  6.2.  The 
inputs  Y — ¥  and  X—X  act  on  the  columns  and  the  row  outputs  are  X.  Each 
input  is  multiplied  by  all  the  column  elements,  and  the  sum  of  these  products 
in  each  row  gives  the  corresponding  output. 


FIGURE  6.4.  Schematic  representation  of 
a  controller. 

A  complete  control  system  is  obtained  when  the  previous  equations  are 
supplemented  with  the  equations  of  measurement  devices  and  servomechanisms . 
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For  the  measurement  devices  we  may  write 


(v==l,  2,  . ..,  0, 

=  LmiXp 

(M- =  i  H- 1  >  <  +  2,  . . . ,  ft). 


(6.16) 


In  what  follows  it  is  generally  assumed  that  each  independent  variable 
has  its  own  servo,  which  is  actuated  by  the  corresponding  signal  X. 
Introducing  the  disturbances  fki  we  write 

=  +  h  (*=1.2 . n).  (6.17) 

We  have  thus  obtained  the  following  set  of  equations  for  a  multivariable 
control  system 

The  plant  equation 


Yl=llEJkXi 


(/=  1,  2 . n). 


The  controller  equation 

(Kv —  Kv)+iiStic;il(A'll-^ll)(ft=l, 2 . n). 

The  equation  of  the  measurement  device 

Fv=£vvKv.  \=LmX^ 

(v=l,  2,  ....  i\  |i  =  i+l,  ....  n). 

Servo  and  disturbances 

^k  —  skk^k~\~fk  {k—  1*  2,  n). 


(6.18) 


This  set  can  be  represented,  as  before,  in  matrix  form.  If  the  plant 
has  three  controlled  variables  (dependent  outputs)  and  five  independent 
inputs,  the  corresponding  matrix  is  shown  in  Figure  6.5. 


Three  Y  settings 

FIGURE  6.5.  Matrix  representation  of  plant  and  controller. 
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Solving  (6.18)  for  the  controlled  variable  Yit  we  find 


>0=1  i,VAP',-iJv)+ 

+  2  1  EjkSkkC'kv  (*„  -  +  S  £W*. 

*=1  |l»i+l  t  =  l 

(/=>.  2 . i), 

**=  2  (Kv  -  £VVKV)  +|st(Cift  -  /, 

(6  =  1,2 . n). 


(6.19) 

(6.20) 


Now  that  the  system  equation  is  available,  we  can  proceed  with  the 
problem  of  noninteraction.  Several  different  kinds  of  noninteraction  are 
considered  in  / 7 7  / .  The  corresponding  matrix  representation  is  given 
in  Figure  6.6. 


Noninteraction  is  first  considered  in  its  most  elementary  sense:  the 
output  Yi  is  changed  only  by  changing  the  setting  YiK{ ,  and  none  of  the  other 
variations  affects  this  quantity;  alternatively  by  changing  the  setting  YiK f 
we  change  only  one  controlled  variable  Yiy  or,  in  general,  each  controlled 
variable  is  affected  only  by  the  variation  of  its  own  setting  and  is  independent 
of  other  reference  values. 

Noninteraction  is  obtained  if  and  only  if  the  system  matrix  is  diagonal. 

The  noninteraction  condition  is  thus  that  all  the  nondiagonal  elements  of 
the  system  matrix  are  zero.  For  /=  1,2,...,  i  and  /  t  we  have 

2  EjkSkkCkt  “0  (6.21) 

Jr=l 

and  for  all  the  others,  from  =  to  ny 

•S(ijiC(i/=0  (6.22) 
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or 


C^i  —  0. 


(6.23) 


Equations  (6.22)  and  (6.23)  show  that  from  *1=1+1  to  n  =  «,  the  elements 
of  the  /-th  column  iri  the  matrix  C  are  all  zero.  The  same  conclusion 
obtains  from  (6.21)  for  the  elements  of  the  column  /  from  /=  1  to  /«/ 
(when  j  *£t),  i.  e., 

i£,A.Ctt= 0.  (6.24) 

ft  =  l 

Relation  (6.24)  yields  i- 1  equations  in  i  unknowns,  and  we  may  thus 
write  a  relationship  between  any  two  elements  of  column  t  in  matrix  C. 

We  now  proceed  to  establish  the  noninteraction  conditions  in  explicit 
form.  Returning  to  equations  (6.19)  and  (6.20),  we  isolated  in  (6.19) 
the  term  with  the  setting  Yt  and  write 

Yj=±  2£,Vh()'v~Vv)+ 

*  k  =  l  V  =  1 

■+-  2  2  ^jk^kk^kv  (X]i  ~  + 

k  =  l  ud+l  1 

+  %  Ej,SkkC6,(y-LllY,)  +  i  Ejsfk  (6.25) 

«=1  * 

and 

xt  =  (K„  —  Ivv)'v)+(iS+]  SMC^  (X^  —  Lmx^  +  ft  + 

+SttCk,(Yt-LaY^.  (6.26) 

In  order  for  the  setting  Y ;  to  influence  only  the  controlled  variable  Yit 
j=t ,  without  interacting  with  the  other  outputs,  it  is  necessary  that 

2  EjkSkkCkt  —  j  *£■  t.  (6.27) 

k  =  1 

Moreover,  in  (6.2  6)  only  the  last  term  may  depend  on  Yr,  all  the  other 
terms  should  vanish,  i.e., 

SkkCkv  —  0  for  (6.28) 

or 

Cftv  =0, 

where 

k  =  i- f-1,  ....  n. 

Making  use  of  Kronecker's  delta 

6^=0  for  i  =h  k , 
bik  —  1  for  /  —  k, 
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we  write  (6.27)  in  the  form 


i  t 

jjS  EjkSkfiki  —  (/=!,  2 (6.29) 


For  any  given  (fixed)  /,  equation  (6.29)  gives  /-  1  linear  algebraic 
equations’ in  i  unknowns  SkhCkt,  6=1,2,...,  n.  Equations  (6.29)  therefore 
describe  the  relationship  between  these  unknowns  but  do  not  determine 
their  actual  values. 

We  make  use  of  the  following  known  property  of  determinants.  Putting 
1^*1  for  the  cofactor  of  the  element  E)h  in  the  determinant  |E*I  of  the  square 
matrix  ||£*||,  we  may  write 

i 

S  1  —  o  for  ki=t  (6.30) 

and 

i 

%EJk\E*t\  =  \E*\  for  k  =  t.  (6.30’) 

Multiplying  the  two  sides  of  (6.29)  by \E*jt\  and  summing  over  /  from 
/=  1,  to  j=i,  we  find 

2 \Eji\Ej*SkkCttt=  2  2  I E]i\ bitEjkSkkCkf  (6.31) 

A=1  j=i  fe=l  j-l 

Making  use  of  (6.30')  we  now  write  for  k-l 

I  jp+  r  t 

SppCpt  ~  ~j~grp  Epk$kkCkp  ■  (6.32) 

k=i 


In  particular. 


$11^11  -  ]  £*  |  ^Ik^kk^kl' 


Dividing  (6.32)  through  by  (6.33),  we  find 


su^u 


(p,  /=l,  2,  ....  /). 


(6.33) 


(6.34) 


We  have  obtained  a  relationship  in  which  the  nondiagonal  matrix  elements 
are  expressed  in  terms  of  the  diagonal  elements.  Choosing  the  transfer 
function  SC  from  (6.29)  and  (6.34)  we  ensure  the  necessary  and  sufficient 
conditions  of  noninteraction.  The  problem  of  noninteraction  is  thus  solved 
for  the  case  when  the  number  of  inputs  is  equal  to  the  number  of  outputs. 

In  our  case,  however,  the  number  of  inputs  is  greater  than  the  number  of 
outputs,  and  we  should  further  consider  the  choice  of  C'. 

To  this  end,  noninteraction  of  the  variables  p  =  t+l,  . ..,  n  should  be 
ensured.  Along  the  same  lines  as  for  yjt  /=1,  ...,  i,  it  is  proved  /77/ 
that  the  noninteraction  conditions  for  /  =  *+ 1,  . n  are  satisfied  if  the 
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transfer  functions  of  the  matrix  C'  are  chosen  from  the  following  relations: 


SJJCJr 


-Sl^yl  % 


i£*i 

(/  — 1,  . /,  r  =  /+l,  /  +  2,  . ..,  rc). 


(6.35) 


Summing  up,  we  write  the  conditions  of  complete  (perfect)  noninteraction 
for  any  variable  in  the  form 


Cut  =  0, 


where 


where 


1,  ....  ft, 

t=U  2,  . . . ,  l, 

C't  =  0, 

H  =  . ft  (v¥=r), 

r  —  /+  1,  . . .,  n , 

SJJCjt  __  1  1 

^VV^VV  '  ^VV  I 


and 


j,  t ,  v  =  1 ,  2,  /, 


hjCjr 


(/=  1,  2,  . . /, 


21^1% 

T^i  ’ 

r  —  f  + 1 . «). 


This  concludes  our  discussion  of  the  principal  results  obtained  by 
Boksenbom  and  Hood.  Further  developments  by  Western  authors  are 
mainly  based  on  these  results.  We  will  not  consider  the  methods  of  other 
authors  / 8 1 ,  82,  78,  79/,  since  they  are  of  no  fundamental  interest  in 
connection  with  the  problem  at  hand.  The  main  conclusion  from  the 
preceding  discussion  of  noninteraction  conditions  which  is  relevant  for  our 
analysis  of  the  problem  is  that  neither  the  first  (Voznesenskii' s  method) 
nor  the  second  (Boksenbom  and  Hood's  method)  approach  discloses  the 
structural  features  of  noninteraction,  so  that  neither  is  suitable  for 
elucidating  the  structures  in  which  noninteraction  is  attainable. 


§  6.  3.  NONINTERACTION  AS  A  DYNAMIC  PROPERTY 
OF  A  CERTAIN  CLASS  OF  STRUCTURES 

We  now  consider  multivariable  control  systems  with  controlled  variables 
interacting  through  the  plant,  where  the  nature  of  coupling  is  determined 
by  plant  properties.  The  system  comprises  n  variables,  each  constituting 
a  closed-loop  control  subsystem.  We  shall  discuss  a  number  of  different 
cases. 
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Hi  Case  1.  Controlled  objects  described 

by  first-order  differential  equations  and 
ideal  controllers. 

Let  each  controlled  variable  be  described 
by  a  first-order  differential  equation.  The 
controllers  being  ideal,  their  transfer 
FIGURE  6.7.  The  /- th  control  loop  with  functions  are  structurally  equivalent  to 
its  individual  controller,  parameters  for  each  variable.  It  is 

clear  from  §  6.  1  that  this  is  the  control 
system  investigated  by  Voznesenskii. 

Each  single -variable  subsystem  can 
be  replaced  by  a  structurally  equivalent  aperiodic  loop  (see  Figure  6.7). 

The  processes  in  this  system  are  described  by  the  following  set  of 
differential  equations: 

R 

V'4r+ 1  +  *>*c]  k, + K,  £  au  y, = fc,fcclylKt+Kjt, 

i  —2 

. ;_] .  (6.36) 

\^n  HnKc „J  Yn  ~(- Kn  2  an i Yi  —  KnK cnY nre{  -f- Knfn, 

t=i 

where  T{  is  the  time  constant  of  the  plant  in  relation  to  the  i-th  controlled 
variable,  Ki  the  plant  gain  in  relation  to  the  i-th  variable,  Kci  the  controller 
gain  for  the  i-th  variable,  aih  coefficient  of  coupling  between  i-th  and  6-th 
controlled  variables.  Here  aa  is  a  function  of  plant  properties;  it  may  be 
a  constant  or  a  function  described  by  a  differential  equation. 

Laplace -transforming  equations  (6.36)  and  assuming  zero  initial 
conditions,  we  obtain 

1  TiP  +  1  +  KtKc  *1  Y %  (p)  +  Ki  2  {p)  Y k{p)  — 

i- 1 
l=£k 

=  K:KclY rcf  (p)  -f  Kih  (p)  (i  =  1 ,  2,  . . . ,  n).  (6.37) 

To  prevent  loss  of  generality,  the  coupling  coefficient  is  written  as  a  function 
of  the  operator  p.  Dividing  the  i-th  equation  by  Kci  and  putting  =  we  find 

I  mt  (?iP-\-  1  )JrKi\Yl  (p)~YmiKi^aik  (p)Yk  (p)  — 

i 

(i— 1.  2,  ....  fi).  (6.38) 

Let  us  first  consider  the  case  ctiA(p)=aif,  =  const.  If  the  controller  gains 
are  sufficiently  large,  i.e.,  Kci-+<x>  and  m,-^0,  we  see  from  (6.38)  that  in  the 
limit  the  i-th  controlled  variable  depends  only  on  its  reference  value  YiKf(p) 
and  is  independent  of  all  other  controlled  variables.  Increasing  the  gain 
of  each  subsystem,  we  uncouple  the  various  controlled  variables  in  the 

sense  that,  to  accuracy  of  =  the  controlled  variables  no  longer 

interact  with  one  another;  we  have  thus  achieved  noninteraction  to  accuracy 
mi.  This  conclusion,  however,  does  not  mean  much  if  not  supplemented 
by  information  on  system  stability. 
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If  all  mi  are  of  the  same  order  of  smallness,  the  characteristic  equation 
is  written  as 


m  (1  +  T ip)  +Ki 
K2m  a21 

mK\0,\2 

1)  +  ^2  * 

mKx^n 

mK&tn 

=  0. 

(6.39) 

mKn0-n\ 

mKnan2 

■  •  m  (1  “b  T np)  + 

It  is  expanded  to  the  form 

m»Fa(p)+mn-'Fll_l(p)+  ... +FQ(p)=Ot 

where  the  subscript  of  F  indicates  the  degree  of  the  polynomial.  It  follows 
from  Chapter  Three  that  the  system  is  stable  as  m-> 0  if  and  only  if  the 
degenerate  equation  F0{p)=  0  and  the  auxiliary  equation  (of  the  first  kind  in 
this  case)  each  satisfy  the  respective  stability  conditions.  Here  it  clearly 
suffices  to  test  for  stability  the  auxiliary  equation  only.  After  simple 
manipulations  it  takes  the  form 

jl(Ki+Tlpm)  =  0.  (6.40) 

This  is  a  product  of  n  factors  each  characterizing  an  independent 
damped  process  for  the  corresponding  controlled  variable.  The  system 
is  thus  stable. 

The  roots  of  the  auxiliary  equation  are 


(6.41) 


which  shows  that  high  gain  ensures  high  system  stability,  i.e.,  high-speed 
response,  as  well  as  high  steady-state  accuracy  and  noninteraction. 
Moreover,  high  gain  "suppresses"  the  external  disturbance  /*.  In  this 
case  noninteraction  is  supplemented  by  excellent  dynamic  properties  of 
the  system  as  a  whole. 

The  results  also  admit  of  a  different  interpretation.  Suppose  that  we 
are  interested  in  improving  the  dynamic  properties  of  the  system.  To 
this  end  the  subsystem  gains  are  increased.  Since  F0{p)  in  this  case  is 
a  certain  constant,  the  system  dynamics  at  sufficiently  small  m  (large  Kci) 
is  completely  determined  by  the  properties  of  the  auxiliary  equation.  It 
is  clear  from  the  expression  for  the  roots  of  the  auxiliary  equation 
(relation  (6.41))  that  the  smaller  the  parameter  m*  the  faster  is  the  transient 
response  of  the  system,  i.e.,  system  dynamics  is  improved  by  raising 
the  subsystem  gains.  At  the  same  time  uncoupling  is  achieved  and  the 
process  is  separated  into  n  independent  (noninteracting)  processes. 

Noninteraction  is  thus  derived  as  a  dynamic  property  of  the  system 
at  high  gain,  regardless  of  whether  we  are  concerned  with  this  particular 
aspect  or  not. 

Case  2.  The  plant  and  the  controller  are  described  by  first-order 
differential  equations  in  each  controlled  variable. 
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FIGURE  6.8.  The  i- th  control  loop  with  a 
controller  described  by  a  first  -order  equation. 


Figure  6.8  is  the  structural  block 
diagram  of  this  case.  The  plant  and 
the  controller  are  represented  by 
aperiodic  elements  with  time  constants 
T{  and  Ti  and  gains  Ki  and  Kd-  Assuming 
zero  initial  conditions,  we  write  the 
following  set  of  equations  in  Laplace 
transforms  for  this  system: 


[(1  +  TiP){  1  +  Tip)  +  KiKz «]  Vi  (P)+Ki{  1  +  Tip)  2  aa (p)Yk(p)= 


(/— !•  2, tty 


(6.42) 


Dividing  each  equation  in  (6.42)  by  /Cc*and  putting  —  we  obtain 
[n,  (1  +  TiP)  (1  +  Tip)  +  Ki]Y,(pHm,Ki(  1  +  T',p)  2  o«  (p)K*(p)= 

=  KlY„u(p)  +  mKl(\  +  Tlp)U(p)  (/=  1,2 . n).  (6.43) 

Here  we  also  take  a** (/>)  =  a,* ( 0) .  For  the  degenerate  part  of  the 

set  separates  into  n  independent  zero-order  equations,  i.e.,  structurally 
the  control  system  is  representable  by  n  noninteracting  subsystems. 

To  find  the  2 n  roots  which  recede  to  infinity  as  0,  we  have  to 
test  the  auxiliary  equation  for  stability.  If  all  the  are  of  the  same 
order  of  smallness,  the  characteristic  equation  is  finally  written  in  the  form 


^2«(p)H-^n"l^2n-2(p)4-  -i-^o(/>)  =  0,  (6.44) 


where  the  subscripts  of  F  indicate  the  degree  of  the  corresponding 
polynomial  F(p). 

It  is  clear  from  (6.44)  that  we  will  be  dealing  with  an  auxiliary  equation 
of  the  second  kind  in  this  case.  The  auxiliary  equation  is  constructed 
following  the  procedure  of  Chapter  Three.  After  some  manipulations, 
we  write  it  in  the  form 


n[(i  +  r,9)(i  +  r;?)+A:(]=o.  (6.45) 

i=  1 

Since  Ti}  T'it  and  Ki  are  always  positive  real  numbers,  equation  (6.45) 
satisfies  the  stability  conditions.  From  (6.45)  we  also  see  that  the 
transient  response  of  the  system  consists  of  n  mutually  independent 
transients  corresponding  to  independent,  noninteracting  variation  of 
the  n  controlled  variables. 

In  this  more  complex  case,  noninteraction  of  the  individual  controlled 
variables  is  attained  by  increasing  the  subsystem  gains. 

As  in  Case  1  we  have  assumed  that  Kd  are  all  of  the  same  order  of 
magnitude  and  can  be  put  equal  to  one  another.  This  is  an  inconsequential 
restriction,  since  the  controller  gains  can  be  adjusted  accordingly.  If, 
however,  the  controller  gains  are  different,  they  are  all  represented  by 
a  single  combined  gain  factor  (as  in  Chapter  Three).  The  rest  of  the 
analysis  proceeds  along  the  same  lines  as  before,  i.e.,  an  auxiliary 
equation  is  drawn  up,  its  coefficients  incorporating  the  proportionality 
coefficients  introduced,  and  is  tested  for  stability. 
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Without  going  into  the  detailed  manipulations,  we  note  that  the  preceding 
conclusion  concerning  noninteraction  attained  by  increasing  the  subsystem 
gains  remain  valid  in  systems  where  the  controllers  are  structurally 
representable  by  integrating  elements  / 39 / .  For  noninteraction,  however, 
there  is  no  need  to  impose  any  restrictions  on  the  time  constants  of  the 
integrating  elements  (servomotors),  as  is  done,  e.g.,  in  / 52 / . 

Case  3.  Noninteraction  with  ideal  derivatives. 

Consider  the  general  case,  when  the  plant  is  described  by  an  /- th 
order  differential  equation  in  each  controlled  variable,  and  the  unstabilized 
controller  by  a  /-th  order  differential  equation. 

High-gain  stability  is  ensured  by  introducing  n-2  derivatives  (n—i+j) 
into  each  subsystem  according  to  the  rules  derived  in  Chapters  Three 
and  Four. 

Let  Di{p)  be  the  self-operator  of  the  plant,  Mi(p)  the  self-operator  of 
the  controller,  Ku  the  controller  gain  and  Ki  the  plant  gain,  all  in  relation 
to  the/-th  controlled  variable. 

We  proceed  to  derive  a  set  of  equations  describing  the  control  processes 
in  this  system. 

The  plant  equation  for  the  first  controlled  variable  is 

D1(p)A'1  =  /C1(x;-2a,iXi+/l).  (6.46) 


The  controller  equation: 


MI(p)X[  =  KoAXlK,-Xl-(aKpn'-'‘-\-anp'“'3  +  ■  ■  ■  +al„.-lp)  X,].  (6.47) 

Inserting  for  X[  in  (6.46)  its  expression  from  (6.47)  and  proceeding  to 
derive  equations  for  the  other  controlled  variables,  we  finally  obtain 

Di(P)^i(p)  +  f<iKci(alQpn'-2  -Mu/>n,“3  -h  . . . 

•••  -\-a\,n-\P)-\~^K\\Y ,  -f-  {p)  2a„r i  = 

—  Kc\f(\Y i ref  {p) 

[Bn  (p)  Mn  (/?)  +  K„Kc„(a„opnri  <1-\ranXpnn  3-f-  ... 

...  -+■  an,  n-i  P)  -j-  Kc  tKn]  Yn-\~  KnMn  {p)  2  a niY { = 

==  Kn  cKnY  „tCf-b  K„Mn  ( p )  }„, 

where 

ni=ax  -f  | iv 


(6.48) 


nn  —  an  “f 

For  sufficiently  large  Ka  the  equations  in  (6.48)  degenerate  to  mutually 
independent  equations.  Thus,  for  Kci-^oo,  the  /-th  equation  takes  the  form 

Kllampf‘rt+allPrr»+  ...  +a,,n.lp+K]Yl  =  KiYKf.  (6.49) 

The  left-hand  side  of  this  degenerate  equation  is  a  product  of  factors 
which  constitute  the  left-hand  sides  of  the  degenerate  equations  of  the 
individual  controlled  variables. 
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To  establish  stability  for  m-+  0,  it  remains  to  test  the  auxiliary  equation 
of  second  kind.  It  is  also  independent  of  the  coupling  coefficients  aik. 

We  thus  come  to  the  conclusion  that  if  ideal  controllers  are  used  in 
systems  which  remain  structurally  stable  at  arbitrarily  high  gain, 
noninteraction  is  a  dynamic  property  of  the  system;  the  degree  of  non¬ 
interaction  increases  as  the  corresponding  gain  is  increased.  As  regards 
the  quality  of  control,  we  see  from  (6.49)  that  the  degenerate  equation, 
which  determines  quality,  is  entirely  dependent  on  the  stabilizer  parameters 
The  latter  can  obviously  be  chosen  so  as  to  ensure  required  quality. 

In  what  follows  we  will  consider  systems  where  noninteraction  cannot 
be  attained  by  increase  of  gain  alone:  the  structures  should  be  additionally 
modified  to  ensure  noninteraction. 


§6.4.  ISOCHRONOUS  SYSTEMS 


Isochronous  systems  use  an  isochronous  stabilizer.  This  is  an  elastic 
feedback  element  having  the  transfer  function 


^out  ( p )  .  T P 

Xin(p)  \  +  xp‘ 


(6.50) 


This  transfer  function  is  characteristic  of  mechanical  isochronous 
stabilizers  (with  negligible  piston  mass),  as  well  as  stabilizing  transformers 
RC  elements,  and  other  control  elements  widely  used  in  practice. 


FIGURE  6.9.  The  /-th  control  loop  with  an  iso¬ 
chronous  controller. 


Figure  6.9  is  a  block  diagram  of  an  isochronous  system:  the  elastic  feed¬ 
back  loop  embraces  the  controller,  which  is  structurally  represented  as  a 
single  aperiodic  element.  Using  the  nomenclature  of  Figure  6.9,  we  write 


{(1  H-  T'i/')  [(1  -F-  TcXp)  (1  -f  x  xp)  4-  ATc1t,/>)  -f-  KxKcl  (1 4-  *!/?))  Yi  4- 

+  [0  +  7. i P) (1  +  iiP)  +  Kc^p]  2  alf Y(  = 

1  =  2 

—  KclK,  (1  +t1/j)Klre(+A’i[(l  +  Ti/>)  (1  +  Tc[p)  +  Kc\*\P\  fi. 
1(1  +  Tnp)  [(1  +  Tc,p)(\  +  x„p)+Kcnx„p]  +  KnKc„0  +x„P)  I  y\  + 
+  K.  |(1  +  T'.p) (1  +  xnp)  +  K' nxnp]  2  a„,K,  = 

i  *  1 

=  Kc„Kn(  1  +  x„p)  Yntt,-\-K„  1(1  +xnp)(  1  +  7C  „p)  +  Kc„t„p\  f„. 


(6.51) 


It  is  clear  from  Figure  6.9  that  the  subsystem  gains  can  be  increased 
indefinitely  by  increasing  the  corresponding  controller  gains. 

The  system  as  a  whole  is  stable  if  the  degenerate  equation  and  the 
auxiliary  equation  each  satisfy  the  stability  conditions. 

To  explore  the  possibility  of  noninteraction,  we  divide  all  the  equations 

in  (6.51)  by  Ka .  Putting  ——  —  nii  and  assuming  all  nn  to  be  of  the  same 

order  of  smallness,  we  draw  up  an  auxiliary  equation  (it  turns  out  to  be  an 
equation  of  the  first  kind  in  this  case). 

After  simple  manipulations,  we  obtain  the  auxiliary  equation  in  the  form 

jjj[(l  +  r.rf)  =  0.  (6.52) 

It  always  satisfies  the  stability  criteria  and  is  independent  of  the  coupling 
coefficients. 

Let  us  now  consider  the  degenerate  equations.  Dividing  (6.51)  by  Kci  and 
putting  m  =  ~]^=  0,  we  obtain  the  following  set  of  degenerate  equations 

[0  T i p)  p~hKi  (1  -f-  *1/7))  Pi  +  ^iTi/>  %auy i  ~ 

=  Ki(\ -\-i\P)  hjicf-j-AYq pfv 

[(1  -j-  7»  T 2p  +  ^2  0  X'lP)\  Y 2  KfilP  S  a2t  Y  1  = 

=  ^2(1+  x2 p)  Y 2  ref  H-  KfaPfl 

1(1  T np)xnp-\-K„{  1  +  XnP)\  Yn-)~  Knx„p  S  uniY {  = 

i  =  1 

=  KAl+tnP)Ynte{+KnTnpfn. 

Each  equation  in  (6.53)  contains  terms  which  account  for  the  interaction 
of  the  various  controlled  variables.  Noninteraction  thus  cannot  be  ensured 
by  simple  increase  of  the  gain  alone. 

To  ensure  noninteraction,  the  structure  is  modified  as  follows.  The 
sum  of  all  variables,  with  the  exception  of  the  variable  corresponding  to 
the  particular  controller,  is  additionally  delivered  to  the  input  of  the 
isochronous  stabilizer  of  each  controller.  The  system  behavior  is  thus 
described  by  the  following  equations. 

First -variable  plant  equation  (see  Figure  6.9): 

(1 4-  T,P)  K1  =  K,|V;  +  ixr+f,] .  (6.54) 
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Inserting  for  Y[  in  (6.54)  its  expression  from  (6.55)  we  find 

{(1  +  riP)  [(1  +  Tclp)  (1  +  xlP)  +  KclxlP]  +M*  (1  +  xlP)\  V \  - 

—  [(1  +  T'ci p)  (1  ~irx\p)'JrKc\x\P\  2  auYi^~ K\Kc\*xp  Sait^»== 

i=2  <= 2 

=  ATi/Cei(l  +  A/>)  ^lrefH-/Ci/i  [(1  +  rclp)(l  +t^)+/rcIt^I.  (6.56) 

Similar  equations  are  obtained  for  the  other  variables.  For  the  Jfe-th 
variable  we  thus  have 

{(1  +  TkP)  1(1  +  TckP)(  1  +xbp)  +  Kckxkp\  +  KkKck{\  +  w)]  F, - 

-  A-,  [(1  +  rct/7)  (1  +  T*/7)  +  ATc.t.p]  2  a. ,K,  + 

1=1 

+  KkKckXkP  2  aA/^ i  ~  KkKck  (1  +  XkP)  Y k  ref  + 

+  Kuh  [(1  +  Tckp)  ( 1  + 1 kp)  +  /ifc*T*p].  (6.57) 

Dividing  each  equation  in  (6.57)  by  the  appropriate  Kd  and  taking  m-^  =  -^- 

to  be  sufficiently  small,  we  obtain  a  set  of  independent  degenerate  equations 
for  each  controlled  variable.  Thus,  for  the  £-th  controlled  variable, 

[(1  +  TkP) xkP  +  Kk  (1  + 1 kp)\  Vt  =  Kk  (1  +  xAp)  Yktc(  +  Kkxkpfk.  (6.58) 

This  equation  describes  an  independent,  noninteracting  process  in  the 
£-th  control  loop.  This  process  is  independent  of  the  other  controlled 
variables. 

Comparison  with  the  results  of  the  previous  sections  shows  that, 
whereas  in  the  preceding  structures  increase  of  gain  ensured  noninteraction 
and  simultaneous  rejection  of  external  disturbances,  noninteraction  in 
a  system  representable  by  equation  (6.58)  is  not  accompanied  by  disturbance 
rejection.  This  important  property  will  be  investigated  in  what  follows 
during  a  detailed  analysis  of  noninteraction  and  invariance. 


§  6.  5.  NONINTERACTION  IN  THE  GENERAL  CASE 

Let  us  consider  noninteraction  in  the  general  case  of  a  system  with 
n  interacting  variables  which  remains  stable  as  the  individual  gains  are 
increased  indefinitely.  We  assume  that  each  control  loop  is  stabilized 

by  a  device  with  a  transfer  function  pnl^  which  encloses  part  of  the 

controller  with  the  self -operator  „  (Figure  6.10). 

Let  Di(p)  be  the  self-operator  of  the  plant  in  respect  to  the  i-th  controlled 
variable,  Mt  sr  (p)  the  self-operator  of  the  stabilized  section.  Mi  deg  (p)  the  self¬ 
operator  of  the  unstabilized  section,  /Cfdeg  the  gain  of  the  unstabilized  section. 

It  is  easily  seen  that  in  this  case,  as  in  §  6.  3,  gain  alone  does  not 
ensure  noninteraction.  We  do  not  prove  this  proposition,  as  it  partly 
follows  from  the  results  of  §  6.  3,  where  the  stabilizer  transfer  function 

is  a  particular  case  of  the  function  Cn[p\  . 

^  Fm  (P) 
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Let  a  sum  of  disturbances  ^  ^2^  aikYk  be  additionally  delivered  to 
the  input  of  each  stabilizer.  The  system  is  thus  described  by 


\ Di  ( p )  deg  (p)  \M{  a  (p)  F mi  (p)  +  Ki  Sl  Fni  (p)]  -j- 

+  Kt  „  K{  deg  KtFml  (p))  Y i  =  KtKt  Kt  iegFml  (p)  YiK{- 

st  F «*(/>)  2  ai  ft  ^ A  ~ f- 
s  *=1 

+  Ar,Mideg  {p)\Mt  sl  {p)Fmi{p)  +  Kt  st  Fnl{p))j±aikYk  + 

+  KiMt  deg  (P)  [Mt  st  (p) Fmi  (p)  +  Kt  „  ^  WI  fit  (6.59) 

where  n—  1,  2,...,  rc. 


FIGURE  6.10.  Illustrating  the  derivation  of  noninteraction  in 
the  general  case  of  a  lagless  plant. 


As  we  have  already  indicated,  the  stabilizer  transfer  function  and  the 
stabilizer  connections  are  chosen  so  that  the  system  remains  stable 
despite  indefinite  increase  in  gain.  Km  may  therefore  be  increased 
indefinitely  in  each  subsystem.  The  entire  system  will  be  stable  if  the 
degenerate  and  the  auxiliary  equation  each  satisfy  the  corresponding 
stability  criteria. 

Let  Kist  be  sufficiently  large.  Dividing  each  equation  in  (6.59)  by  Kt  „ 
we  find  that  for  sufficiently  small  — the  system  separates  into 

n  independent  equations,  each  describing  one  controlled  variable  only. 

The  stabilizer  input  in  this  case  is  thus  the  sum  of  all  extraneous 
controlled  variables,  which  implies  noninteraction  for  K  st  -*oo. 

It  is  clear  from  the  preceding  that  if  the  noninteraction  conditions 
are  satisfied,  each  subsystem  can  be  selected  and  investigated  independently 
with  the  aid  of  the  well-known  methods  of  the  theory  of  single -variable 
control  systems. 

It  should  be  emphasized  that  the  accuracy  of  the  results  is  conditioned 
by  the  order  of  smallness  of  m.  The  smaller  the  parameter  m ,  i.e.,  the 
higher  the  gain  KA,  the  more  accurate  are  the  results. 

In  practice,  if  all  the  other  system  parameters  are  known,  Kin  is 
readily  chosen  by  the  methods  described  in  / 39 / . 
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The  analysis  of  this  section  leads  to  tne  iollowing  conclusions. 

(a)  Multivariable  control  systems  which  retain  their  stability  at  any 
(including  arbitrarily  large)  gain  can  be  reduced  to  noninteracting  systems. 
In  the  general  case  noninteraction  is  attained  by  increasing  the  correspond¬ 
ing  gain  Km  and  simultaneously  delivering  to  the  stabilizer  input  the  sum 
of  disturbances  from  all  the  extraneous  variables  with  proportionality 
coefficients  aih. 

(b)  The  methoa&  of  the  theory  of  single -variable  control  systems  are 
fully  applicable  to  the  design  of  noninteracting  multivariable  systems 
and  to  the  choice  of  system  parameters. 


§  6.  6.  NONINTERACTION  IN  SYSTEMS  WITH  LAGS 

In  our  discussion  of  stability  of  lagged  systems  the  input  variable  of  the 
time-lag  element  was  assumed  to  be  zero  during  the  time  from  t=  -x  to 
/=  0.  This  assumption  is  valid,  since  in  linear  systems  (with  which  we 
are  concerned)  stability  is  independent  of  the  initial  conditions.  However, 
in  the  general  case,  zero  initial  conditions  are  inadmissible  in  systems 
with  lags.  The  system  equations  should  therefore  be  written  for  nonzero 
initial  conditions. 

We  consider  the  following  cases:  (a)  high -gain  stability  is  attained 
by  introducing  ideal  derivatives  into  the  systems,  and  (b)  high -gain  stability 
is  attained  by  introducing  real  derivatives. 


FIGURE  6.11.  Illustrating  noninteraction  in  the  general 
case  of  a  lagged  plant. 

Let  us  derive  the  equation  of  the  /-th  subsystem,  for  case  (a).  Figure  6.11 
is  a  block  diagram  of  this  case. 

The  plant  equation  ignoring  time  lag  is 

AWi',=^k  +  S«/.+f(l-  (e.eo) 

The  equation  of  the  lag  element 

Y\  =  Yt  (/  -  t).  (6.61) 


The  controller  equation 


RtU>)-xi  =  Kc,\K'n-Yi(aoPa-t  +  aiP"-3+  •••  (6.62) 
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where 


aoPn'2~\~^Pn~3+  •••  +a„_3p  =  F(p), 

and  n=D  +  R  is  the  overall  order  of  the  differential  equation  describing 
processes  in  this  subsystem. 

Laplace -transforming  equations  (6.60),  (6.61),  and  (6.62),  we  obtain 
the  plant  equation 

o, w+W. w+f(w]+oh|ft  w.  r;(o>].  (6.63) 

the  lag  equation 

o 

Vi  (p)  =  e-'fy,  (p)  +  /  Y',e-p‘  dt  =  e-x‘pY,  (p)  + '!>(/>).  (6.64) 


where  (p)  =  J x'ie~Ptdt  accounts  for  the  initial  conditions  during  the  time 

-T 

from  t--  t  to  t=  0, 

and  the  controller  equation 

Ri  (P)X;  (p)  —  Kc  i  [Krcf ,  —  Y,  (p)  (aapn  -2  +  a,/)”-3+  ... 

...  [Z5.  Yi(0).  x\ (0)].  (6.65) 

In  (6.64)  and  (6.65),  £>„,•  and  Rni  are  contributed  by  the  initial  conditions 
for  Yi  andX(,  respectively.  Solving  equations  (6.63),  (6.64),  and  (6.65) 
for  the  Laplace -transform  of  the  controlled  parameter,  Y<(p),  we  find 

\Di(p)Ri(P)exp+KlKci(a0p"-'‘+aip'‘-z+ . .  .+a„_3p+\)\Yt(p)+ 

+  K1R1  (f>)  2  ««>'’*  O’)  exp  =  [KiKc  tYtrt+  K$  (p)  (a0p"-*+ 

+a,p-*+  . . .  +  \)+KiR„i  [P,  Yi  (0),  >0(0)...]  + 

+  KlRl(p)fl(p)  +  Rl(p)Dn[P,  Y,( 0),  K](0) . . .]) exp.  (6.66) 

Dividing  the  two  sides  of  (6.66)  by  Kci  and  taking  Kc,  to  be  sufficiently  large, 
we  find  • 

«iDi{p)Ri{p)e^  +  Kl{a0p"-*+a,p'''-s+  ...  -\r\)Yi{p)  + 

+  mKiRt  (p)  2  aitrk  (p)  **  =  [KiYiK{  +  mK$  (a0p"->  -f 

— L  — f-  ...  +  l)-f  mKiRni  [pxi(  0),  x'i  (0) . . .  ]  -f- 

+  mKfti  (P)  fi  (P)  +  nRi  (P)  Onn  [P*  y,  (0),  Y\  (0) . . .  ]}  (6.67) 

First  let  us  consider  the  effect  of  nonzero  initial  conditions.  We  assume 
that  during  the  time  from  -  t  to  0  the  function  V.  and  its  derivatives  have 
finite  values;  we  moreover  assume  that  at  the  time  t=  0  the  function  *(0) 
and  its  derivatives  are  also  finite.  Equation  (6.67)  then  shows  that  as  Kd 
increases,  the  effect  on  the  transient  response  of  the  initial  values  of  Y 
and  x  and  of  their  derivatives  diminishes,  dropping  to  zero  in  the  limit. 
However,  a  distinctive  feature  of  this  stabilization  technique  (introduction 
of  ideal  derivatives  to  the  system  input),  as  is  seen  from  (6.67),  is  that 
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in  the  limit,  when  m-+  0,  the  equation  becomes  lagless,  the  leading  term 
vanishes,  and  instability  sets  in.  Introduction  of  ideal  derivatives  to  the 
system  input  is  thus  inadmissible  for  purposes  of  attaining  high-gain 
noninteraction. 

This  conclusion  is  fairly  obvious  without  a  formal  proof.  Introduction 
of  ideal  derivatives  to  the  system  input  is  equivalent  to  stabilizing  the 
entire  system  with  a  stabilizer 

a0p',-2  +  a1/7n-3-f  ...  H~ Q'n-zP' 

This  system  is  unstable  as  A^-^oo,  since  the  stabilizer  embraces  the  lag 
element  as  well. 

It  is  significant,  however,  that  the  initial  conditions,  as  long  as  they 
are  finite,  do  not  affect  the  fundamental  properties  of  the  system.  In 
what  follows  we  therefore  omit  the  particular  initial  conditions. 

Let  us  now  consider  the  case  when  the  ideal  derivative  is  so  introduced 
that  the  system  remains  stable  in  the  limit  despite  an  indefinite  increase 
in  the  gain  of  the  stabilized  section. 

For  the  i-th  subsystem  we  have 

[Dl(P)NiP)Q,(P)ex,P+K,  „  Dl(p)Nl(p)Fnl(p)ex‘,’-i-Kil0t  ]K,+ 

+  K,  |N(  (p)  Q,  ( p ) + K,  „  N,  (p)  Fal  (p)\  2  v.itY t  = 

=  [ N,  (P)  Q,  (P)  +  K,K,  „  JV,  (p)  Fnl  (p))  y„c,+ 

+  [W,  (P)  Q,  (P)  +  K,  „  (p)  F„,  (p)]  !„  (6. 68) 


where  K,  I0,  =  KiKn,K,  „  . 

The  order  of  the  highest  ideal  derivative  entering  the  expression  for 
Fni(p)  is  chosen  so  as  to  ensure  stability  with  arbitrarily  large  Kttt  . 

We  divide  (6.68)  by  Kt  „  and  put  Kt  5t  ^>oo.  The  degenerate  equation 
takes  the  form 


Id,  (p)  n,  (p)  p„  (p)  ev +K,m]y,+ 

+K,Nl(p)F„l(p)'Zaltrt  =  Klm  r^+N'WFMf,-  (6.69) 

It  is  clear  from  (6.69)  that  noninteraction  cannot  be  ensured  simply 
by  increasing  the  gain  Kl%l  ,  since  the  degenerate  equation  contains  a  term’ 

Nl(p)Fnt(p)  2 

k  =  \,  2,  ....  i-1,  /+1,  n 

and  the  process  is  consequently  dependent  on  the  contribution  from  all  the 
other  controlled  variables. 

Noninteraction  is  attained  by  proceeding  along  the  same  lines  as  with 
lagless  systems  (6.2).  Signals  of  the  form 

2  (6-7°) 

k=1,  2 . n 
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are  delivered  to  the  stabilizer  inputs.  The  set  of  equations  for  the  first 
subsystem  is  written  as 

lDi  (P)  Ni  (p)  Qi  (. P )  e'^+Ki  „  D,  (p)  N ,  (p)  (p)  e'^+Kt  m  \  Vt  + 

+  Iwi  (P)  Qi  (P)  +  Kt  „  Nt  (p)  F„t  (jo)1 2  alkY k  — 

1=2 

Ki  st  (p)  Fn\  ( P )  2  aik Y, k  — 

1= 2 

=  Kl  [A^!  (p)  Qx  (p)  4-  K,  st  N:  (p)  Fnl  (p) j  K,  ref+ 

+  I^i  (P)  Qi  (P)  +  Ki  «A h{P)FnAp)\fv  (6.71) 

Similar  expressions  are  obtained  for  the  other  subsystems:  it  is  only 
necessary  to  substitute  the  appropriate  subscript  for  1  and  to  omit  it  from 

n 

the  sum  2  • 

i  =  2 

Dividing  (6.71)  by  K\  st  and  putting  K\  SI  ->oo,  we  obtain  the  degenerate 
equation 

Pi  (P)  (p)  Fnl  (p)  e~ **+ Kx  deg  I  K,  = 

=  (p)  Fnl  (p)  Yx  ref + Nx  (p)  Fnl  (p)  fv  (6.72) 

This  equation  is  independent  of  aihxh . 

We  thus  conclude  that  introduction  of  an  additional  signal  (6.70)  to  the 
stabilizer  inputs  in  conjunction  with  an  increase  in  the  gain  Kiit  ensures 
noninteraction  of  the  individual  subsystems  in  a  multivariable  control 
system  with  lag  elements.  It  is  of  course  implied  that  the  conditions  of 
infinite-gain  stability  are  satisfied. 

In  conclusion  let  us  consider  a  case  when  stability  at  infinite  gain  Kt  st 
is  ensured  by  real  stabilizers  in  the  system. 

The  transfer  function  of  the  stabilizer  in  the  i-th  subsystem  is 

Pni  (p) 

Pmi  (P)  ’ 

Acting  along  the  same  lines  as  in  the  preceding  we  readily  show  that  non¬ 
interaction  can  be  attained  by  indefinitely  increasing  the  gain  of  the  stabilized 

n 

section  in  the  i-th  subsystem  if  an  additional  signal  is  delivered 

to  the  stabilizer  input  (the  subscript  k  takes  on  all  the  values  except  i) . 

The  noninteraction  criteria  of  the  previous  sections  are  thus  extended  to 
systems  with  lag  elements  as  well.  Note  that  noninteraction  does  not 
ensure  automatic  rejection  of  external  disturbances  in  this  case  either. 


§  6.7.  INVARIANCE  PRINCIPLE 

In  invariant  control  systems  the  generalized  coordinate  of  the  system, 
in  particular  the  controlled  variable,  is  independent  of  the  external 
disturbances.  They  are  therefore  also  called  sy  s  t  e  m  s  with  rejection 
of  external  disturbances. 
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In  multivariable  control  systems  the  problem  of  invariance  is  substantially 
complicated  by  interaction  between  the  various  controlled  variables,  which 
is  superimposed  on  the  external  disturbances.  There  is,  however,  a 
fundamental  difference  between  the  effect  of  external  disturbances  and  the 
effect  of  coupling  in  the  system:  external  disturbances  do  not  affect  the 
stability  of  the  system  as  a  whole,  whereas  the  coupling  coefficients, 
or  in  the  general  case  the  coupling  operators,  have  a  substantial  influence 
on  system  stability. 

To  elucidate  the  problem  of  invariance,  we  first  consider  a  three - 
variable  system  and  then  extend  the  results  to  the  general  case. 


1.  A  three -variable  system 


Consider  a  system  with  controlled  variables  interacting  through  the 
plant.  Analysis  of  combined  control  systems  has  shown  that  the  external 
disturbance,  if  appropriately  channeled  into  the  system,  can  make  the 
controlled  variable  independent  of  external  disturbances.  The  feasibility 
of  this  rejection  procedure  follows,  say,  from  the  Poncelet  principle  of 
load  control.  It  is  therefore  interesting  to  consider  this  problem  in 
application  to  control  systems  operating  on  the  Watt  —  Polzunov  principle 
(control  by  deviation). 

The  equation  for  the  controlled  variable  Yt  in  this  case  can  be  derived 
from  (5.22)  putting 


=  0«/  =  °  and  em/  =  l  (i  k\  i  =  1,  2,  3).  (6.73) 

Making  use  of  (6.73),  we  obtain  from  (5.22) 


where 


Here 


aw  ^rK c  i*n 

(c22  +  Kc  2rf22)  a2) 

(C33  ~iT  Kc  3^33)  <*31 


(CI1  “b  Kc  l^ll)  <*12  (C| |  -f-  Kc  |G?u)  CC|3 
°22  +  Kc  2*22  (C22  +  Kc  2d22)  a23 

(C33  “b  Kc  3^33)  <*32  3*33 


I  a22  Kc  2*22 

(C33“b^c  3^33)032  I  | 

I  (C22  +  Kc  2^22)  <*23 

a33  "b  Kc  3*33 

M 

I  (CJ1  l<f[|)a12 

(C33  -b  Kc  3^33)  <*32  I 

1  (C1J  +  Kc  l^ll)  <*|3 

a33  +  Kc  3*33 

r 

I  (Cj  1  +  *Cc  idu)  aj2 

a22  +  Kc  2*22 

1 

j  (Cji  -b^c  \dn)  aj3 

(C22  +  Kc  1<*22>  <*23  j  J 

aii =  Qi^iF ml1 

Di. 

bu  =  MtK,Fml 

H~  DiQtFni* 

dll—KlQlFnlt 

1 

' 

Na  =  KiQiRiF ml. 


(6.75) 


(6.76) 


(6.77) 
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To  reject  all  the  external  disturbances,  the  coefficient  of  should  be 
made  equal  to  zero,  i.e., 

(-l),+,Alt[/fc^„  +  W(,I  =  0  for  i  =  t,  2,  3. 

This  coefficient  is  made  up  of  two  factors: 

Aik  and  \KC idii  +  Nfl\  =  0.  (6.78) 

Consider  the  first  factor,  Aih.  It  is  clear  from  (6.74)  that  the  condition 
Aik  =  0  is  equivalent  to  rejection  of  the  entire  control  system,  since  elimina¬ 
tion  of  the  external  disturbances  simultaneously  eliminates  all  the  reference 
values  f[cfA  and  we  no  longer  have  a  control  system.  Furthermore,  if 
all  Aih  are  zero,  the  denominator  vanishes  and  we  arrive  at  the  identity  0=0. 

Here  lies  the  main  error  of  G.  V.  Shchipanov  who  proposed  control  by 
deviation  for  the  realization  of  the  fundamentally  sound  idea  of  disturbance 
rejection  that  he  had  developed.  It  is  not  only  that  a  zero  identity  is 
obtained:  a  more  significant  fallacy  is  that  by  rejecting  the  external  distur¬ 
bance  in  this  way  we  simultaneously  eliminate  the  reference  values  and  thus 
destroy  our  control  system.  Moreover,  in  deviation  control  systems, 
on  passing  to  the  limit  Aik=  0,  we  must  investigate  the  stability  under 
arbitrarily  small  deviation  from  equality,  i.e.,  test  the  system  for  coarse¬ 
ness  in  the  sense  of  A.  A.  Andronov. 

Now  consider  the  factor  {Kcidn-\-  N  n).  Inserting  for  da  and  Nu  their 
expressions  from  (6.77),  we  find 


tfc  i^il  H~  Nil  —  KiQl  [Kc  l? nl  +  Ri^mil  —  0. 


or 


_  F ml 

*1  ~  Fni' 


(6.79) 


Let  us  elucidate  the  physical  meaning  of  condition  (6.79).  It  is  easily 
seen  that  (6.79)  calls  for  the  introduction  of  ideal  derivatives.  Indeed, 

Kd  is  a  constant  positive  quantity,  Rt  is  the  controller  self-operator.  Fmi, 
the  self-operator  of  the  stabilizer,  is  thus  clearly  a  constant  number, 
whereas  the  stabilizer  numerator  Fni  must  be  precisely  equal  to  the 
controller  self-operator  Ri(p).  We  conclude  that  in  this  case  control 
by  deviation  in  principle  cannot  ensure  complete 
(perfect)  rejection  of  external  disturbances.  Disturbance 
rejection  is  possible  only  to  an  accuracy  of  some  e,  and  the  equation  should 
be  investigated  for  coarseness. 

Various  techniques  ensuring  invariance  have  been  proposed  in  the 
theory  and  practice  of  automatic  control  / 14,  26,  27,  29,  51,  56/.  We  do 
not  intend  to  discuss  each  and  every  of  these  methods;  only  the  most  typical 
cases  will  be  considered,  with  particular  reference  to  their  advantages 
and,  possibly,  shortcomings.  Note  that  condition  (6.79)  is  not  the  only 
one  that  ensures  invariance;  moreover,  this  is  not  the  best  policy  for 
obtaining  e-invariance  of  a  control  system. 

The  point  is,  that  a  stabilizer  is  incorporated  in  the  system  to  ensure 
stability  and  provide  certain  dynamic  properties.  If  the  stabilizer  is 
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chosen  on  the  basis  of  condition  (6.79),  it  is  by  no  means  clear  that  it  will 
meet  the  required  performance  characteristics  as  far  as  system  dynamics 
is  concerned.  A  better  solution  is  to  tackle  the  problem  of  s-variance 
simultaneously  with  the  problem  of  stability  and  system  performance. 

We  have  considered  the  particular  case  of  a  three -variable  system,  but 
the  results  are  obviously  valid  in  the  general  case  of  n  controlled  variables  too. 


2.  Application  of  local  positive  feedback  to  ensure  invariance 


We  will  now  consider  some  instances  of  invariance  ensured  by  local 
positive  feedback.  Our  interest  in  these  methods  stems  not  from  their 
practical  significance  but  from  the  fact  that  they  provide  an  excellent 
opportunity  to  warn  the  reader  against  various  fallacies  and  erroneous 
conclusions  that  may  lead  to  undesirable  results. 

Figure  6.12  is  a  block  diagram  of  the  system  analyzed  in  /2 9 / .  Using 
the  nomenclature  of  Figure  6.12,  we  write 


X  +  v), 


V  =  za2  3, 


(6.80) 


Solving  (6.80)  for  x ,  we  obtain 


analZ  (a23a32  —  ^22^23)  “f*  ^13^33]  X  — a\ZaZSu  ref  (#23%2 —  #22^33 )  f  if)’  (6.81) 

This  is  a  single -variable  control  system,  and  the  invariance  conditions 
can  be  determined  without  considering  the  general  case  of  a  multivariable 
system.  The  particular  results,  as  always,  can  be  easily  generalized  to 
the  case  of  n  controlled  variables. 


FIGURE  6.12.  Illustrating  the  conditions  of  disturbance  rejection. 


We  see  from  (6.81)  that  the  controlled  variable  x  is  independent  of 
external  disturbances  if 


^23^32  ^22^33  ==  9> 


(6.82) 
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Let  the  parameters  be  chosen  so  that  identity  (6.82)  is  satisfied.  It  is 
readily  seen  that  the  system  is  noncoarse  for  perfect  invariance,  whereas 
for  e-invariance  it  is  realizable  only  if  certain  additional  conditions  are 
imposed.  Indeed,  the  degree  of  the  polynomial  ana13 (<*23032  —  022033)  is  always 
higher  than  the  degree  of  the  polynomial  a13a33.  Under  these  conditions, 
an  arbitrarily  small  departure  from  identity  gives  rise  to  roots  which 
recede  to  infinity;  the  number  of  these  roots  is  determined  by  the  difference 
in  the  degrees  of  the  polynomials 


ana\?>  (^23^32  —  #22^33)  and  013033- 

If  the  new  terms  introduced  by  departure  from  identity  have  a  minus  sign, 
the  system  is  unstable  irrespective  of  this  difference.  Perfect  invariance 
is  thus  unfeasible,  since,  in  view  of  the  possible  appearance  of  terms 
with  negative  coefficients,  the  system  is  not  coarse  in  the  sense  of 
A.  A.  Andronov. 

Let  us  now  consider  the  case  of  e-invariance.  The  question  can  be 
discussed  at  all  only  if 

<*23032  —  022^33  >°-  (6.83) 

However,  if  (6.83)  is  satisfied  and  also 


<*23<*32  —  022^33  ^  e> 


the  system  is  realizable  only  if  the  difference  in  the  degrees  of  ai  1013(023032-“  <*22033) 
and  Ci3a33  is  not  greater  than  two  and  the  degenerate  equation 

013033  =  0  (6.84) 

meets  the  stability  criteria.  Furthermore,  the  additional  requirements 
described  in  Chapter  Three  should  also  be  satisfied.  In  other  words,  the 
realizability  problem  reduces  to  the  design  of  a  structure  which  remains 
stable  at  infinite  gain. 


3.  Invariance  via  feedback 

Let  us  consider  another  method,  which  ensures  invariance  with  the 
aid  of  internal  feedback  /2  0/. 

Figure  6.13  is  a  block  diagram  of  a  control  system, where  invariance 
in  relation  to  the  disturbance  e(t)  is  attained  by  introducing  local  feedback 
with  appropriately  chosen  transfer  functions.  The  exact  character  of  the 
local  feedback  will  be  decided  at  a  later  stage.  Meanwhile,  taking  all  the 
feedbacks  with  the  plus  sign  and  using  the  nomenclature  of  Figure  6.13, 
we  obtain  the  following  set  of  operator  equations; 


U, (p)  =  Zj (p)  X{p)  +  Z2  (p)  UA (p)  +  Z3  (p)  U2{p)-\-Q{p),  (6.85) 

(6.8  6) 

U3(p)=Vr2(p)U2(p),  (6.87) 

U*(P)  =  UAP)-\-e(p),  (6.88) 

X{p)=Wz{p)UA<p)>  (6.89) 
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where  X(p)  is  the  Laplace  transform  of  the  controlled  variable,  e(p)  the 
transform  of  the  disturbance,  Wu  W2,  W3,  Z2,  and  Z3  are  the  transfer  functions 
of  the  system  elements  and  the  local  feedbacks.  The  system  is  designed 
according  to  the  Watt  — Polzunov  principle,  and  so  Z{-  -1. 


FIGURE  6.13.  Illustrating  the  derivation  of  disturbance  rejection 
conditions  with  the  aid  of  positive  feedback. 


Solving  equations  (6.85) —(6.89)  for  the  transform  of  the  controlled 
variable  X{p),  we  find 


v lgi  ( p )  wa  ( P )  wt  (P)  Q  ( P )  4JMgUiz:  Wt  ( P )  Z3  (g)]  e  ( P ) 

A  {p)  “  [1-^1  (P)  Z3  ( p )]  +  wx  ( p )  W2  (p)  W3  ( p )  -  Wy  (p)  w2  (j o)  Z2  ( p ) 


(6.90) 


In  order  for  the  controlled  variable  x(t)  to  be  independent  of  the  distur¬ 
bance  e{t),  the  coefficient  of  e(p)  in  (6.90)  should  be  equal  to  zero,  i.e., 

\-W,(p)Zi(p)^0,  (6.91) 

or 

(6-92) 

If  the  transfer  functions  are  represented  as  rational -fractional  functions 
of  the  operator  p,  then  putting 

Z>W=W>  and  (6-93) 


we  find 


Fmip)  _  Pi  (P) 
FmiP)  ~  KiiP)  ’ 


(6.94) 


Note  that  a  similar  condition  was  derived  in  the  preceding  subsection, 
where  invariance  was  achieved  via  local  positive  feedback.  The  feedback 
with  the  transfer  function  Z3  should  apparently  be  positive  in  this  case, 
too;  moreover,  for  the  real  components  which  make  up  the  basic  elements 
of  control  systems,  the  degree  of  the  denominator  Di(p)  is  greater  than  the 
degree  of  the  numerator  Ki(p).  In  most  cases,  Ki(p)is  simply  the  gain, 
i.  e.,  a  constant  positive  number.  We  thus  again  arrive  at  the  requirement 
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of  local  positive  feedback  with  ideal  derivatives.  In  other  words,  nothing 
new  has  been  hitherto  derived  in  addition  to  what  we  considered  in  §  6.4. 

Let  us  now  consider  the  stability  of  this  system  and  test  it  for  coarseness 
in  the  sense  of  Andronov.  We  put  for  the  transfer  functions 


WiiP) 

Wz{p) 


Kiip) 

D  i  ( p ) 

_ 

D*(P) 


vr*(p) 

zi(p) 


KA£l 

D*(p)  ’ 

Pm  (P) 
^m2  (p)  ■ 


(6.95) 


The  characteristic  equation  needed  for  stability  analysis  is  obtained 
by  putting  the  denominator  in  the  right-hand  side  of  (6.90)  equal  to  zero. 
Making  use  of  (6.95),  we  write  for  the  characteristic  equation 


Pm  (P)  Ki(p)] 

,  K,{p)K2(p)K3(p) 

Ki(p)KAp) 

Pm  (P) 

PrmiP)  £>i(p)J 

1  D{{p)D2{p)D,{p) 

OAP)DAp) 

Pm  iP) 

or 


D,(P)D2(p)DAp)FmAp)[l  — ff{g]  + 

+  Ki  (P)  Ki  (P)  Kz  ( p )  Fm7  (p)  -  K,  (p)  K2  (p)  D,  (p)  Fn2  (p)  =  0.  (6.96) 


It  is  clear  that  the  system  degenerates  whenever  condition  (6.94)  is 
satisfied,  i.e.,  if 


1  f^(p)  *»  (£)  n 

PmziP)  d>(p)  ~u’ 


since  the  degree  of  the  polynomial  before  the  expression  in  brackets 

1  Fn  3  ip )  K i  ip) 

Fmz(p)  D\{p) 

is  greater  than  the  degree  of  the  other  polynomials  in  (6.96), 

Let  condition  (6.94)  be  satisfied  exactly.  The  degenerate  equation  is 

-  Ki  (P)  K2  (p)  Ds  (p)  Fn2  (p)  +  Kx  (p)  K2  (p)  Kz  (p)  Fm2  (p)  =  0.  (6.97) 

It  is  clear  from  (6.97)  that  if  the  transfer  function  Z2  corresponds  to 
positive  local  feedback  (i.e.,  the  signs  are  all  as  in  equation  (6,97)),  the 
system  is  unstable.  This  conclusion  is  obtained  from  the  following  con¬ 
siderations.  The  first  term  in  (6.97)  is  of  higher  degree  than  the  second 
term.  By  results  of  Chapter  Three  the  coefficients  of  the  leading  terms 
in  the  complete  and  the  degenerate  equation  should  have  the  same  sign. 
Hence  follows  our  first  conclusion  that  the  local  feedback  with  the  transfer 
function  Z2  is  negative.  The  degenerate  characteristic  equation  thus  takes 
the  form 

K I  (P)  f<2 (P)  £3 (P) (P)  +  Kt  (p) K2 (p)  Kz (p)Fm2(p)  =  0.  (6.98) 

The  conclusion  concerning  the  feedback  ratio  Z2  has  been  previously 
reported  in  /2 0 /  and  it  is  by  no  means  new.  We  give  it  here  only  for  the 
sake  of  completeness  and  consistency.  »  Let  us  further  assume  that  the 
parameters  of  the  degenerate  equation  are  so  chosen  that  they  satisfy 
the  stability  conditions.  It  is  readily  understood,  however,  that  in  the 
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case  of  perfect  invariance  the  resulting  system  is  not  coarse  in  Andronov's 
sense  and  it  is  thus  inadequate. 

Indeed,  suppose  that  the  system  departs  from  condition  (6.94)  by  an 
infinitesimally  small  quantity.  This  gives  rise  to  a  small  parameter  which 
obviously  may  be  either  positive  or  negative.  A  negative  parameter 
generates  at  least  one  right -half -plane  root.  In  the  case  of- perfect 
invariance  we  thus  end  up  with  a  noncoarse,  i.e.,  unrealizable,  system. 

It  now  remains  to  consider  invariance  in  the  case 

*>-ra- £&-*>&  (6-"> 

Fms  ( P )  K  i  {p) 

The  characteristic  equation  is 

mFN2(p)  +  Fm(p)  =  0,  (6.100) 


where 

FN2  (P)  =  Dx  ( p )  D2  (p)  Dz  ( p )  Fm2  (/>), 

Fm  (p)  =  Ki  ( p )  K2  (p)  £>3  (P)  F n2  (P)  +  Ki  (P)  K2  (p)  Kz  (p)  FmZ  (p). 

This  system  is  realizable  if  it  is  structurally  stable  at  infinite  gain. 

In  other  words,  we  have  proved  that  perfect  invariance  is  unattainable  in 
this  way,  while  e -invariance  can  be  achieved  only  if  the  structure  of  the 
system  has  infinite-gain  stability  and  the  necessary  and  sufficient  conditions 
of  Chapter  Three  are  satisfied. 

We  will  not  go  into  the  corresponding  results  for  multivariable  control 
systems,  since  this  would  involve  repetition  of  our  previous  discussion 
(see  Chapter  Three)  of  systems  with  infinite -gain  stability.  In  conclusion 
of  this  section  we  will  consider  the  properties  of  multivariable  control 
systems  based  on  the  Watt  —  Polzunov  principle,  with  the  controlled 
variables  interacting  through  the  plant.  It  will  be  clear  from  what  follows, 
however,  that  the  nature  of  coupling  is  in  general  dependent  not  only  on  the 
properties  of  the  plant  but  also  on  the  structure  of  the  control  system  itself. 

To  establish  the  dependence  of  coupling  on  structure,  we  divide  the 
control  systems  into  a  number  of  structural  groups  according  to  the 
following  signs: 

(a)  systems  made  up  of  one -loop  single -variable  subsystems; 

(b)  systems  made  up  of  one -loop  single -variable  subsystems  with 
derivatives  of  from  (n  -2)-th  to  the  first  order  inclusive  delivered  to  the 
input  (the  system  can  be  made  stable  when  the  subsystem  gains  increase 
indefinitely); 

(c)  systems  made  up  of  multiloop  single -variable  subsystems. 

Let  us  consider  each  of  these  groups  separately. 

(a)  Figure  6.14  is  a  block  diagram  of  the  control  loop  for  the  /-th 
variable.  This  structure  is  described  by  the  following  operator  equation: 

\Dt  (p)Ri(p)  +  KtKci  |  V,  +  K,R,  (p)  2  altYk  =  K,KciY,c,i  +  K,R,  ( p)f„  (6.101) 

i=pk 

where  D*(p)  and  Ki  are  the  self-operator  and  the  gain  of  the  plant  in  respect 
to  the  /-th  variable;  R{{p )  and  Kci  ditto  for  the  controller;  the  coefficient 
of  coupling  between  the  i- th  and  the  fc-th  variables,  determined  by  plant 
properties;  Yite{  the  reference  value  of  the  /-th  controlled  variable;  f{  the 
load  in  the  /-th  loop. 
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We  see  from  (6.101)  that  the  coupling  between  the  individual  controlled 
variables  depends  not  only  on  the  properties  of  the  plant  (the  coefficients 
aih  and  Ki),  but  also  on  the  fundamental  properties  of  the  controller.  For 
the  sake  of  convenience,  we  divide  (6.101)  through  by  Kci : 

[/C77  {p)  R‘ (P]  + *']  K‘  +  707  2  (6.102) 

i=j 4ft  C/ 

The  degree  of  coupling  increases  as  Ki  is  increased  and  decreases  as 
the  controller  gain  Kci  increases;  moreover,  the  dynamics  of  coupling 

depends  on  Ri{p).  We  also  see  from  (6.102) 
that  the  interrelationship  between  the 
controlled  variables  can  be  made  arbitra¬ 
rily  small  by  appropriately  increasing  the 
controller  gain  Kci »  provided,  of  course, 
that  the  system  remains  stable  in  the 
process.  If  in  the  class  of  structures 
being  considered  D<(p)/?,(p)  is  of  higher 
than  second  degree,  the  critical  gain  Kci  cr 
should  have  a  finite  value,  which  deter¬ 
mines  the  lower  bound  of  coupling. 

(b)  To  permit  increasing  the  gains  KCi 
indefinitely  without  loss  of  the  stability,  derivatives  of  all  orders  from 
(n—  2)-th  to  first  inclusive  (where  n  is  the  degree  of  the  operator  Di(p)Ri(p)  ) 
are  delivered  to  the  system  input.  The  equation  for  the  i-th  controlled 
variable  then  has  the  form 

Di(P)Ri(P)+KciKl(a0p’-,‘-{-aip"-*-+-  ...  +i)K,+ 

+  K,R,  (p)  2  a ikY „  =  KiKc ,Y,cl t  +  Kfti  (p)jt.  (6.103) 

Dividing  (6.103)  through  by  Kc„  we  find 

Di  (P)  Ri  (P)  +  K,  (a0/’',-2+aiP"-3+  ...  +  1)K,+ 

+  ltR‘  (P)  S  =  K,YkU  -  -Jp-  /?,  (p)  f. 

In  terms  of  coupling  this  case  is  not  different  from  that  under  (a).  It  is 
significant,  however,  that  the  gain  Kd  may  increase  indefinitely  without 
incurring  the  danger  of  instability.  The  degree  of  coupling  can  therefore 
be  made  as  small  as  desired. 

In  the  two  structures  above  decoupling  is  attained  simultaneously  with 
rejection  of  the  external  disturbances 

(c)  Finally  we  consider  the  case  of  multi-loop  subsystems.  Figure  6.15 
is  a  block  diagram  of  the  multi-loop  configuration  for  the  f-th  controlled 
variable.  The  corresponding  equation  is 

( [Q,  (p)  Fml  (p)  +  Kt  „  Fttt  (p)]  Nt  (p)  Dt  (p)  +  ^  tot  Fml  (p))  Yt  (p)  + 

+  Ki  2  *ikY*  (P)  IQt  (P)  Fml  (p)  +  Ki  „  Fnl  {p)\  Ni  (p)  = 

~  Ki  tot  Fml  (p)  Y l  K{  ( p )  -f- 

+  ^  [Q/  (p)  Fml  {p)  -f-  Kt  st  Fmi  (p)]  (p)  ft  ( p ),  ( 6 . 1 04) 
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jfi(p) 


> 


Dt(p) 
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H -T 
K*i 


i/ffpJKi 


FIGURE  6.14.  Disturbance  rejection  con¬ 
ditions  for  Kc-><=o. 
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where  Kt  tot  =KiKNlKi  st  and  the  following  nomenclature  is  adopted  for  the  /-th 
subsystem:  Di(p)  is  the  plant  self -operator,  Qi(p)  the  self -operator  of  the 
stabilized  section,  Ni(p)  the  self-operator  of  the  unstabilized  section;  Fni(p) 
and  Fmi{p)  are  respectively  the  numerator  and  the  denominator  operators 
of  the  stabilizer  ratio;  Kiit  is  the  gain  of  the  stabilized  section,  Ki  the  plant 
gain.  Km  the  gain  of  the  unstabilized  section. 


FIGURE  6.15.  Illustrating  the  disturbance  rejection  conditions 
in  a  more  complex  case. 


To  simplify  further  analysis,  we  write  (6.104)  in  the  form 

{ [ *7-  Qi  (P) Pm,  (P)  +  Pn,  (/>)]  N,  (p)D,(p)  +  KmKt Fml  (P)\yi  + 

+wrQi  (p)  Nt  (p)  F"“ {p)  S  a'‘K* + 

+  KtFnl  (p)  Nt  (p)  2  alkVk  =  KtKmFmt  (p)  K(tef+ 

+-£rlQ,(p)Fml(P)+K<«Pnl(p)\N,(p)fl-  (6.105) 

We  see  from  (6.105)  that  the  dependence  of  coupling  on  structure  in  this 
general  case  is  determined  by  the  two  components  of  equation  (6.105)  which 
contain  the  sums  In  the  first  component  the  coupling  coefficient 

is  directly  proportional  to  the  plant  gain  for  the  i-th  controlled  variable, 
dependent  on  the  controller  self-operator  and  the  denominator  operator 
of  the  stabilizer  ratio,  and  inversely  proportional  to  the  gain  of  the 
unstabilized  section. 

In  the  second  component  the  coupling  coefficient  is  proportional  to  the 
plant  gain  and  dependent  on  the  self- operator  of  the  unstabilized  part  of 
the  controller  and  on  the  numerator  operator  of  the  stabilizer  ratio. 

In  systems  with  infinite -gain  stability,  the  first  component  can  be 
reduced  to  a  minimum  by  increasing  the  gain  parameter  Ki «.  The  second 
component  has  noticeable  influence  on  the  dynamics  of  the  process,  since 
under  steady-state  conditions  Fni(p)p=s0  =  0. 

A  similar  pattern  is  obtained  when  stabilization  is  achieved  by  ideal 
derivatives  embracing  only  a  part  of  the  control  circuit.  The  corresponding 
equation  can  be  derived  from  (6.105)  by  putting  Fmi{p)  =  1. 

We  have  thus  established  that,  although  the  individual  controllers  are 
not  interrelated,  the  coupling  of  the  controlled  variables  is  highly  sensitive 
to  the  structure  of  the  single -variable  subsystems.  External  disturbances 
can  be  rejected  only  by  increasing  the  overall  gain. 
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§6.8.  NONINTERACTION  AND  INVARIANCE  IN  THE 
GENERAL  CASE  OF  A  MULTIVARIABLE  COMBINED- 
CONTROL  SYSTEM 

In  this  section  we  proceed  with  a  discussion  of  multivariable  control 
systems  with  the  variables  interconnected  through  the  plant  and  through 
the  load.  In  previous  sections  we  have  established  that  invariance  in 
systems  of  this  kind  does  not  necessarily  imply  noninteraction,  and  vice  versa: 
noninteraction  does  not  automatically  ensure  invariance.  We  will  now  con¬ 
sider  some  methods  that  ensure  noninteraction  and  invariance  simultaneously. 


FIGURE  6.16.  Illustrating  simultaneous  derivation  of  noninter¬ 
action  and  invariance. 


We  have  seen  that  invariance  to  an  accuracy  of  e  is  achieved  in  structures 
with  infinite -gain  stability  by  applying  an  additional  disturbance  signal  to 
the  general  stabilizer  input.  We  have  also  seen  that  noninteraction  for 
structures  of  this  kind  is  attained  by  additionally  delivering  to  the  general 
stabilizer  input  the  sum  of  all  extraneous  controlled  variables,  each 
multiplied  by  the  respective  coefficient  aih(p). 

Let  us  now  consider  how  to  simultaneously  achieve  noninteraction  and 
invariance.  We  will  establish  the  additional  restrictions  to  be  imposed 
on  the  system  structure  and  parameters  in  this  case. 

Figure  6.16  is  a  block  diagram  of  the  i-th  subsystem  in  a  multivariable 
combined-control  system.  We  see  from  Figure  6.16  that  the  sum  of  the 
extraneous  controlled  variables  is  delivered  to  the  stabilizer  input.  The 

element  with  the  transfer  function  ■  ^  additionally  receives  the  sum  of  all 

the  external  disturbances  (through  a  transducer).  This  structure  is  a 
logical  outgrowth  of  the  configurations  considered  in  the  previous  chapter. 

As  before,  we  assume  that  the  system  is  structurally  stable  at  infinite  gain. 

Without  repeating  the  elementary  manipulations,  we  write  the  matrix 
equation  for  the  case  on  hand: 


Yj  =  A-\p)\BYK'  +  LFl 


(6.106) 
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Inserting  for  the  matrices  their  explicit  expressions  and  multiplying 
we  find 


n 

2  Ak\^cklkkYKl[k 

2  ^kiiFck(ckk  P* *) 4 ^**1  2  Pi Jt 

k  =  l  i= l 

ft  =  l 

I'M— 5- 

n 

2  AfijK c  k^kk^teik 
fe  =  l 

n 

+  T 

2  Akji^ck(ckk~  Pkk)'Fdkk\  2  $jJi 
k-1  1=1 

rt  n 

2  AknKckhikYtefik 
k=i 

2  ^ftn  *  (cftft  4  ^ftftj  2  P/4 

k=i  i=i 

For  the  y'-th  controlled  variable  we  have 


S  AkJ  \Kok  (ckk  -  Pkk) 4-  dkk\  2  pJt f,  .  ( 6 . 1 08) 


k=\ 


i= 1 


Here 


flll  +^c  l^ll 

dnal2 

^n«iy 

di\aM 

A  = 

rf22a2i 

a22  H4c2^22 

d3ia2j 

d22a2n 

dnnan  l 

dnnan] 

ann  -\-Kcffinn 

i4A;is  obtained  from  the  transpose  Ati 


aii=Qft'PiFmPml> 

blt  =  MiKiF niQiDf$mi> 
cii  —  KiFniQl®ml> 
du  =  KiQiR'iFmPmi> 

In  —  KiMuFmiQmi' 

Pll  “  KfiniQiF ml * 


(6.109) 


Let  us  first  consider  invariance  of  the  controlled  variable  Yt  under 
the  disturbances.  Invariance  is  ensured  if 


Kc  k  ( ckk  PA*)  4  dkk  —  0. 


(6.110) 


Inserting  for  Chh,  Phh ,  and  dkh  their  expressions  from  (6.109),  we  write 


Kc*(KkFnkQkemk-KhenkQkFmk)+KkQkR'kFmkG 


mk 


0, 


or  / 

K„Qt  (Fnfimt  -  +  MiEtpnl&ni  _  0.  (6.111) 

Since  by  assumption  the  structure  is  stable  for  ^*->00,  the  conditions 
of  e-invariance  for  sufficiently  high  Kc  are  still  written  in  the  same  form 
as  in  Chapter  Five: 

(6.112) 

F mk  ®mk 


Now  consider  the  noninteraction  conditions.  Noninteraction  of  the  y-th 
controlled  variable  is  ensured,  i.e.,  the  controlled  variable  Yj  is  made 
independent  of  all  Yh,  k  —  1, . . . ,  n,  k  =£  /,  in  both  the  steady-state  and  the 
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transient  modes  of  operation  if  the  determinant  A  in  (6.108)  is  independent 
of  the  coupling  coefficients  aih ;  an  additional  requirement  is  that  the  right- 
hand  side  of  the  equation  should  contain  terms  with  YKfJ  only,  while  terms 
with  Krefft,  k—  1,  2,  . . . ,  n,  k=£  j,  all  vanish. 

ft 

The  product  n  Kcl  can  be  taken  outside  the  determinant  A.  Putting  -~-mis 
we  write 


A=JjArc 


™iaU  +  &1I 

midu^i2 

'Mucti/ 

m\d  nai7i 

«2022  -f-  A22 

tn2d22(t\j 

m2rf22a2„ 

... 

mjajjA-bjj 

mjajjajn 

mndnnan\ 

... 

mndnrtanf 

mnann  * nn 

(6.113) 


If  the  necessary  and  sufficient  conditions  of  stability  /39/are  satisfied, 
the  determinant  (6.113)  for  sufficiently  large  Ka  (mt-^0)  degenerates  to 


(6.114) 


*u  o  • 

..  0  . 

.  0 

0  b22 

..  0  . 

.  0 

0  ... 

bjj  . 

.  0 

0  ... 

. . . 

bn  tt 

n 

If  for  the  time  being  we  ignore  the  factor  jH[  A'.o  the  left-hand  side  of  (6.108) 

separates  into  n  factors  and  the  determinant  is  independent  of  the  coupling 
coefficients  aih. 

Consider  the  right-hand  side  of  (6.108).  If  the  invariance  conditions  are 
satisfied,  it  has  the  form 

n 

2 khk^Kik-  (6.115) 


Let  us  derive  explicit  expressions  for  Akj  in  the  case  Kck  ->oo-  The 
transpose  has  the  form 


au  -f  i&,, 

rfna,2 

rf22a2i 

a22“f  Kcib22 

djidji 

dj2aj2 

dnnan\ 

dnn®n2 

Akj  — 

d\\Q\) 

d22a2j 

aJJ  +  Kcibjj 

dnnanj 

d\\a\n 

d22^2  n 

dnnajn 

(6.116) 


For  the  /- th  controlled  variable  Yj  the  elements  of  the  /-th  row  in  the 
transpose  are  replaced  by  their  cofactors,  which  are  the  Ahj . 

Now  the  cofactors  have  the  following  obvious  properties: 

(a)  In  the  nonsingular  case  the  rank  of  the  cofactor  is  one  less  than 
the  rank  of  the  system  determinant. 

(b)  In  each  cofactor  Akj  ( k  =£  j)  there  is  at  least  one  row  which  contains 
no  elements  with  ATC/,  and  it  is  only  in  A^  that  each  row  contains  an  element 
with  KQl. 

Making  use  of  these  properties  of  cofactors  and  employing  equation  (6.113), 
we  write  for  the  /-th  controlled  variable 


Yl=~ - m - b  ■ 


B'r  Kc,iiiKc,\  m'a"+b . . 

1  I  mndnna\n  •••  mnann~\~ 

Dj 


.  (6.117) 
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where 


D,=  JlKci 


•  m\d\\0.\n 

mid\Pi  i 

.  mjdjjdjn 

mndnnani  •  *  • 

•  mnann  ~f"  bnn 

Here  |m|  is  a  determinant  with  all  the  elements  of  at  least  one  row 
multiplied  by  m ;  dots  in  the  numerator  in  the  explicitly  written  determinant 
( fn\  indicate  that  elements  multiplied  by  \m\  are  to  follow.  It  is  also  clear 


from  (6.117)  that  all  the  terms  contain  a  common  factor  II Ka-  Dividing 

n  *  =  1 

the  numerator  and  the  denominator  by  £I^c/  and  passing  to  the  limit  as 
m-*-  0,  we  find 


bn  0  0 .  0 

0  b22  0  .  ...  o 


hi 


0 

0 

0 


bj- 1,  /— i  0 

•  •  •  bj+uj+i  0 


bn 

0 

0  . 

..  0 

0 

^22 

0  . 

..  0 

0 

. . . 

...  . 

♦  •  b, m 

rwtJ= 


hiY"*l 


(6.118) 


We  have  thus  obtained  noninteraction  of  the  /- th  controlled  variable  to 
an  accuracy  of  e.  Hence  readily  follows  the  conclusion  that  if  the  structure 
in  Figure  6.16  is  stable  at  infinite  gain  and  the  necessary  and  sufficient 
conditions  of  stability  are  satisfied,  this  structure  can  be  made  to  ensure 
simultaneous  noninteraction  and  invariance  at  sufficiently  high  gain. 
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Chapter  Seven 

SYNTHESIS  OF  FIXED -STRUCTURE  SYSTEMS  WITH 
PROPERTIES  EQUIVALENT  TO  ADAPTIVE  SYSTEMS 

§  7.1.  INTRODUCTION 

Adaptive  (self-adjusting)  systems  are  used  when  the  control  system  is 
expected  to  alter  its  properties  in  accordance  with  the  properties  of  the 
controlled  object.  This  situation  may  arise  in  the  following  typical  cases: 

(a)  The  plant  parameters  change  in  the  process  of  control.  The  variation 
of  plant  parameters  may  be  due  to  external  disturbances  which  cannot  be 
programmed  beforehand  or  to  some  change  in  the  operating  conditions  of 

the  plant.  The  structure  and  the  parameters  of  the  control  system,  though 
quite  adequate  for  the  initial  state  of  the  plant,  may  prove  to  be  inadequate 
under  the  new  conditions. 

(b)  There  is  an  extensive  class  of  controlled  objects  whose  output  has  an 
extremum  in  relation  to  a  certain  quality  criterion.  The  problem  to  be 
solved  in  the  design  of  control  systems  for  these  objects  is  how  to  find 

the  extremum  and  how  to  hold  it  by  on-line  variation  of  system  parameters, 
so  that,  irrespective  of  external  disturbances,  the  plant  always  remains 
on  the  optimum  frequency  response  (optimum  operating  conditions).  The 
control  system  is  provided  with  an  appropriate  searching  circuit,  which 
is  generally  a  fairly  complex  device.  Searching  control  systems  are  also 
used  when  no  information  is  available  on  the  plant  properties  or  when  only 
partial  information  is  at  hand. 

In  any  case  the  system  should  have  the  property  of  adaptation  or  self¬ 
adjustment.  Sometimes  simple  adjustment  of  the  numerical  values  of  some 
system  parameters  is  insufficient,  and  adaptation  is  attained  by  actually 
changing  the  structure  of  the  system. 

Systems  with  a  self -improving  program  are  somewhat  different  from 
adaptive  systems.  Here,  the  ordinary  feedback  logic  is  insufficient  for 
effective  control.  The  characteristic  features  of  this  case  are  best  illus¬ 
trated  by  the  following  example. 

In  Chapter  One  we  considered  the  continuous  hot-rolling  mill  as  a  typical 
example  of  a  multivariable  controlled  object.  The  principal  aim  of  the 
control  system  was  to  ensure  constant  thickness  of  the  rolled  sheet.  The 
sheet  thickness  is  a  function  of  many  variables.  In  the  general  case, 
the  deviation  from  a  given  gage  can  be  expressed  as 


a  =  F(hi,  7\  nt,  nl+ „  t,  6,  t,), 


(7.1) 


where  hi  are  the  roll  coordinates,  T  is  the  rolling  temperature,  ni+l  are 
the  rolling  speeds  in  the  /- th  and  the  (/  +  l)-th  stands,  t*  is  the  time  lag, 

6  is  a  random  variable,  depending  on  the  condition  of  the  mill,  uniformity 
of  the  metal,  and  other  random  factors. 

The  problem  is  to  choose  the  variables  entering  the  function  F  so  as  to 
minimize  the  gage  deviation  a  (ideally  it  should  be  zero)  and  to  maintain 
it  between  permissible  limits. 

It  is  clear  that  (7.1)  is  a  functional  and  we  have  here  a  variational 
problem*  It  is  also  fairly  obvious  that  we  are  dealing  with  a  problem 
in  multivariable  control.  Indeed,  the  sheet  thickness  can  be  altered  by 
changing  the  roll  gap  or  by  adjusting  the  strip  tension.  These  two  methods 
of  gage  control,  however,  are  not  independent.  We  know  from  the  theory 
of  rolling  and  from  numerous  experiments  that  the  variation  of  roll  gap 
effectively  alters  the  strip  thickness  only  if  the  interstand  tension  remains 
constant.  If  now  the  roll  gap  is  adjusted  without  controlling  the  rolling 
tension,  the  thickness  will  change  insignificantly  and  there  is  moreover 
the  danger  of  looping  on  the  reduction  end  of  the  stand  and  stretching  (or 
even  rupture)  of  the  strip  on  the  other  end.  This  development  must  be 
avoided  at  all  costs,  so  that  the  roll  gaps  and  the  rolling  speeds  are 
controlled  simultaneously. 

The  roll  gap  is  controlled  through  the  pressing  screws,  which  are 
positioned  by  a  special  regulator  in  each  stand;  the  roll  speeds  are  adjusted 
by  controlling  the  main  drives  of  each  stand.  The  different  control  systems 
are  interconnected  through  the  strip.  Hot-rolling  gage  control  has  another 
characteristic  feature  which  requires  a  special  approach  to  the  design  of  the 
system.  The  strip  thickness  can  be  directly  measured  only  after  the  last 
stand;  transportation  lag  makes  it  impossible  to  act  on  the  strip  section 
that  is  being  measured  at  the  given  time.  This  is  the  main  reason  why  an 
ordinary  deviation -control  system  will  not  do  in  hot -rolling  mills.  *  However, 
the  distribution  of  thickness  variability  along  the  strip  is  nearly  the  same 
for  the  /-th  and  the  (i  +  l)-th  strip,  while  for  nonconsecutive  strips  this 
distribution  may  be  essentially  different.  This  hypothesis  is  borne  out  by 
a  wealth  of  statistical  data  and  constitutes  the  basis  of  what  is  known  as 
systems  with  self- improving  program. 

In  these  systems,  the  rolling  program  for  the  /-th  strip  is  developed 
from  the  measurement  data  for  all  the  previous  /-I  strips.  Rolling-mill 
control  processes  are  of  independent  interest;  here  they  are  discussed  only 
as  another  example  of  adaptive  systems. 

We  see  that  adaptation  or  self-adjustment  is  required  when  the  plant 
properties  change  due  to  external  or  internal  disturbances  and  when 
incomplete  information  is  available  on  the  controlled  object.  An  indispen¬ 
sable  component  of  such  adaptive  systems  (with  the  exception  of  the  last 
one  considered  in  this  section)  is  a  searching  circuit,  and  adaptation  is 
achieved  by  an  adjustment  of  the  system  parameters  or  even  modification 
of  the  system  structure  to  meet  a  certain  quality  criterion.  An  interesting 
question  to  be  considered  in  this  context  is  the  synthesis  of  self-adjusting 
systems  which  adapt  without  requiring  a  change  in  structure.  In  the 
following  we  shall  see  that  such  fixed  self-adjusting  structures  can  be 
designed  for  a  Sufficiently  large  class  of  controlled  objects.  The  subject 
of  this  chapter  is  thus  fixed- structure  systems  which  have  the  same 
properties  as  adaptive  systems. 

*  Deviation  control  can  be  instituted  by  regulating  some  indirect  parameter,  e.g.,  the  roll  pressure. 
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§  7.  2.  STRUCTURAL  NOISE  REJECTION  IN  A 
CERTAIN  CLASS  OF  DYNAMIC  SYSTEMS 

As  we  have  previously  noted,  one  of  the  reasons  for  the  variation  in 
plant  properties  is  the  presence  of  external  disturbances.  A  highly  topical 
problem  of  modern  automatic  control  theory  and  practice  is  the  choice 
of  structures  and  parameters  which  are  as  noiseproof  as  possible. 

Considerable  attention  is  devoted  in  the  literature  to  the  problem  of 
noise  suppression  (see,  e.g.,  /66/).  The  case  considered  in  /66/  is  that 
of  a  noisy  input,  when  the  aim  is  to  isolate  the  effective  signal  against 
the  background  of  noise. 

In  automatic  control  systems  and  in  a  number  of  servosystems  the 
effective  signal  or  the  reference  pulse  are  without  noise.  Noise  is  injected 
in  several  points  along  the  control  channel.  This  noise  is  contributed  by 
various  loads  and  disturbances,  which  may  be  of  a  random  nature.  In  this 
section  we  deal  with  the  case  of  random  noise  and  show  how  to  choose  the 
structure  and  the  parameters  of  a  control  system  so  as  to  minimize  the 
interference.  In  the  beginning  we  consider  a  single -variable  system,  and 
then  generalize  the  results  to  multivariable  control  systems. 


1.  Single -variable  control  system 

Figure  7.1  is  a  block  diagram  of  an  automatic  control  system.  The 
reference  signal  Yref  is  delivered  to  the  input  and  the  system  is  expected 
to  reproduce  this  signal  faithfully.  It  is  assumed  that  Yref  is  noisefree. 


7 


W 


_  fty+a+D+m 

fly+a+p(P)  Bv+a*p+m$  ~^n  (p) 


Wp)  W  U#  K.AJp) 

Dv<P)  P^a(P)  jDwfpt 

Dv+1  (P)  Ay* a  (P)  I  flv*n*n*i  (p) 


FIGURE  7.1.  The  general  case  of  an  N-element  system. 


The  system  consists  of  N  elements  with  transfer  functions  Mlgl  of 

Di  ( P ) 

these  N  elements,  a+m  elements  in  different  parts  of  the  closed  loop  are 
noisy.  For  the  sake  of  simplicity,  let  a  noisy  elements  be  concentrated 
in  one  part  of  the  loop,  and  the  other  m  elements  in  some  other  part,  so 
that  p  noisefree  elements  separate  between  the  two  groups  a  and  m.  This 
particular  setup  is  adopted  in  order  to  simplify  the  mathematical  manipula¬ 
tions.  The  conclusions,  however,  are  quite  general  and  can  be  applied  for 
an  arbitrary  distribution  of  noisy  elements  in  the  control  loop.  There  is 
only  one  condition  imposed  on  the  position  of  the  elements.  If  the  system 
input  or  origin  is  the  point  where  the  reference  signal  is  delivered  (we 
have  already  remarked  that  the  reference  signal  is  noisefree),  then  the 
first  v  elements  after  the  input  (where  v  is  any  nonzero  integer)  are  without 
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noise.  Since  noise  is  not  necessarily  injected  at  the  input  of  each  element, 
the  transfer  function  between  the  point  of  noise  injection  and  the  output  of 
the  element  is  regarded  as  being  different  from  the  transfer  function  of 

the  element  (we  denote  it  by  —Ri  ^ 

dUp)  r 

There  is  only  one  restriction  imposed  on  noise:  the  noise  and  all  its 
time  derivatives  have  a  finite  absolute  value,  i.  e.. 


\f\k>\<M  (/  =  1 ,  2,  . . n;  k  =  0,  1,  ....  m).  (7.2) 

Otherwise,  the  noise  may  be  represented  by  any,  in  particular  random 
function  of  time. 

We  now  prove  some  properties  of  this  class  of  structures,  which  are 
jointly  referred  to  as  "structural  noise  rejection". 

The  accuracy  of  reproduction  of  the  input  reference  signal  Kref  increases 
as  the  gain  of  the  noisefree  elements  increases.  Noise  is  suppressed  by 
the  gam  of  the  elements  immediately  preceding  the  noisy  components  of 
the  dynamic  chain. 

To  prove  this  proposition,  we  have  to  find  the  transfer  function  of  the 
system  shown  in  Figure  7.1. 

For  the  noisefree  elements  we  may  write 


x  _ KiRj  ( P ) 

/+1  di(p) 


(7.3) 


For  the  noisy  elements, 


_KjRjW_  K'jP'fp) 

J+l~  Dj(P) 


After  some  calculations,  we  obtain  the  following  expression  for  the 
output  of  the  loop  shown  in  Figure  7.1: 

[v+a+p+m  Y+a+P+m 

TT  KlRlip)  KnRn  (P),  !  y  —  TT  KlRl{p)KnRn(p)y  , 

W  D‘W  °.W  +  J  “  “  M  + 

■  X„R„(p)  j1.  giw'vi  rrVAwWCiAl.iO').  , 

°«w  id,  Diip)  /gif  °v+p(/>)  7>v+/.,  &-H-  (7.5) 


m+1  m  ,  , 

V  TT  V+R+P  +  /  (p)  ^v+c+p-f .  jRy+g+p  +  j-i 

j-2  P=1  ^v+a+p+y  if)  ^v+a+p+y-i  (P) 


,  KK(p)  t 

fa+j—l*  D.  fn- 


Let  the  gain  of  the  noisefree  elements  be  sufficiently  high.  Then 
dividing  (7.5)  through  by  ft*,  ft  K  and  putting  JL  =  '  =  m,  we  obtain 

1  =  1  /  =  V  +  <X  +  1  *\/  l\j 

after  simple  manipulations 

[v+a+p+m  a  m 

jn  di(P)  u  D't(P)  n 

+KnRn(p)D'„(p)  n  K,Rt(p)  ft  D',(p)  ft  A :jRj(p)X 

/-v+l  ;=v+i  y=v+a+P+i  1  1 

™  ,  1  a 

^  P.J0L,  ^  J  ~  ^  (p)  t  11  i  KtRi  (p)  x 
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x  n ,  KjR, (P)  n  dj(P)  n  oQ {P)  r,d + 

/«-v+ct+?+ 1  /-v+l  p=v+a+?-H 

H -tn?KnRn(p)  U  (p)  2  IT  Kv+pRv+p(p)  ATv+p-i^v+y-i  (p)  X 

i=a-fl  p=  1 

v+a  f  a  +  P  \ 

X  n  D, (P) ( Dv+, (P)  +  Dv+2 (P) Dvt. (P)  +  ...  +B[0»</»  X 

a  m  v+a+P 

X  n  D'.ip)  n  D'(p)f  l  +  m^KnRJp)  U  D,(p)X 

i  —  v  +  1  ;-  =  v+a+p+;  ]  J  i  =  1 


m  1 

X  fX+a+P  (/*)  "b  ^v+a+p  +  l  (/^)  +n  fX+a+?+/  (/>)J 


X 


m+1  m 


X  2  II  A,v  +  a+p+y^v+a+p+^  (p)  H  &i  {p\  H  Dj  (p)  X 

;=2  p  =  l  /  =  v+ 1  ;=v+a+p+; 


x*; 


v+a  +  P+m 

v  +  a+p  +  y-l^v+a+p+/-l  (P)fa  +  j-i  +  m'+3  II  ^/(/>)X 


x  n  a(/»)  n  D,(p)K;R'jp)f„. 

l=v+ 1  y=v+a+p+l 


From  (7.6),  clearly. 


(7.6) 


limX0U,  =r«f.  (7.7) 

m->0 

if  this  limit  exists,  i.e.,  if  the  system  is  realizable  (stable)  / 39  / .  We 
have  thus  proved  the  following: 

(1)  for  the  class  of  structures  being  considered  noise  can  be  suppressed 
by  increasing  the  gain  of  the  noisefree  elements; 

(2)  noise  suppression  improves  for  noisy  elements  far  from  the  input. 
The  general  equation  of  the  output  variable  for  structures  of  this  class 

can  be  written  as 

[mV+p+v+  ...Fm {p)  +  R(> (/)),  y  ^  =  Ro (p)  K"  +  mv2fv+)  (p)  ft  + 

+  m?+?'2lFv+t+,(p)fl+  ...  +tn?+*+i+-F,U>)f*  (7.8) 

j 


for  m->  0 


Such  a  system  is  realizable  if  and  only  if  it  remains  stable  for  m-»-  0, 
i.e.,  for  Ki^-oo.  In  other  words,  if  the  system  retains  its  stability  despite 
an  indefinite  increase  in  the  gain  of  the  noisefree  elements,  the  reference 
signal  can  be  reproduced  with  infinitely  high  accuracy.  The  structural 
aspect  of  this  proposition  is  that  noise  is  suppressed  by  the  gain  of  the 
elements  which  are  situated  between  the  input  of  the  control  system  and  the 
noisy  element. 


2.  Multivariable  control  systems 

Figure  7.2  is  a  block  diagram  of  the  i-th  control  loop.  The  plant  and 
another  element  of  the  circuit  are  noisy.  That  the  loop  includes  only  four 
and  not  N  elements  obviously  does  not  affect  the  generality. 
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The  relevant  equations  in  Laplace  transforms  are 


v  _  K\l  \s 

1  ”  Dn  (p) 


Km  „ 
Dit(P)  l' 


X , 


*>«</>) 


A'j-f 


ft. 


/C3i 


£>3;  (/>) 


x» 


y  y  ,  V  „  v  ,  < 

£  a"K*  +  l^ 

k±i 


h- 


Solving  equations  (7.9) —(7.12)  for  K;,  we  find 

[  fl  Dlt  (p)  Da  (p)  Di  (p)  +  KuK*KuK«Di,  (p)  D.,  (p)  j  r,  + 
+  Du  (p)  D2,  (p)  Da  (p)  Da  (p)  D«  (p)  K,,  2  ctJeKt  = 

k=\ 

k^l 

=  KlifaiKsiKuDu  ( p )  £>4/  (/?)  Kref  t  + 

+  />„(/,)  £>;. (p)  K'J(J<JU  +  Ou (p)  Z)B(p)  Z)3i  to  to  *if*r 


Dividing  both  sides  of  (7.13)  by  /C1/C3  and  putting 


JL_  JL_m 

KU~  Kn~m' 

we  obtain 

[«^  If  D/j  (p)  Da  (p)  D«  (p)  +  /fa^iDj,  (p)  D),  (p) j  K,  + 

+  m2Dj  (p)  D2(  (p)  Da  (p)  D2i  (p)  D«  ip)  Ki'2i0.ikY  t  — 

= *W>i  O’)  0;  O’)  n.f , + «0„  O’)  Dn  (p)  d;,  (p)  K2!Kju + 

+  m2D1(  (p)  D„  (p)  D3l  (p)  D4)  (p)  Dj,  (p) 


and  in  the  limit  of  very  high  gain 


(7.9) 

(7.10) 

(7.11) 

(7.12) 


(7.13) 


(7.14) 


lim  K,  =  K (ref.  (7.15) 

m->  0 

We  have  obtained  the  same  result  and  the  same  structural  property. 
Thus,  the  disturbance  fu  is  close  to  the  input  and  only  the  gain  of  the  first 
element  is  available  for  its  suppression.  The  disturbance  f2i  is  far  enough 
from  the  input  to  be  suppressed  by  the  gains  Ku  and/C3{,  etc. 


FIGURE  7.2.  Illustrating  structural  noise  rejection. 
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Structural  noise  rejection  is  thus  a  property  that  can  be  readily  extended 
to  multivariable  control  systems.  Here  again  system  realizability  is 
obviously  connected  with  considerations  of  infinite -gain  stability. 


§7.3.  PHYSICAL  REALIZABILITY  OF  SYSTEMS 
WITH  STRUCTURAL  NOISE  REJECTION 

First  let  us  consider  the  realizability  of  noiseproof  structures  in 
application  to  single -variable  systems  (Figure  7.3).  The  noisy  elements 
are  the  second  and  the  fourth.  The  gain  of  the  noisefree  elements  can  be 
manipulated  as  required. 


FIGURE  7.3.  Noise  rejection  in  a  more  general  case. 


A  structure  is  said  to  be  realizable  if  it  remains  stable  at  infinite  gain 
and  if  the  noise  can  be  suppressed  by  increasing  the  gain.  *  It  will  be  seen 
from  the  following  that  noise  rejection  is  possible  only  if  the  high -gain 
element  is  unstabilized,  so  that  the  questions  of  stability  and  realizability 
should  be  considered  separately  in  this  case. 

After  appropriate  calculations,  we  obtain  for  the  output  variable  of  the 
structure  shown  in  Figure  7.3 


P  O’)  £>2  O’)  £>;  O’)  KiK2K3KtY,« 


P  £>(  O’)  D'a  (p)  £>'  (p) +  O'  (p)  D'  (p)  p  R,  (p)  KtK2K3K4 
_ Pi _ 

4  4  * 

P  D,  O’)  D'a  <p)  D[  <p )  +»;0>)  D\  (p)  p  Rt  <p)  K,K2K3K4 


(7.16) 


where 

A  =  O’)  £>2  (p)  K',R<  h  +  Di  0>)  D,  (p)  D\  (p)  K't  (p)  R',  (p)  K3Rz  (p)  KtRt  (p)  fv 

System  stability  depends  on  the  position  of  the  poles  of  the  right-hand 
side  of  (7.16)  or,  equivalently,  on  the  zeros  of  the  characteristic  equation 

P  D,  (p)  D2  (p)  D't  0 >) + D’2  (p)  D\  (p)  p  R,  (p)  K,K2K3K,  =  0.  (7.17) 

*  A  more  rigorous  discussion  of  realizability,  taking  account  of  system  coarseness  requirements,  is  given 
in  a  special  section  in  what  follows. 
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Dividing  (7.17)  through  by  K\Kz  and  putting 

we  write 

[«2II  D,  (p)+K,KiiiRi  (/>)]  dUp)  D't(p)  =  0.  (7.18) 

The  system  is  realizable  if  and  only  if  the  roots  of  (7.18)  are  in  the  left- 
half  plane  for  m^O.  Now,  we  see  from  (1.18)  that  for  this  to  hold  true  it 
is  necessary  and  sufficient  that  the  roots  of  each  factor  in  (7.18)  are  in  the 
left -half  plane  for  0.  Since  the  roots  of  D2  (p)  D\  {p)  are  independent  of  m, 
the  roots  that  they  generate  depend  on  the  self -operator  of  the  noisy 
elements.  We  assume  that  the  elements  are  intrinsically  stable,  and 
D2(p)D4(p)  =  0  therefore  has  left -half-plane  roots.  The  stability  of  the 
system  as  a  whole  therefore  depends  on  the  roots  of  the  second  factor 

«‘2]n[AO’)+W4jP|^(p)  =  0  (7.19) 


for  m->0. 

The  results  of  Chapter  Three  suggest  the  following  procedure  for  the 
determination  of  the  stability  conditions. 

4 

Let  N2  be  the  degree  of  the  polynomial  £>,(/?)  and  the  degree  of  the 

polynomial  /?,(/>);  the  system  is  stable  if 

(1)  2; 

4 

(2)  K2K4  Ri  {p)  =  0  satisfies  the  stability  conditions; 

(3)  certain  relationships  are  observed  between  the  coefficients  of  the 

4  4 

polynomials  JJ  £>,(/>)  and  K2K4 II  Ri  (p)  depending  on  which  of  the  two  following 

l  =  1  i  ■*  1 

equalities  is  true: 


N2  — =  1 
or 

N2  —  N{  —  2. 


Let  us  consider  the  most  difficult  cases  as  far  as  realizability  is 
concerned. 

Suppose  that  the  elements  shown  in  Figure  7.3  are  made  up  of  aperiodic 
components.  If  out  of  the  total  of  N  components,  v  are  high -gain  devices, 
equation  (7.19)  takes  the  form 


0. 
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n  N 

Putting  JlA'i  II  Kj  —  KdtZf  we  obtain 

r=\  j  =  n+V-f  1 

mV  j[I  (1  +  T'l/O  +  ^deg  —  0.  (7.20) 

Equation  (7.20)  clearly  satisfies  the  stability  conditions  for  m-> 0  only 
if  N<2.  This  is  a  trivial  case  of  very  limited  interest. 

Let  us  consider  stabilization  of  the  system  for  W2> 2. 

System  (7.2  0)  is  stabilized  for  m-^Oby  feeding  into  it  derivatives  at 
least  from  the  (Af-2)-th  to  the  first  order.  We  now  modify  the  structure 
of  the  system  by  introducing  additional  N -2  amplifiers  (the  gains  of  these 
amplifiers  can  be  made  sufficiently  high).  Each  of  these  amplifiers  is 

Mi 

enclosed  in  a  negative  feedback  loop  with  a  transfer  function  Y+Tjp 

(Figure  7.4).  As  regards  the  remaining  part  of  the  circuit,  we  assume 
that  v  out  of  the  N  aperiodic  components  are  noisefree,  and  that  their 
gain  can  be  varied  between  wide  limits. 


FIGURE  7.4.  Structure  ensuring  stability  and  noise  rejection. 


For  the  sake  of  simplicity  the  noisy  elements  are  collected  in  two  groups, 
which  are  located  as  shown  in  Figure  7.4, 

For  the  first  N -2  feedback-controlled  amplifiers  we  have 
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4  N-2 

=n^n^d+ T,P)  Di  (P)  d\  (P)  Yn,  + 

1=1  i=  i 

+  D,  (p)  D2  ( p )  D’t  (p)  l| (TiP  +  1+^) KaK,K'J,  + 

+  jrt  D,  (p)  D;  (p)  jg  (7>+  1  +  A>()  /2.  (7.2  6) 


The  left-  and  the  right-hand  side  of  (7.2  6)  are  divided  by  JlKihKiK*. 
Assuming  that  A7h*  K\  and  are  of  the  same  order  of  magnitude,  we  put 

=  =  =  m  and  after  elementary  manipulations  we  obtained  from  (7.2  6) 

\m%Dt (P)  mN'2% <'  +  T,p)  +  m"-»v  E  n  (1  +  TlP)  + 
l  L  /_l  ii) 


N- 2 


+ 


+m"-y2  n  +  T,P)+  ... 

1  1  i+i 

+  KiKi  JJ  (1  ■+-  T tp)  J  Di(p)D,(p)Yom  —m  |m,v_2  JJ(1  +  T,p)-\- 


+  «A,-V2  lid  +  T,p)+  ...  +PN'i 


]= 1  /=! 
1*} 


XK4K'Dl(p)D2(p)D4(p)fl+m< 


[N-l 

■"Iff 


+m"-VS  U + 


N- 2 


X 

(1  -\-Ttp)  -f- 

X 


t+j 


N-  2 


X  jn  Dt  (p)  D'  (p)  /2 + tf2K4  jff  (1  +  7»  d2d;  (p)  k„(. 


(7.2  7) 


Here  2  indicates  that  the  first  sum  is  taken  over  the  combinations  of  the 
products  of  all  the  subscripts,  except  j-  1,  the  next  sum  is  taken  for  2,  etc. 

We  see  from  (7.2  7)  that  the  gain  of  the  feedback  amplifiers  does  not 
affect  the  noise,  neither  enhancing  nor  suppressing  it.  The  only  contribution 
from  the  feedback  amplifiers  is  that  they  alter  the  noise  amplitude  by  a 
factor  of  MN~2..  If  M<  1,  the  noise  is  appropriately  amplified.  As  in  the 
previous  examples,  the  noises  are  suppressed  by  the  gain  of  the  noisefree 
elements  without  feedback.  If  their  gain  is  sufficiently  high,  noise  is 
effectively  eliminated. 

Let  us  now  consider  the  left-hand  side  of  (7.27)  which,  when  made  equal 
to  zero,  gives  the  characteristic  equation  that  determines  the  stability 
(realizability)  of  the  system.  Thus, 


N-  2  . 


H  (i  +  J»jD[ />,</>)+ 

+  m"-V  2  (1  +  T,p)  jjj  D,  (p)  +  . . .  +  ]|  D,  (p)  + 

+Ayr4jyf<i  +  r,p)=o. 


(7.28) 
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The  degrees  of  any  two  adjoining  polynomials  in  (7.28),  with  the  exception 
of  the  last  pair,  differ  by  1,  and  the  difference  in  the  degrees  of  the  last 

4 

two  polynomials  is  2,  since  the  degree  of  the  polynomial  is  by 

assumption  N  (we  are  dealing  with  aperiodic  components). 

The  structural  stability  criteria  formulated  in  Chapter  Three  are  thus 
satisfied.  The  degenerate  equation  in  this  case  is 

+  (7.29) 

It  always  satisfies  the  stability  conditions.  In  order  for  the  system  to  be 
stable  (realizable)  it  is  clearly  necessary  and  sufficient  that  the  auxiliary 
equation  of  third  kind  satisfies  the  stability  conditions.  The  auxiliary 
equation  can  be  made  to  satisfy  the  stability  conditions  by  an  appropriate 
choice  of  the  time  constants  Tit  the  feedbacks,  and  the  gain  factors  and  K2Ki. 

We  have  thus  proved  the  realizability  of  these  structures.  In  this 
case  we  have  incorporated  in  the  system  N  -2  high-gain  amplifiers. 

If  N- 1  amplifiers  are  introduced,  we  obtain  an  auxiliary  equation  of 
the  first  kind,  which  in  our  particular  case  always  satisfies  the  stability 
conditions,  as  it  can  be  reduced  to  the  form 

]ft(l  +  7"j?)=0.  (7.30) 

The  number  of  amplifiers  in  the  system  can  be  reduced  to  Nf  2.  The 
corresponding  auxiliary  equation  is  of  the  second  kind  (see  Chapter  Three), 
and  the  feedback  parameters  (second-order  feedback  loops  are  used  in 
this  case)  should  be  so  chosen  that  the  auxiliary  equation  satisfies  the 
stability  conditions. 


§  7.4.  REALIZABILITY  OF  NOISEPROOF  STRUCTURES 
IN  MULTIVARIABLE  CONTROL  SYSTEMS 

The  results  of  the  preceding  section  suggest  a  convenient  approach 
to  realizability  for  multivariable  control  systems.  It  is  of  course  clear 
that  the  noise-rejecting  gains  should  not  be  stabilized.  The  structure  of 
the  system  in  Figure  7.2  should  therefore  be  so  modified  that  the  system 
becomes  realizable  and  the  high-gain  elements  K\  and  Kz  are  left  unstabilized. 
Figure  7.5  is  a  block  diagram  of  an  i-th  subsystem  which  meets  these 
requirements. 
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Making  use  of  the  nomenclature  of  Figure  7.5,  we  obtain  a  set  of 
equations  describing  the  behavior  of  this  system: 


y' _  tli  y 

Fm O’)  ■  " 


whence 


or 


Xi  =  Kicft'f-Kl9} 


x'll  +J^w)=K^-Kcnyl< 


and  similarly 


X  l 

1  -4_ 

lW^c/2  \ 

K,aXv 

Kcl3X2< 

X  l 

1  -L 

FaiP)  r 

Pl3^cl3  \ 

Xk  - 

.  Ku 

X 

FiziP)  /“ 

■**4 

y  - 

"  D,i  (p) 

_  Kti 

**  3, 

x  _ 

L_  f 

yv5  — 

v  - 

On  (p) 

...  K*i 

^  4 

Xr 

h  Duty?" 

Y,  ~ 

1  1 

C3 

*  £ 
*  S 

^  5’ 

y  j 

-  K'1  h 

-  K,‘  Vo  Y 

1 1  — 

"  tip) 

■6  1 

Oit  (P)  '2 

D„(p)  Zla‘"r’‘ 
1 

k^i 

(7.31) 

(7.32) 


(7.33) 


(7.34) 

(7.35) 

(7.36) 

(7.37) 

(7.38) 

(7.39) 


Eliminating  Xt,  X2,  X3,  Xt,  X3  and  X,  between  (7.33) —(7.39),  we  obtain  after 
elementary  manipulations  the  following  equation  for  the  i-th  controlled 
variable: 

[jn  (p)  n  (^<*  (p)+V’nKc  Fa,  (p)J  y  t + 

+  K« II  Du  C p)J\_  (Flk  (p)+n„ffc„)  s  alk  (p)  y„  = 

‘it' 

= H Ktk H  K  ik  Fik  (p)  y<tti  +  Du  (p)  TL  (F Ik  (p) + 

+ vtkKcn)  u  Ktkh + ^jrr  (/>)  jrr  (^/*  oo +mtc  <»)  u-  (7 .4  0) 


Putting  /=  1, .  .  . ,  n,  we  obtain  a  complete  set  of  equations  describing 
this  multivariable  system. 

Suppose  that  the  gains  Kci  of  the  feedback  amplifiers  and  the  gains  Kci 
and  /Cc3can  be  made  sufficiently  large  (theoretically  infinite).  For  the 
sake  of  simplicity  we  assume  that  the  gain  factors  are  all  of  the  same 
order  of  magnitude.  Putting 
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3 

and  dividing  (7.40)  through  by  Kc ,  we  obtain  after  simple  manipulations 

{  Dit  ( p )  II  \mtFlt  (p) +(.,*]  +  KaK«  Flk  ip) }  Y,  + 

+  A  Dik  (P)  II  [mkFlt  (p) + n,»]  2  alk(p)  Yt  = 

k= 1  A  =  1  £  —  1 

w 

3  3 

=  ik  (p)^TtU~\-  m^i(p)  II  + 

3  3 

X  KuKuU  +  m*Kv  II  D,  (p)  II  [m.F,,  (/>)  +  p„]  /s.  (7.41) 

*=1  ft=l 

From  (7.41),  for  m^-0, 

lim  Ki  =  Kref/  (/  =  1 ,  2 . n). 

m->  0 

The  realizability  of  this  configuration  is  determined  by  the  stability 
of  the  multivariable  control  system  as  a  whole.  We  have  shown  previously 
(see  Chapter  Three)  that  a  general  multivariable  system  with  infinite - 
gain  stability  can  be  obtained  if  each  single -variable  subsystem  is  stable 
at  infinite  gain;  hence,  to  obtain  the  necessary  realizability  conditions,  it 
is  sufficient  that  the  roots  of  the  equation 

»!Pi.  (P)  A I m„Flk (p)  +  nlt\  +  K„Kti  JlFit,(p)  =  0  (7.42) 

*=i  r=i 

remain  stable  for  m^O.  We  write  equation  (7.42)  in  expanded  form: 

Dit  (p)  th’Fu  (P)  Fa  (p)  F31  ( P )  +  'n4  [tW’u  ( P )  Fit  (p) + 

+  (*1*^(2  (P)  F  a  (p) + VziFu  (p)  Fa  (/>)]  + 

+  m3  [(*iiH2i77;3  (p)  +  (P)  +  (p)\  + 

+  1  +  KaKuFn  (p)  F„  (p)F  i3(p)  =  0.  (7.43) 

The  small  parameter  in  braces  appears  in  order  of  descending  powers; 
the  polynomials  multiplying  the  small  parameter  are  likewise  in  a  descend¬ 
ing  order,  and  all  this  corresponds  to  structural  stability  for  m->  0.  It 
only  remains  to  consider  the  polynomial 

wVail/2M'/3  JJl  Dik  (p)  “f- KiiKiiFn  ( P ) F a  {p)F nip)  =  0.  (7.44) 

Equation  (7.44)  corresponds  to  a  realizable  system  if 

d~  v<2,  (7.45) 

4 

where  d  is  the  degree  of  the  polynomial  D^ip),  and  v  the  degree  of  the 
polynomial  JlFlt(p). 

It  is  clearly  not  always  possible  to  choose  such  a  number  of  feedback 
amplifiers  that  the  structural  conditions  (7.45)  are  satisfied. 
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When  (7.45)  is  satisfied,  the  necessary  realizability  conditions  are  in 
a  sense  satisfied  also.  The  sufficient  conditions  are  satisfied  if  the 
degenerate  equation  of  the  multivariable  system  and  the  auxiliary  equations 
of  first  and  second  kind  for  the  entire  system  satisfy  the  respective  stability 
conditions.  The  stability  conditions  for  the  degenerate  and  the  auxiliary 
equations  are  generally  satisfied  by  a  judicious  choice  of  the  feedback 
parameters  Fik  and  In  any  case,  this  does  not  constitute  a  problem. 

We  have  thus  proved  the  property  of  structural  noise  rejection  for  general 
multivariable  control  systems. 


§  7.  5.  SELF-ADJUSTMENT  PROPERTIES  IN  A  CASE 
WHEN  THE  DISTURBANCES  CAN  BE  DIRECTLY  MEASURED 

Consider  an  automatic  control  system  where  the  plant  properties 
(characteristics)  are  highly  sensitive  to  external  disturbances,  which 
are  applied  directly  to  the  plant.  In  this  section  we  will  deal  with  a 
case  when  the  disturbances  acting  on  the  controlled  object  can  be  measured 
directly.  We  start  with  a  discussion  of  single -variable  systems,  and  sub¬ 
sequently  the  results  will  be  extended  to  multivariable  control  systems. 

Suppose  that  the  automatic  control  system  is  optimal  with  regard  to  a 
certain  quality  criterion.  The  system  parameters  are  calculated  and  chosen 
ignoring  the  action  of  noise,  but  the  system  drifts  away  from  the  optimum 
setting  due  to  noise  interference.  Our  problem  is  to  alter  the  structure 
and  to  choose  the  system  parameters  so  that  the  optimization  attained 
without  noise  holds  in  the  noisy  case  too.  As  we  have  previously  remarked, 
it  is  assumed  that  the  noises  acting  on  the  system  can  be  measured.  It 
thus  remains  to  apply  the  results  of  the  theory  of  combined  systems 
considered  in  Chapter  Five. 


FIGURE  7.6.  Illustrating  realizability  with 
the  aid  of  real  stabilizers. 


Take  a  single -variable  control  system  shown  diagramatically  in 
Figure  7.6.  In  this  figure  W2(p )  is  the  transfer  function  of  the  plant, 
KWt{p)  and  W3(p)  are  the  transfer  functions  of  the  control  system  and  the 
stabilizer,  F(p)  is  the  external  disturbance;  KWt(p)  and  W3(p)  are  so  chosen 
that  in  the  absence  of  disturbances  ^(pjthe  optimum  process  (with  regard 
to  a  certain  quality  criterion)  is  attained  for  a  sufficiently  high  gain  K. 
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For  example,  in  automatic  potentiometric  control  with  nonlinear  feedback, 
the  optimum  process  is  attained  when  the  system  gain  is  infinite  / 39 / . 

The  system  of  course  should  remain  stable  as  the  gain  is  increased. 

We  will  prove  the  following  proposition.  ForK^oo  the  structure  in 
Figure  7.6  without  external  disturbances  is  equivalent  to  the  structure 
in  Figure  7.7  with  external  disturbances.  In  other  words,  measurable 
external  disturbances  can  be  rejected  if  they  are  delivered  as  an  additional 
signal  to  the  stabilizer  input.  This  proposition  follows  from  the  results 
of  Chapter  Five,  and  its  proof  is  fairly  obvious.  Indeed,  the  transfer 
function  of  Figure  7.6  without  external  disturbances  is 

Wi  (P)  Wt(p) 

*0»t  (P)  1 +KWx(P)W3(P)  _ 

A  *ln  ip)  ~~  ,  ,  KWl(p)W,(p)  - 

l+  \+KWi{p)Wt{p) 

_ KWi  (P)  W2(p) _  /?  a6\ 

\  +  KW,{p)W3(p)-\-KWx{p)W2{p)'  v  '  ' 

In  the  limit  K-+oo  we  find 


(7.47) 


The  transfer  function  of  Figure  7.7  is  obtained  from  the  following 
equations: 

Y (p)  =  KWt (p)  \Xlt(p)-X (p) -\Y(p)  +  F ip)\  W3 (/.)],  (7.48) 

Xm(p)=W2(p)[Y(p)+F(p)\.  (7.49) 


Solving  (7.48) —(7.49)  for Xout(p),  we  find 


y  f  ns  Wi  (P)  W2  ( p )  XlBj(p)  ±  ( p )  F  ( p ) 

A  out  {P)  —  1  +  KW,  (p)  W2  (p)  4-  KW t  (p)  W3  ( p )  ’ 


(7.50) 


whence 


lim  X?m  —  Wi  (p) 

K+L  TP)  W2  (p)  +  W3  (p)  ’ 


(7.51) 


i.e.,  the  same  expression  as  (7.47).  We  see  that  for  a  sufficiently  high 
gain,  the  system  in  Figure  7.7  behaves  like  an  adaptive  system  in  the 
sense  that  its  characteristics  remain  fixed  despite  the  presence  of  quite 
general  external  disturbances. 


§  7.  6.  CASE  OF  NOISY  PLANT  (THE  DISTURBANCES 
CANNOT  BE  MEASURED) 

We  now  consider  the  case  of  a  plant  whose  characteristics  are  altered 
by  external  disturbances  which  are  not  amenable  to  direct  measurement. 
This  is  a  very  common  case  in  practice. 

Let  the  plant  parameters  in  the  noisefree  case  be  known.  A  control 
system  is  then  designed  for  the  noisefree  case  and  optimized  by  indefinitely 
increasing  the  gain  K.  Without  noise,  the  system  has  the  structure  shown 


in  Figure  7.6.  We  have  shown  in  the  preceding  section  that  for  /C-^oo  the 
transfer  function  of  the  single -variable  control  system  is 

IS  (  _ _ ^2  (£) 

a  out  \P)  W3{p)+W2(p)  • 

We  now  proceed  to  design  the  next  structure  (Figure  7.8).  The  controller 
output  (X  in  Figure  7.8)  is  delivered  to  the  input  of  the  real  plant  and  to  the 
input  of  a  model  with  a  transfer  function  W'2  {p) (this  is  the  transfer  function 
of  the  ideal,  noisefree  plant).  The  difference  of  output  signals  of  the  ideal 
and  the  real  plant  is  delivered  through  a  transducer  Wu  (p)  to  the  stabilizer  input. 


Figure  7.7.  Application  of  stabilizers 
to  noise  rejection. 


FIGURE  7.8.  The  use  of  an  ideal  plant. 


The  transfer  function  of  the  system  in  Figure  7.8  is  obtained  from  the 
relations 

x (p) = kw, (p) {r„, (p) -vm  (P) - 

-  W3(p)[X(p)+(Vom  (p)-Y'„„  (p))  r„  CP)]}.  (7.52) 

Y,»,(P)=W,(p)\X(p)+F  (p)i  (7.53) 

y'm,  (p)=W,(p)X(p).  (7.54) 

In  the  noisefree  case  U^(p)=  Wi(p),  and  since  in  (7.52) —(7.54)  the 
disturbances  are  represented  by  a  separate  term,  we  write  from  the  above 

\\+KWx<j>)WM  +  KWx{p)W2{p)\Y^  (/>)  = 

=  KW,(p)  W,(p)Ynl(p)-KWl(p)  W\(p)  W„  (p)  W,Ap)F{p)+  (7.55) 

+  WAp)F(p)  +  KWx(p)  W3(p)  Ws(p)F(p). 

The  stabilizer  ratio  is  so  chosen  that  the  structure  is  stable  at  infinite 
gain  K.  Dividing  (7.55)  through  by  K ,  we  find  in  the  limit  K-+  oo 

lW,{p)+W,(p)]Y0Ut  (p)  = 

=  w2y„,  (P) + [ w2  (P)  w3  (p)  -  wl (p)  w„  (P)  w3  (/>)]  f  (P).  (7.56) 

We  see  from  (7.56)  that  noise  rejection  is  ensured  if  the  transducer  ratio 
satisfies  the  equation 


Wl  (p)  W3  (p)  -  wl  (p)  W„  (p)  W3  (p)  =  0 


or 


Wlt  (p)  = 


W2(P)' 


(7.57) 
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A  circuit  with  a  transfer  function  w*  can  be  designed  by  the  common 

methods  used  in  the  synthesis  of  structures  with  infinite -gain  stability. 
The  higher  the  gain,  the  closer  the  resultant  transfer  function  to  the 
sought  value. 


As  an  example  let  us  consider  the  case  of  a  plant  with  the  transfer  function 


uz  ( ri\  = _ i _ 

2(P)  (1  +  Tip) (1  +  TiP) (1  -f- Tp)  * 


(7.58) 


The  transducer  ratio  is 


W  — _ 1  —  (j  +  T\p)  (1  +  TiP)  (1  +  tp) 

aKP)  W2(p)~  Kxp 


(7.59) 


Three  high-gain  amplifiers  Kh  are  connected  in  series.  They  are 

feedback-controlled  (Figure  7.9)  by  transfer  functions  .  *  ,  -1-rV  and 

^  H ~T\P  1  +  ^aP 

\-\-xp •  Transfer  functions  of  this  kind  can  obviously  be  synthesized  without 

any  difficulty.  To  find  the  transfer  function  of  the  structure  in  Figure  7.9, 
we  start  with  the  equation 


X2(p)  _  Kh 
*iM~,  Kh 

+  1  +  TiP 


Kh 

+  P 


1  + 


(7.60) 


Dividing  the  numerator  and  the  denominator  of  each  of  the  three  fractional 
factors  by  Kh,  we  find 


jp)  _ _ 1  _ l  1 

Ki  (p)  1  ,  l  1  ,  1  1  ,  Kxp  • 

Kh  Kh  T  i  _|_  p2p  Kh  '  \-\-xp 


(7.61) 


Putting  —  we  obtain  after  simple  manipulations 

Kg  (p)  _  (l  +  7jp)  (1  -j-  T2p)  (l ± t p) 

( P )  Q,  ’ 


(7.62) 
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where 


Q i  =  m*  (1  +  Txp)  (1  +  T2p)  (1  + 1  p)  + 

+  m?{{  1  +  TlP)  (1  +  T2p)  [Kip  + 1  + 1/>]}  + 

H-  m  [(1  -f  xp)  +  Kxp  (1  4-  T\ P)  (1  +  TiP)\  4-  Kxp, 

In  the  limit  oo  or,  equivalently,  m-*  0,  we  have 

lirn  X2 ( p )  _  (1 4  7 i P) 0  +  TiP ) 0  +!£)__  J _ =  w  (n).  (7.63) 

KTp  wap)  W“ {ph  1  ' 

We  have  thus  derived  the  desired  transfer  function. 

Equation  (7.63)  is  a  degenerate  equation.  Realizability  of  the  structure 
in  Figure  7.9  thus  depends  on  the  position  of  the  roots  which  tend  to 
infinity  as  m-vO.  To  solve  this  problem,  we  have  to  draw  up  the  auxiliary 
equation  and  to  test  its  coefficients  for  stability.  Since  a  term  Kxp  enters 
the  numerator  of  the  last  feedback  loop  ratio,  all  polynomials  multiplying 
the  small  parameters  are  of  third  degree  and  the  additional  conditions 
should  therefore  be  checked  for  the  following  equation  only: 

m  [Kxp  (1 4-  T\P)  (1 4-  T2p)  +  (1 4-  ip) \  +  Kxp. 

The  small  parameter  raises  the  order  of  the  equation  by  two,  and  the 
additional  conditions  have  the  form  (see  Chapter  Three) 

T7  +  7^>0’ 

which  is  naturally  always  true.  We  have  thus  shown  that  the  required 
transducer  ratio  can  be  obtained  without  difficulty.  In  reality,  Kh  are  not 
infinite:  these  are  large  but  finite  numbers  and  the  transfer  function  W lt  (p) 
is  therefore  realizable  only  to  a  certain  accuracy,  which  is  higher 
the  higher  the  gain  /Ch. 

Let  us  now  consider  the  realizability  of  an  extremum  control  system 
in  the  multivariable  case.  We  will  assume  that  optimization  of  each 
controlled  variable  corresponds  to  optimization  of  the  system  as  a  whole. 

It  will  be  clear  from  the  following  that  this  is  not  always  true.  At  the 
present  stage  we  are  dealing  only  with  the  case  when  each  controlled 
variable  can  be  optimized  in  the  previously  explained  sense  and  when 
optimization  of  all  the  controlled  variables  corresponds  to  optimization 
of  the  system  as  a  whole. 

Now  suppose  that  the  disturbances  which  cannot  be  measured  are 
applied  to  the  controlled  object  in  each  variable.  We  thus  obtain  a 
configuration  shown  in  Figure  7.10,  which  is  the  i-th  subsystem  of  the 
multivariable  control  system. 

The  behavior  of  the  i-th  controlled  variable  is  described  by  the  following 
set  of  equations  in  Laplace  transforms 


Xl  =  KuWu(p)\Y<d-Ym  ,-Y', ], 

(7.64) 

r;=r3,  (p)(*<+*u). 

(7.65) 

Xu=Wut{p)Y„ 

(7.66) 

Y  i  =  Y  out  /  Y  out  ^ 

(7.67) 

K  out  =  Wu  (p)  Xiy 

(7.68) 
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yml  =  wAP) 


Jfi+fi+Sa  u,u»Yomt 


(7.69) 


Eliminating  the  variables  V[,  Xu,  X,,  Y,,  Ymx  between  (7.64) -(7.69),  we 
obtain 

Id  +KuWu(p)  WM(p)  Wu(p)  Wx,  l(p)  +  KuWu(p)  W3l(p)]Ymt ,  ± 


Wv  C p)  WM  (p)  wa  ,  (p)  J  0„  (p)  Kou,  s  = 


*=1 


—  Ku  Wu  (p)  W3i  (p)  YttU  +  Wn  (p)  W3l  (p)  Wtt  t  (p)  fx  4. 

+d  +  wu  (P)  wu  (p)Kx)[wit(P)  i va  ,(P) Y’m 


(7.70) 


or,  dividing  both  sides  by  W3l(p), 

\(\  +  KuWu(p)  Wu{p))Wul(p)+KuWu(p)\Ym  + 

+  (f)  ,  (/>)2  aikY  our  s  =  KUWU  (p)  rref  ,+Wa  (p)  W„  ,  (p)  f,+ 

+  (\  +  W^p)Wulj,)Ki)[wul(p)-1^Ym .  (7.71) 

Putting  i=l,  2,  .  .  . ,  n,  we  obtain  a  complete  set  of  equations  describing  the 
multivariable  control  system. 


FIGURE  7.10.  The  use  of  an  ideal  plant. 


As  we  have  previously  shown  the  system  can  be  optimized  in  relation 
to  each  controlled  variable;  the  disturbances  f{  together  with  the  extraneous 
outputs  provide  the  noise  which  interferes  with  the  given  variable.  The 
optimum  is  thus  attained  if  the  extraneous  outputs  Y om  ftand  the  disturbances 
ft  are  successfully  eliminated.  We  see  from  (7.71)  that  noise  rejection 
can  be  achieved  if 


(a) 

and 


W«i(p) 


l 

w*i  (P) 


(b)  Kt-+oo,  the  system  of  course  remaining  stable  as  a  whole. 
Making  use  of  conditions  (a)  and  (b),  we  find  from  (7.71) 


Wii(p)W3i(p) 

W2i(p) 


f  «M/0] 


Y 


i  — 
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I  wu  (p)  (P)  +  wu  (p)  Wu  (p)\  V  out  ,  =  Wu  (p)  W2i  (p)  Ynf  ,, 


(7.72) 


or 

Your  l  =  Wu  (P) 

y*n  W2i(p)+W3i(py 

An  equation  of  this  kind  was  derived  in  our  previous  analysis  of  optimiza¬ 
tion  of  a  single -variable  system.  This  single -variable  case  is  of  some 
interest  as  a  variant  of  multivariable  systems  where  noninteraction  is 
attained  as  a  byproduct  of  self-optimization  of  each  subsystem,  which  by 
assumption  corresponds  to  optimization  of  the  system  as  a  whole.  In  point 
of  fact,  such  self-optimization  is  feasible  only  if  noninteraction  and 
invariance  are  ensured  simultaneously. 


§  7.  7.  DISTURBANCES  APPLIED  AT  VARIOUS  POINTS 
OF  THE  FORWARD  PATH  AND  IN  THE  FEEDBACK  PATH 

Consider  the  case  when  the  disturbances  are  injected  at  various  points 
along  the  forward  path,  with  the  exception  of  the  input,  and  also  along  the 
feedback  path.  This  case  is  illustrated  in  Figure  7.11.  The  results  of 
§  7.  2  clearly  suggest  that  by  increasing  the  gain  of  the  forward  path 
one  can  reject  all  the  noises  acting  in  that  path  and  compensate  the 
contribution  from  the  extraneous  controlled  variables.  Now,  if  the  plant 
characteristics  are  altered  in  response  to  these  disturbances,  the  resulting 
structure  is  equivalent  in  its  properties  to  an  adaptive  system.  The 
unsolved  problem  is  noise  rejection  in  the  feedback  path,  but  here  we  can 
apply  the  conditions  of  structural  noise  rejection  derived  in  Sec.  7.  2, 
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FIGURE  7.11.  Noise  in  forward  and  feedback  paths 


Structural  noise  rejection  can  be  attained  as  follows  (Figure  7.12).  An 
amplifier  is  connected  in  the  feedback  path,  immediately  after  the  output; 
its  gain  can  be  made  sufficiently  large  (theoretically  infinite).  Another 
amplifier  with  gain  Kv h  close  to  zero  is  connected  after  the  noisy  feedback 
element,  so  that 


Simple  calculations  show  that  /CIh->oo,  Ki h->0,  and  K\hKz\i  —  1  the  noise  in  the 
feedback  path  is  effectively  suppressed. 


FIGURE  7.12.  Illustrating  noise  rejection  in  the  feedback  path. 


In  conclusion  of  this  section  let  us  review  the  results  of  §§  7.2  and  7.  6. 
We  have  dealt  there  with  noisefree  input  signals.  The  noise  rejection 
techniques  have  been  essentially  developed  for  cases  when  the  noises  are 
not  amenable  to  direct  measurements.  The  use  of  the  ideal  plant  in 
§7.5  enabled  us,  besides  synthesis  of  Wu{p),  to  ensure  stabilization 
with  the  aid  of  simple  passive  circuits,  whereas  the  method  presented 
in  this  section  requires  special  amplifiers  that  realize  sufficiently  ideal 
derivatives. 

The  system  properties  can  also  be  improved  in  the  case  of  noisy  input, 
and  this  possibility  is  actually  considered  in  §  7.5.  Indeed  if  noise 
rejection  follows  the  method  of  §  7.2,  an  increase  in  gain  enhances 
the  noise  which  is  delivered  to  the  input  together  with  the  reference  signal. 
From  this  point  of  view,  if  noise  is  injected  together  with  the  reference 
signal,  the  suppression  of  all  other  noises  that  incidentally  enter  the 
system  requires  unambiguous  isolation  of  the  original  noise,  and  this  is  an 
obvious  shortcoming  of  the  method.  If  an  ideal  plant  is  used,  and  especially 
if  the  spectral  composition  of  noise  is  different  from  the  spectral  composi¬ 
tion  of  the  reference  signal,  the  parameters  of  the  stabilizer  Ws{p)  can  be 
chosen  so  as  to  minimize  the  input  noise.  When  the  input  is  a  mixture 
of  the  reference  signal  Ytefl  and  noise  flni>  calculations  along  the  same 
lines  as  before  give  the  following  expression  for  the  output  in  a  system 
using  an  ideal  plant: 

Y  - -  w* M  y  -I _ _ M  f  / 7  7o\ 

our  1  W3(p)+W2(p)  W3{p)+W2(p)  !tn'  \f-to) 

If  W3(p)is  appropriately  chosen  and  the  spectral  composition  of  the 
disturbance  is  taken  into  consideration,  the  contribution  from  the  second 
term  in  (7.73)  can  be  minimized. 


§7.8.  SOME  ADDITIONAL  TOPICS  AND  ESTIMATES 

In  the  preceding  discussion,  a  realizable  structure  was  one  that 
remained  stable  at  infinite  gain.  The  concept  of  realizability  used  in 
current  literature  has  a  broader  sense,  and  our  analysis  should  be  corre¬ 
spondingly  augmented.  Moreover,  when  asymptotic  methods  are  applied 
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(in  our  case  the  asymptotic  behavior  constitutes  transition  to  the  limit 
m-*-  0  orK-^oo,  one  always  has  to  consider  to  what  extent  the  theoretical 
results  are  applicable  in  practice,  when  the  coefficients  after  all  remain 
finite,  and  what  errors  are  incurred  in  the  asymptotic  approximation. 

We  therefore  first  have  to  consider  the  following  problems. 

1.  In  control  systems  (as  in  any  dynamic  system),  there  are  always 
some  parasitic,  spurious  parameters  which  at  high  gain  may  have  a  marked 
influence  on  system  dynamics.  Two  aspects  of  this  question  should  be 
considered: 

(a)  Will  small  parameters  have  a  marked  influence  on  system  behavior 
if  they  can  be  made  quantitatively  as  small  as  desired?* 

(b)  How  are  we  to  determine  the  quantitative  effect  of  small  but  finite 
parasitic  parameters  on  system  dynamics? 

2.  In  real  systems  the  gain  cannot  be  made  arbitrarily  large;  it  may  be 
raised  to  a  certain  large  but  nevertheless  finite  value.  What  constitutes 
"sufficiently  large"  gain,  or  in  other  words  what  are  the  numerical  values 
of  gain  for  which  the  results  obtained  assuming  infinite  gain  are  applicable? 

3.  What  is  the  effect  of  certain  kinds  of  nonlinearity  on  system  behavior? 

We  solve  these  problems  by  following  the  same  procedure  as  before: 

first  we  consider  single -variable  control  system  and  then  generalize  the 
results  to  multivariable  configurations. 


1.  Quantitative  estimation  of  small  parameters 

Let  an  automatic  control  system  be  described  by  an  ALth  order  differential 
equation.  Moreover  suppose  that  the  system  incorporates  n  small  para¬ 
meters,  each  increasing  the  order  of  the  equation  by  one.  The  characteristic 
equation  that  corresponds  to  the  degenerate  differential  equation  obtained 
when  the  n  small  parameters  are  ignored  is  an  algebraic  equation  of 
(N  —  «)-th  degree,  and  its  general  form  is 

aoPN~n  ~b  0'\PN~n~x  +  •••  +«*-■  =  (>.  (7.74) 

Let  the  roots  of  equation  (7.74)  be  zit  i=  1,  2,  .  .  . ,  N  —  n.  Then 

+  ...  +aN_n  =  0.  (7.75) 

Introduction  of  the  small  parameters  has  a  twofold  effect.  First,  the 
roots  of  the  degenerate  equation  (7.75)  are  altered;  second,  n  new  roots  are 
added,  which  tend  to  infinity  as  the  small  parameters  approach  zero. 

Let  the  introduction  of  small  parameters  alter  the  i-th  root  of  the 
degenerate  equation  by  A z{.  The  coefficients  of  the  degenerate  equation 
acquire  corresponding  increments  A a{  and  N  new  terms  with  the  coefficients 
A b{  appear  in  the  equation.  The  complete  characteristic  equation  with 
small  parameters  is  thus  written  in  the  form 

Abated  ...  +(a0+ka0)(zl+bzlf-n-\- 

-b  (al  H“  {Zi  4-  &Zi)N  n  J-{-  •••  ^aN~n  —  ^'  (7.76) 

*  It  is  here  that  we  encounter  the  problem  of  coarse  and  noncoarse  systems  (in  the  sense  of  A.  A.  Andronov) 
in  all  its  acuteness. 
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Expanding,  we  obtain 

A b0 y  +  Nz?-' Az,  +  z»-'hz]  +  ...]  + 

+  46,  [z"-'  +  (N- 1)  z"-*Az,  + (JV  ~  ~2)  zf-a  Az»  +  . . .]+. . . 

...  -\-a0z?~n-\-a0(N  —  n)z"-n-'tei  +  ...  -bAa0zJv“/I-b 

+  Afli(A/-/t)zf-«-*Az,-b  ...  -b „  -b Aa A,_ n  =  0.  (7.77) 


Making  use  of  (7.75)  and  ignoring  terms  of  second  and  higher  orders  of 
smallness,  we  obtain 

A^zf-1  -b  . . .  H-vf-"  + 

+  A<¥f-«->-b  ...  +  AaA,_fl  =  q/(z)|^  Az.,  (7.78) 

where  <p'(z)|?=Zi  is  the  derivative  with  respect  to  z  of  equation  (7.75)  at  z  =  zt-. 

From  (7.78)  we  obtain 

a _ +  Avf"1-!-  ■••4-  ^0^""  + _',~1-b  ...  4-Artjv_n  /m 

*  V  •  l7*7y' 

This  expression  relates  the  root  increment  to  the  increments  of  the 
coefficients  to  terms  of  second  order  of  smallness. 

If  the  numerical  values  of  the  small  parameters  and  the  roots  of  the 
degenerate  equation  are  known,  the  error  in  the  roots  calculated  from  the 
degenerate  characteristic  equation  can  be  found  using  relation  (7.79).  If 
the  roots  of  the  degenerate  equation  are  real,  relation  (7.79)  gives  the 
error  in  the  decrements  of  damping;  if  the  roots  are  complex,  relation (7.79) 
simultaneously  gives  the  error  in  the  damping  decrements  and  in  the  free 
oscillation  frequencies  of  the  system. 

The  problem  can  be  approached  differently.  Let  the  permissible  error 
be  known  (e.g,,  in  percent  of  the  root  of  the  degenerate  equation);  our  aim 
is  to  find  such  numerical  values  of  the  small  parameters  that  the  error 
incurred  when  these  parameters  are  omitted  does  not  exceed  the  permissible 
error. 

Let  the  permissible  error  be  e,  so  that 

A  zi  =  ez,. 

The  numerator  in  the  right-hand  side  of  (7.79)  is  a  known  function  of  the 
small  parameters  m.  Putting  f{m)  for  this  function,  we  rewrite  equation  (7.79)  as 

fimj^ezrf  {z)\z=z.  (7.80) 

Here  m0  is  the  largest  of  the  small  parameters. 

The  error  naturally  does  not  exceed  the  permissible  value  e  if,  for  any  m, 

m<m0.  (7.81) 

In  most  cases  the  effect  of  the  small  parameters  on  system  dynamics 
can  be  quantitatively  determined  by  considering  only  the  errors  in  the  roots 
of  the  degenerate  equation,  although  strictly  speaking  the  change  in  the 
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position  of  the  roots  generated  by  the  small  parameters  should  also  be 
estimated. 

We  have  previously  shown  that  when  the  small  parameters  approach 
zero,  the  roots  obtained  from  the  auxiliary  equation  tend  to  infinity.  In 
reality,  however,  the  small  parameters  are  finite  quantities,  and  the 
corresponding  roots  are  therefore  located  not  at  infinity  but  at  some 
finite  distance  from  the  origin. 

For  purposes  of  evaluation  of  the  transient  process  via  the  degenerate 
equation  it  is  desirable  to  have  the  real  roots  generated  by  the  small 
parameters  considerably  farther  to  the  left  from  the  imaginary  axis 
than  the  leftmost  root  of  the  degenerate  equation;  alternatively,  the 
absolute  value  of  the  complex  root  calculated  with  allowance  for  the  small 
parameters  should  be  substantially  greater  than  the  absolute  value  of  the 
complex  root  of  the  degenerate  equation.  Then,  all  other  conditions  being 
equal,  the  transient  components  contributed  by  the  small  parameters  will 
have  a  negligible  influence  on  the  overall  control  curve. 

If  there  are  n  small  parameters,  the  auxiliary  equation  for  m-+  0  has 
the  form 

C5  +  C^-i+  ...  +Cn  =  0.  (7.82) 

The  small  parameters  modify  (7,82)  as  follows: 


(Co +  ACo)?*  +  (C  + ...  +C„-f- AC„  — 0.  (7.83) 


Proceeding  along  the  same  lines  as  before,  we  obtain  an  approximate 
expression  for  the  error  in  the  /-th  root  due  to  the  small  parameters: 


+  *+  +Aa0g'v-"+  ...  + 


(7.84) 


where  y' (q)\q=Ql  is  the  derivative  with  respect  to  q  of  (7.82)  for  q~qi.  If  q{ 
is  known,  the  error  in  the  root  can  be  found.  The  actual  value  of  the  root 
is  given  by  the  equality 


Pi 


_ qt  +  a?/ 

m 


(7.85) 


The  relations  of  this  section  are  suitable  for  the  determination  of  the 
numerical  values  of  small  parameters  which  raise  the  degree  of  the 
equation  at  most  by  one.  For  certain  structures  the  small  parameter  is 
the  reciprocal  gain  of  the  stabilized  section  of  the  control  loop,  and  our 
relations  can  thus  be  applied  to  determine  the  gain.  Seeing  that 

m  =  (7.86) 

A  St 


we  write  (7.85)  in  the  form 

Pi^itii  +  HqdK*.  (7.87) 

Iftfst  is  known,  the  true  value  of  the  root  can  be  found  from  (7.87). 

The  reverse  procedure  is  more  convenient  in  practice:  first  find  the 
roots  of  the  auxiliary  equation  with  m  =  0,  then  assuming  a  certain 
permissible  error  A q  use  (7.87)  to  determine  the  gain  K* . 
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2.  Coarseness  in  the  sense  of  A.  A.  Andronov 


Let  each  closed-loop  subsystem  of  the  control  system  have  a  certain 
number  of  small  parameters  (in  general,  different  subsystems  need  not 
have  the  same  number  of  small  parameters).  The  starting  set  of  equations 
can  be  written  in  the  form 


Pi  ip)  M,  (p)  Fi  (mp)  +  K:\  Xi~—  K[MX  (p)  X0, 

[^2  ip)  M2  (p)  F 2  {tnp)  K2]  X2  =  —  K2M2  (p)  X\, 

\Dn  {p)  Ma  {p)  Fn  {mp)  +  Kn\  X„~  —  K'nMn  (p)  Xn.x. 


(7.88) 


Here  Fi(mp)  is  a  polynomial  whose  coefficients  are  functions  of  the  small 
parameters  m ;  Di(p ),  Mi{p ),  Ki  and  Kt  are  the  operators  and  gain  factors  of 
the  controlled  object  and  the  controller  in  various  closed-loop  subsystems. 

Suppose  that  the  parasitic  parameters  are  the  time  constants  of  the 
serially  connected  aperiodic  elements  in  the  loop.  Then 


Fi(mp)  =  mpFp(p)-\-m0  1/7p_i(/>)+ 


(7.89) 


where  p  is  determined  by  the  number  of  small  parameters  introduced. 

Expression  (7.89)  is  quite  general,  provided  that  each  small  parameter 
increases  the  degree  of  the  equation  at  most  by  one. 

In  this  case,  however,  the  degree  of  the  general  characteristic  equation 
increases  by  an  amount  which  is  equal  to  the  number  of  small  parameters 
introduced.  The  system  is  stable  for  m->- 0  if  the  auxiliary,  as  well  as  the 
degenerate,  equation  satisfies  the  stability  conditions.  If  the  parasitic  small 
parameters  enter  the  system  in  such  a  way  that  they  are  equivalent  to  a 
chain  comprising  an  appropriate  number  of  aperiodic  elements  connected 
in  series,  the  stability  conditions  are  automatically  satisfied  for  small  m. 

In  general,  the  small  parasitic  time  constants  can  always  be  so  adjusted 
that,  if  sufficiently  small,  they  will  not  affect  the  stability  of  the  system. 
Hence  it  follows  that  systems  belonging  to  this  class  are  coarse  in 
A. A.  Andronov's  sense. 


§  7.  9.  DETERMINATION  OF  GAIN 

The  method  developed  in  the  previous  section  for  the  determination  of 
small  m  and  high  K  is  universally  applicable  only  in  those  cases  when  the 
small  parameters  raise  the  degree  of  the  equation  at  most  by  one. 

Before  this  method  can  be  applied,  the  roots  of  the  degenerate  and 
the  auxiliary  equation  should  be  found.  Determination  of  roots,  even 
those  of  the  degenerate  equation,  often  involves  considerable  difficulties, 
since  the  equation  may  be  of  a  fairly  high  degree.  Therefore,  as  a 
supplement  to  the  general  method,  which  is  quite  useful  if  the  effect  of 
small  time  constants  on  system  dynamics  is  to  be  found,  we  describe 
in  this  section  some  methods  for  the  determination  of  gain  in  a  number 
of  practically  significant  cases.  We  also  consider  the  permissible  margin 
of  variation  of  this  gain  for  which  the  previously  derived  rules  of  structure 
synthesis  hold  true. 
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1.  Gain  entering  linearly  the  characteristic  equation 

In  the  simplest  structures  which  retain  their  stability  at  high  gain, 
the  gain,  which  may  vary  between  wide  limits  without  causing  instability, 
is  a  linear  component  in  the  equation.  A  specimen  structure  of  this  kind 
is  shown  in  Figure  7.13. 


«,Tf  /fjr3  Jf4r4 


Ki  and  Kz  are  the  gains  that  can  be  varied  between  wide  limits.  The 
characteristic  equation  is 

JI0  +  T,p)  (1  +  xp) +  KXK,  |t/>  (1  +  T,p)  (1  +  7»  + 

+  K3K,  (1  +  tp)\  =  0.  (7.90) 

The  limits  of  /C1/C2  for  which  the  system  remains  stable  can  be  found 
without  difficulty.  If  all  the  other  parameters  are  known,  we  plot  the 
D -decomposition  curve  in  the  K1K2  plane.  The  equation  of  the  D- decomposi 
tion  curve  in  this  case  is 

_  n(i+w(i+'« 

K'Kt  =  ~  xj* (1  +  TJF) (1  +  TJa)  +  K,K>  (1  +  ’  (7.91) 

The  curve  plotted  from  equation  (7.91)  is  shown  in  Figure  7.14.  The 
numerical  values  of  the  parameters  are  listed  in  Table  7.1. 


TABLE  7.1. 


r„  sec 

Tit  sec 

T3,  sec 

7-,,  sec 

■r,  sec 

KtKK 

0.1 

0.01 

0.34 

0.1 

0.5 

15 

FIGURE  7.14.  Illustrating  the  determination  of  K\Kn 
limits. 
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We  see  from  Figure  7.14  that  the  system  is  stable  in  two  KtKt  intervals: 
the  first  interval  extends  from  KiKz  =  -0.6  to  +0.7  and  the  second  from 
KiK2  =  32  to  +  oo.  The  second  range  determines  the  infinite-gain  stability 
of  the  system.  The  least  value  for  which  all  the  preceding  conclusions 
hold  true  is  obviously  KiK2~  32.  In  general,  the  characteristic  equation 
for  the  structures  considered  in  this  subsection  can  be  written  in  the  form 

Q(P)  =  K«  R(p)  =  0,  (7.92) 

and  the  crossover  values  of  Kn  are  determined  by  examining  the  stable 
regions  of  the  D -decomposition  curve 

r?  _  Q(M 

st  RU®)'  (7.93) 

One  of  the  stable  regions  of  necessity  extends  to  infinity. 


2.  Gain  entering  nonlinearly  the  characteristic  equation 


Quantitative  estimation  of  gain  in  this  case  is  a  much  more  complicated 
undertaking,  especially  if  we  are  interested  in  the  whole  range  and  not  in 
some  single  gain  value  from  the  stability  region.  The  problem  will  be 
solved  in  application  to  structures  with  infinite -gain  stability. 

Since  the  system  remains  stable  as  the  gain  is  increased,  there  exists 
a  whole  range  of  gain  values  where  the  system  is  stable.  If  the  high  gains 
are  replaced  by  their  reciprocals,  we  obtain  a  certain  region  of  small 
quantities  where  the  system  is  stable.  This  transformation  will  be  found 
useful  in  what  follows. 

We  have  previously  shown  (see  Chapter  Three)  that  the  characteristic 
equation  of  this  class  of  structures  with  n  high  gains  can  be  written  in 
the  form 

mnFN(i  (p)  +  mn~lFN[  (p)  -j-  mn~2FN2  (/?)-(-... 

•••  +mFun-l(p)JrFNn{p)  =  0,  (7.94) 

where  m=\fK.  If  the  high  gain  parameters  are  not  equal  numerically,  the 
characteristic  equation  is  nevertheless  written  in  the  form  (7.94),  but  the 
coefficients  of  the  polynomials  depend  on  some  coefficients  m  which  express 
the  relationship  between  Ki  and  Ki. 

The  equation  of  the  D- decomposition  curve  for  a  sequence  of  descending 
powers  of  the  small  parameters  m  can  be  written  as 


mr 


mn 


fn.(M  ( 

fnAm  \mn' 


* n2U to) 


... 


fn  (M 


| m"-3  + 

y- 


(7.95) 


We  see  that  the  small  parameter  to  the  /-th  power  is  followed  by  the 
equation  of  the  D -decomposition  curve  in  the  plane  of  that  parameter, 
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provided  that  all  the  other  small  parameters  and  their  ^-decomposition 
equations  are  ignored.  Putting 


Fn.  . .  O'®) 


'--nttisr-D,™ 


(7.96) 


we  rewrite  equation  (7.95)  in  the  form 

mn  =  Dn  (/w)  { m* -1  —  Dn.x  (/to)  {mn~2  —  Z)rt_2 (/w)  (wrt-3  — 

-Dn_3(/to)...  {«-D(/to)j.  (7.97) 

We  have  thus  obtained  an  equation  from  which  the  limiting  values  of  the 
reciprocal  gain  can  be  determined. 


3.  Initial  conditions 

We  have  previously  shown  that  for  sufficiently  high  gain  of  the  stabilized 
elements,  the  transient  is  fully  described  by  the  degenerate  equation.  These 
results  were  obtained  assuming  zero  initial  conditions  for  the  transient. 

In  what  follows  we  will  show  that  the  same  conclusion  is  applicable  in  the 
general  case  of  nonzero  initial  conditions.  (The  problem  of  initial  conditions 
is  moreover  important  because  the  results  can  be  applied  when  the  system 
performance  is  assessed  in  terms  of  the  degree  of  stability.  *) 

Let  the  initial  conditions  be 


x(t)\t= 0  =  x0  and  x^(t)  |,=0  =  0  (i=l.  2,  ...  N-\). 


(7.98) 


The  roots  of  the  characteristic  equation  are  designated  zu  z2,  . . . ,  zn. 
Since  the  system  is  stable,  zf  is  either  a  negative  real  number  or  a 
complex  number  with  a  negative  real  part.  The  free  transient  component 
is  expressed  by  the  equation 


(7.99) 


where  Ai  are  integration  constants. 

To  determine  the  N  integration  constants,  we  draw  up  N  equations  for 
the  N  initial  conditions.  Making  use  of  (7.98),  we  obtain  from  (7.98) 
for  t  ~  0 


(7.100) 


A  +  A2  +  ♦  •  • 

~h  An  —  Xfy 

z^Ai  -f-  z%A2  -f-  . . 

.  -\-ZffAff  —  0, 

4j4+4A+  •• 

•  z<nAn  =  0, 

...  +*f-Mw  =  0. 

Tsypkin,  Ya.Z.  and  P.  V.  Bromberg.  O  stepeni  ustoichivosti  lineinykh  sistem  (Degree  of  Stability 
of  Linear  Systems).  —  Izvestiya  AN  SSSR,  tech.  sci.  div.,  No.  12.  1945. 
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The  determinant  of  (7.100)  is 


A  = 


z 


N-\ 

1 


Z 


N  —  1 
2 


Z 


N-  1 
N 


The  «-th  integration  constant  is  thus  given  by  the  equality 


4  = 


Ai. 

X' 


(7.101) 


(7.102) 


Ai  is  the  determinant  (7.101)  where  the  i-th  column  has  been  replaced  by 
the  right-hand  sides  of  equations  (7.100). 

Suppose  that  the  system  has  n  small  parameters,  each  increasing  by  one 
the  degree  of  the  equation.  Then  n  out  of  the  total  of  N  roots  recede  to 
infinity  as  the  n  small  parameters  approach  zero,  and  the  other  N  —  n  roots 
remain  finite  (in  the  limit  they  are  equal  to  the  N  —  n  roots  of  the  degenerate 
equation) . 

The  Laplace  theorem  is  now  applied  to  expand  the  determinants  A  and  A; 
in  minors  of  (N  —  n)-th  degree.  Allowing  n  roots  to  recede  to  infinity,  we 
see  that 


lim  A\  ~An 

Z]  ->  oo 


(7.103) 


where 


1=1,  2,  N  —  n;  j  =  N  —  n+  1,  N 

and 

iim  A'=  0,  (7.104) 

Zj  +  OO  1 

where  A\  is  the  integration  constant  determined  from  the  complete  equation, 
Ai  the  corresponding  constant  determined  from  the  degenerate  equation. 

Thus,  when  the  roots  generated  by  the  small  parameters  become 
sufficiently  large,  the  integration  constants  obtained  from  the  degenerate 
equation  are  sufficiently  close  to  the  corresponding  integration  constants 
determined  from  the  complete  equation;  the  other  integration  constants 
approach  zero. 

Hence  it  follows  that  when  the  ignored  parameters  are  sufficiently  small, 
the  transient  derived  from  the  degenerate  equation  is  sufficiently  close 
to  the  transient  derived  from  the  complete  equation. 

Consider  a  different  set  of  initial  conditions: 

o  =  *o’  •*,W|/.o=S!jpo-  (7.105) 

The  preceding  results  are  fully  applicable  in  this  case  too,  provided 
that  Ai  and  all  Aj  are  finite.  This  can  be  easily  verified  by  direct  computa¬ 
tion  following  the  procedure  outlined  above. 
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§  7.  10.  THE  EFFECT  OF  SOME  NONLINEARITIES 

The  preceding  results  are  fully  justified  for  systems  described  by 
linear  differential  equations  with  constant  coefficients.  As  we  have 
remarked  in  the  previous  section,  the  gain  is  always  finite  in  practice 
and  the  parasitic  time  constants  can  be  made  arbitrarily  small.  The 
evaluation  methods  developed  above  could  have  applied  in  this  case,  but 
unfortunately,  in  real  systems,  some  elements  may  be  nonlinear.  We 
consider  here  some  kinds  of  nonlinearity  and  try  to  establish  how  they 
affect  the  structural  properties  of  systems  of  this  class. 

For  the  sake  of  simplicity,  we  again  start  with  the  analysis  of  a  single - 
variable  system.  The  results  are  then  readily  extended  to  multivariable 
control  systems. 

The  nonlinearity  considered  in  this  section  is  such  that  -^->0  at  all 

points  of  the  steady-state  characteristic  (  xy  is  the  input  and  x2  is  the  output). 
A  suitable  example  of  these  nonlinearities  is  provided  by  magnetization 
curves  of  electric  motors,  and  other  similar  characteristics. 

We  will  also  consider  the  effect  of  these  nonlinearities  on  the  dynamics 
of  systems  with  nonlinear  stabilized  elements.  It  will  be  assumed  that 
the  gain  of  the  closed  loop  formed  by  the  nonlinear  element  and  the 
stabilizer  may  vary  between  wide  limits. 


Figure  7.15  is  a  block  diagram  of  an  N-e lement  control  system  with 
n  nonlinear  elements  whose  steady-state  characteristics  satisfy  the 

conditions  >0.  A  linear  amplifier  is  connected  in  series  with  each 

nonlinear  element,  and  each  pair  of  this  kind  is  embraced  by  a  stabilizer 
Fni{p).  The  resulting  structure  is  stable  at  infinite  gain. 

The  equation  of  a  single  loop  comprising  a  nonlinear  element,  an 
amplifier,  and  a  stabilizer  has  the  form  (see  Figure  7.15). 

Ql(P)Xl^K^-[Xl-F„lip)Xl+l] 

or 

[Qi  (P)  +  K,^  F.t (,)]  =  (7.106) 
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where  =  Here  Kt  is  the  gain  of  the  linear  amplifier,  the  gain  of  . 

the  nonlinear  element,  Fni(p)  derivatives  from  first  to  ( <7,  —  2 ) -th  order, 
where  qt  is  the  degree  of  the  self-operator  Qt{p)  of  the  stabilized  element. 


Dividing  (7.106) 
(7.106)  in  the  form 


through  hyKi^gj- 


and  putting 


l 


Ki 


dXj  +  r 
dXt 


mlt  we  write 


[miQi  (P)  +  Fni  (p)]  Xn^Xi.  (7.107) 

Here  m  is  a  variable  and  its  value  is  determined  by  the  position  of  the 
element's  working  point  on  the  nonlinear  characteristic. 

If  the  number  of  nonlinear  elements  is  n  and  the  total  number  of  elements 
N,  the  equation  for  the  W-th  controlled  variable  is 

n  kq,  (/>) + />)] ;  jn  ]  (q,  (p) +Ki\x„=^  ft  t  k,x,  .  (7.108) 

The  characteristic  equation  generated  by  (7.108)  satisfies  the  stability 
conditions  for  m,— ►  0  (or,  equivalently,  /(*—»-  00)  if  and  only  if  the  degenerate 
characteristic  equation 

frV*>.  ft  [Qy(/>)  +  /CyI=0 

and  the  auxiliary  equation  of  first  or  second  kind  satisfy  the  stability 
conditions. 

If  these  conditions  are  satisfied,  then  for  sufficiently  small  m<m0  the 
transient  is  fully  determined  by  the  degenerate  equation 

niQAP)+Kj)XN=  n  KjX0.  (7.109) 

‘ = 1  j=n+\  j—n +1 


Thus,  if  the  gain  can  be  made  sufficiently  large,  so  that 


Ki 


dX 


/  +  ! 


..  dXi 

nonlinearity  of  the  kind  being  considered  will  have  virtually  no  influence 
on  the  process. 

We  have  established  that  the  system  is  necessarily  stable  in  the  small. 
Since  for  nonlinearities  of  this  kind  the  equivalent  gain  / 3 9 /  is  represented 
by  a  real  segment,  the  gain  Ki  and  the  stabilizer  parameters  can  be  so 
chosen  that  the  gain-phase  plot  does  not  intersect  with  this  segment,  or 
else  the  intersection  is  at  very  low  gains  and  the  system  can  be  regarded 
as  stable  on  the  whole. 

Under  these  conditions  it  only  remains  to  find  the  numerical  value  of  m, 
and  as  long  as  mi<m0,  the  nonlinearity  can  be  ignored. 

Stability  at  high  Ki  is  ensured  by  introducing  ideal  derivatives  of  up  to 
(q  -2)-th  order.  As  we  have  already  remarked,  the  generation  of  these 
derivatives  often  involves  considerable  technical  difficulties.  Instead  of 
ideal  derivatives  one  therefore  normally  uses  stabilizers  with  a  transfer 


function  j p  .  We  thus  proceed  to  consider  the  effect  of  nonlinearity  on 
the  dynamics  of  systems  with  stabilizers.  The  self-operators  Q^p) 
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in  this  case  are  at  most  of  second  degree.  The  equation  of  the  /-th 
element  is 

QAp)XM=Kl^-(Xl-Xd-  (7.110) 

where  X\  is  the  stabilizer  output. 

The  stabilizer  equation  is 

(1  +xp)X',  =  tpXl+l.  (7.111) 

Eliminating  A)between  (7.110)  and  (7.111),  we  find 

[Q,  (P) (1  +-‘P)  +  K,*j[%Lv]  Xi+i  =  K,(  1  +V)£fcxl-  (7-112) 

Differentiating  in  the  right-hand  side  of  this  equation  p  —  -^,  we  find 

[Q,  (P)  (1  +  V)  +  Ki  t p]  XM  =  Ki  (1  +xp)Xt+ KtxX,  4-  , 

or 

[Q,  (P) (1  +  V)  +  K, rp]  xl+l  =  +  rp)  +  Kpp  {^f)}  X ...  (7.113) 

Dividing  (7.113)  through  by  Kt  d^x±L and  putting  as  before 

l 

dXl+l  ~mi> 

Ki~dX~ 


we  find 

Kft(f)(i+VH-t,f|X,.+I  =(1+t p)Xl  +  -^±-r^i[^-)xl.  (7.114) 

dXi 

In  distinction  from  the  case  of  stabilization  via  ideal  derivatives,  the 
right-hand  side  of  equation  (7.114)  contains  a  linear  term  (1  +xp)X/,  which 

does  not  add  to  our  difficulties,  and  a  term  dependent  on  .  The 

nonlinear  effect  cannot  be  assessed  unless  the  last  term  in  (7.114)  is 
estimated. 

Figure  7.16  is  the  free -running  characteristic  of  an  electric  motor; 
this  is  a  typical  plot  of  nonlinearities  with  which  we  are  concerned.  Over 

dX 

sections  ab  and  cd  we  have  =  const,  and  when  the  working  point  of 

the  nonlinear  element  is  situated  on  these  sections  of  the  characteristic, 
the  last  term  in  (7.114)  vanishes.  It  remains  to  consider  the  case  when 
the  working  point  is  on  the  section  be.  If  the  characteristic  is  smooth 
and  well-behaved  over  this  section  (as  is  the  case  for  most  real  elements), 
the  last  term  may  again  be  ignored,  since  it  will  slightly  alter  the 
coefficients  of  the  equation  without  changing  its  degree.  Thus,  if  the 
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gain  of  the  linear  amplifier  is  sufficiently  high,  the  nonlinearity  virtually 
does  not  affect  the  dynamics  of  the  system. 


FIGURE  7.16.  A  saturation  characteristic. 


Strictly  speaking,  the  system  should  have  been  tested  for  stability 
in  the  large.  V.  M.  Popov’s  method  /2 0/  provides  a  logical  approach 
to  this  problem.  However,  there  is  no  need  to  proceed  with  the  general 
test  for  the  very  simple  reason  that  the  gain -phase  plot  of  the  open-loop 
system,  which  is  needed  for  testing  the  stability  in  the  large  by  Popov's 
method,  cannot  be  constructed  unless  the  numerical  values  of  the  system 
parameters  are  known.  A  qualitative  gain-phase  diagram  do.es  not  yield 
any  additional  information,  since  in  this  class  of  structures  the  linear 
part  may  have  a  virtually  arbitrary  characteristic. 

In  this  section,  as  in  §  7.8,  we  have  dealt  with  single -variable 
systems,  but  the  results  are  readily  extended  to  the  multivariable  case. 
An  example  of  this  generalization  is  provided  by  the  preceding  analysis 
of  an  n-loop  system  with  nonlinearities. 


§  7.  11.  SYSTEMS  WITH  A  RELAY  ELEMENT 

The  use  of  relay  elements  in  control  circuits  is  of  considerable  interest 
for  some  problems  discussed  in  this  book.  To  avoid  any  misunderstanding 
we  wish  to  stress  that  this  is  not  an  exposition  of  the  theory  of  relay 
systems.  Our  interest  in  elements  with  a  relay  characteristic  is  due 
at  least  to  three  factors.  First,  the  relay  element  has  an  infinite  gain 
when  the  deviations  are  sufficiently  small.  In  this  sense  any  amplifier 
with  an  arbitrarily  large  gain  and  a  zero-slope  characteristic  in  the 
saturation  zone  can  be  simulated  by  a  relay  element  and,  conversely, 
a  relay  element  can  be  replaced  by  an  amplifier  with  such  a  characteristic. 
Second,  it  has  been  demonstrated  in  a  number  of  studies  on  optimum 
control  (see,  e.g.,  / 54 /)  that  an  element  with  a  relay  characteristic  is 
an  indispensable  component  of  optimum  control  systems  and  as  such  of 
considerable  interest  in  our  analysis.  Third,  the  sliding  action  of  a 
relay  system  is  a  fundamental  operating  mode  of  the  entire  class  of 
so-called  variable -  structure  systems  /8/,  which  have  recently 
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become  quite  popular  in  the  theory  of  automatic  control.  It  has  been  shown 
in  the  literature  /8,  71/  and  will  be  demonstrated  in  the  following  that  a 
sliding-action  relay  system  is  equivalent  in  some  of  its  properties  to  an 
infinite -gain  system. 

We  will  consider  two  operating  modes  of  systems  with  relay  elements: 
(1)  stable  equilibrium,  and  (2)  sliding  regime. 


1.  Stability  of  relay  systems 

Here  we  are  concerned  with  the  stability  of  equilibrium  under  small 
deviations  from  the  steady -state  value  (stability  in  the  small).  Stability 
as  such  is  interpreted  in  the  conventional  sense. 

The  relay  characteristics  depicted  in  Figure  7.17  show  that  an  equilibrium 
position  which  includes  *(0=  0  is  obtained  both  in  the  case  shown  in 
Figure  7.17a,  where  the  equilibrium  point  is  0,  and  in  that  shown  in 
Figure  7.17b,  where 

X  —  X0<JC<*  +  X0. 

Here  x(f)is  the  input  signal  of  the  relay  element. 


**  OUT 

A 

t 

*  xm 

b 


FIGURE  7.17.  Relay  characteristics: 

(a)  an  ideal  relay,  (b)  a.  relay  with  an  insensitive  zone. 


We  are  particularly  interested  in  the  case  x—  0  (Figure  7.17a).  The 
stability  of  blind-zone  relay  systems  (Figure  7.17b)  is  determined  by  the 
linear  part  of  the  system*,  since  for  jc(0)  —  x<*<*(0)  <jc(0)+xthe  relay 
element  does  not  affect  the  linear  part  and  the  entire  configuration  behaves 
as  an  open -loop  system. 

The  analysis  of  stability  will  be  based  on  the  characteristic  equation  of 
the  linearized  system.  Figure  7.18  is  a  block  diagram  of  a  relay  control 
system.  The  entire  linear  part  is  represented  by  a  single  block  with  a 
certain  transfer  function,  and  the  relay  element  is  depicted  separately. 

It  is  implied  that  the  linear  part  of  the  system  is  structurally  representable 
as  a  one -loop  circuit  without  local  (internal)  feedback.  The  equation  of 
the  linear  part  is  found  without  difficulty.  Let  us  consider  the  relay 

*  Tsypkin,  Ya.Z.  Teoriya  releinykh  sistem  avtomaticheskogo  regulirovaniya  (Theory  of  Relay  Control 
Systems).  —  Gostekhizdat.  1955. 
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element  in  some  detail.  The  relay  characteristic  (Figure  7.17)  is 
discontinuous  and  nondifferentiable  at  the  origin.  The  very  applicability 
of  the  method  of  small  deviations  and  of  the  variational  equation  therefore 
requires  special  proof.  The  variational  equation  can  be  shown  to  apply 
with  the  aid  of  the  results  derived  by  Pontryagin  and  Boltyanskii  / 53 / ; 
physical  arguments  will  be  found  in  Tsypkin’ s  book  mentioned  in  the 
footnote  on  the  previous  page.  Now,  the  equation  of  the  relay  element 
(Figure  7.17a)  is 

•*«,.  =®W-«in.  (7.115) 


where 


for  xln>0 , 
for  <  0. 


(7.116) 


The  characteristic  (7.115)  can  be  replaced  by  a  continuous  curve  which 
has  a  finite  derivative  at  the  origin,  O'(0)=£  oo  (Figure  7.19).  The  real 
characteristic  is  then  obtained  from  that  shown  in  Figure  7.19  by  letting 
the  angle  p  approach  90°  and  <D' ( 0) ->-oo .  The  variational  equation  of  the 
relay  is  thus  replaced  by  the  equation  of  an  inertialess  amplifier  of 
infinite  gain: 

Xo*=W{0)xw  (7.117) 


where 

<D'(0)  =  /Cc  =  co. 


The  structural  diagram  of  the  system  corresponding  to  this  variational 
equation  is  given  in  Figure  7.20,  where  the  relay  element  has  been  replaced 
by  an  infinite-gain  amplifier.  The  equation  of  the  entire  system  can  now 
readily  be  written. 


FIGURE  7.18.  A  block  diagram  of  FIGURE  7.19.  Illustrating  the  transition 

a  system  with  a  relay.  Kc->oo. 


To  avoid  complications  with  stabilizers,  we  first  consider  a  system  with 
a  single -loop  linear  part.  The  transfer  function  of  the  linear  part  is  . 


1820 
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The  transfer  function  of  the  entire  closed-loop  system  (see  Figure  7.2  0) 
is  then 


KKC 

Q(P) 

.  KKc  QU>)  +  KKt 


(7.118) 


The  characteristic  equation  is  thus 


Q(p)  +  KKc  =  0 

-~Q(p)  +  K=  0. 


(7.119) 


It  directly  follows  from  (7.119)  that  the  system  is  unstable  if  Q(p)  is  of 
higher  than  second  degree.  When  Q{p)  is  of  first  or  second  degree,  the 
system  is  stable  if 

Both  conditions  are  satisfied  in  our  case  provided  that  the  coefficients 
of  p  and  p2in  Q(p)  are  positive,  since  0. 


FIGURE  7.20.  The  equivalent 
circuit. 


FIGURE  7.21.  Illustrating  the  stability 
of  a  relay  system. 


Any  additional  finite  time  constant,  however  small,  will  render  the 
system  unstable.  Therefore,  in  practice,  configurations  like  the  one 
in  Figure  7.2  0  are  unstable  in  the  small. 

Let  now  Q(p)  be  of  higher  than  second  degree  in  p.  A  stabilizer  is  needed 
to  make  the  system  stable.  It  is  clear,  of  course,  that  no  stabilizer  will 
do  the  job  unless  the  relay  element  is  also  included  in  the  stabilized  loop. 
Indeed,  Figure  7.21  is  a  structural  diagram  of  a  system  where  the  stabilizer 
embraces  only  the  linear  part  of  the  system.  The  transfer  function  of  this 
structure  is 


*  K 
Q(P)  *c 

a  f«ap)  - . 

Q(P)  Fnt(p) 
~ir~K 

,  Q  (/>)*” 

r  K  FnAP)  |  , 
QiP)  Fn,{P)  + 


(7.120) 
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The  characteristic  equation  is  obtained  by  putting  the  denominator  of  (7.120) 
equal  to  zero,  thus: 

Q  (P)  (P)  +  KFni  (P)  +  KcKFnt  (p)  —  0.  (7.121) 

Dividing  both  sides  of  (7.121)  by  Kc  and  putting  ~-  =  m,  we  find 
m[Q(p)  Fni  (p)  +  KFni  (p)  I  +  KFni  (p)  =  0. 

The  difference  in  the  degrees  of  the  polynomial  in  brackets  and  the 
polynomial  KF„3  is  determined,  as  before,  by  the  degree  of  the  polynomial 
Q{p).  This  conclusion  is  not  affected  if  only  the  linear  part  of  the  circuit 
is  stabilized,  the  relay  remaining  outside  the  stabilizer  loop.  The  only 
way  to  ensure  stability  is  to  let  the  stabilizer  embrace  the  section  that 
includes  the  relay  element. 


FIGURE  7.22.  A  more  general  case. 


Figure  7.22  is  a  structural  diagram  of  a  control  system  where  the 
stabilizer  loop  encloses  the  relay.  In  the  nomenclature  of  Figure  7.22, 
we  write  the  closed-loop  transfer  function  in  the  form 


Kc  Qi(P)  K* 

,  ,  *c*i  FnSP)  <M/>) 
Qi  (p)  '  Fnt  ( p ) _ 

.  .  Qi(p)  *  Q2(p) 

1  +  TT  *e*i  rjp) 

li_Ql(p)‘  FnAp) 


(7.122) 


The  characteristic  equation  is  thus 


Qi  (p)  Q2 (p) F„,  (p)  H-  Kc  \K\Fni  (p)  Q2  (p)  +  KxKiFn^  (p)  =  0 
or 

mQ,  (p) Q 2 ( p )  F„, (p)  +  \KxFn, (p)  Ch(p)  +  KxKtF„, (p)]  =  0.  (7.123) 

Let  the  polynomials  F„,  (p),  Fn,(p)  and  Q^be  of  the  degree  ra2,  n,,  and  qu 
respectively.  The  system  is  then  stable  for  0  if 

— tii  ^,2.  (7.124) 
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A  system  satisfying  condition  (7.124)  is  stable  in  the  small  if  the 
degenerate  equation 

KiFni  (p)  Q2  (p)  +  KiKiFn,  (p)  =  0 

meets  the  stability  requirements  and  the  following  conditions  are  fulfilled: 

4s- >0  if  *2+ ft  — *i  =  l.  . 

or 

-§T~ ^T>0  if  "2+?l-«l  =  2. 

In  order  for  a  relay  system  to  be  stable  in  the  small,  it  should  be 
structurally  stable  at  infinite  gain.  A  relay  is  substituted  in  the  limit 
for  the  infinite -gain  amplifier. 


Let  us  consider  a  control  system  with  n  relay  elements.  This  system 
can  be  made  stable  in  the  small  with  the  aid  of  n  stabilizers,  which  may 
be  connected  in  two  alternative  configurations.  Figure  7.23  is  a  structural 
diagram  showing  the  stabilizers  connected  according  to  the  first  configura¬ 
tion.  We  will  derive  the  transfer  function  of  this  system  assuming  small 
deviations.  For  the  i-th  relay  and  the  linear  section  encompassed  by  the 

t-th  stabilizer  of  a  general  kind  ^  ,  the  transfer  function  is  written  as 

‘ml 


*/*« 


K{p)  = 


i  + 


Qi(p) 

KlKd  Fnlip) 


FiFciFmi(p) 


(7.125) 


Seeing  that  there  is  a  total  of  n  relay  elements  and  putting 


N 


j-n  +  1 


Qj(p) 


for  the  transfer  function  of  the  unstabilized  section  of  the  system,  we 
obtain  the  following  expression  for  the  closed-loop  transfer  function; 


K{p)  = 


1~i~  ggjg  JT 

11  QMFnM  +  KlKtfnM  11.  WP) 

nrr  gggg  ><r 

'  II  <?,  IP)  Fml  (P)  +  K,K  ,F  (p)  M  -Qj(p) 


(7.126) 
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n[Q,<;0^(00+KiKci'r,1/(/’>]  n  Q  j  C/0  + 

1=1  j-n+J 

n  N 

+  n  XtKclFml(P)  IX  Kj 

1  = 1  j=n+ l 

Dividing  the  numerator  and  the  denominator  in  (7.126)  by  Knc  and 


putting  -—  =  mv,  we  write 


*(/»-=  3 


n*,  n  KjiiF*iip) 

1= 1  j=n+\  1  =  1 _ 


l’N(P)+m‘‘~'FNI(P)  +  m  ->’Na(P)+  -■+”FN,,JP)  +  FNn(P) 


.  (7.127) 


where 


/>(/>)  =  II  Q,(/>)  II  Qj(p)Fml(p), 

1=1  j=n+l 


F«  (p)  =  S  KiF.,(p). 


1  =  1 


•  n,,  Q/ w #=■-/ oo, n  qi(p), 

)  =  1,2,  <- 1,  1+1 n  ,/  =  «+! 


fy>)=n*v=w(/>)  n  Q/w+jW^O’)  n 

n  1=1  j  =  n+l  1=1  ;  =  /i+l 

Putting  the  denominator  of  (7.127)  equal  to  zero,  we  obtain  the  character 
istic  equation  of  the  system.  The  stabilizers  should  be  so  chosen  that  the 
resulting  configuration  is  structurally  stable  at  infinite  gain.  Otherwise 
the  system  will  be  unstable.  If  the  structure  is  correctly  chosen,  stability 
is  actually  ensured  if  the  degenerate  equation  FNn{p)  and  the  auxiliary 
equations  of  first,  second,  or  third  kind  each  satisfy  the  corresponding 
stability  conditions. 

If  the  gain  remains  high  in  the  case  of  large  deviations  too,  the  transient 
behavior  of  the  system  is  determined  by  the  transfer  function  obtained 
from  (7.127)  putting  m=  0,  i.e., 

n*.  n  «iTLFml(p) 


In  fact  we  can  speak  only  of  some  averaged  gain,  which  is  determined 
by  the  ratio  of  the  relay  output  to  input.  The  higher  the  input,  the  lower 
is  the  averaged  gain.  Near  the  origin,  even  the  averaged  gain  is  fairly  high. 

Let  us  now  concentrate  on  the  physics  of  the  process  in  an  n-relay 
system  with  structural  infinite-gain  stability.  There  are  two  possibilities: 

(a)  The  stabilizer  is  such  that  each  small  parameter  m  =  ~  raises  the 

Ac 

degree  of  the  characteristic  equation  by  one.  In  particular,  if  the  stabilizer 
ratio  is 


and  the  relay  is  inertialess,  the  forward  path  of  the  loop  formed  by  the 
relay  and  the  stabilizer  may  include  only  a  single  element  with  a  first- 
order  equation. 

In  the  general  case,  the  transfer  function  of  a  closed  loop  comprising 
a  linear  element  a  relay  with  a  gain  Kci,  and  a  stabilizer  is 

written  m  the  form 


K(P)  = 


1  + 


Qi  (p) 


*l*c  tFmt(P) 

WMt-niM  +  KtKciFnM- 


(7.129) 


/ 


If  there  are  n  such  loops,  and  the  total  number  of  elements  is  Ny  the 
transfer  function  is 


K(P) 


W  K‘K*‘FmlW  ^  K, 

11  1,Wmt(P)+K,i 11  ~Qjp) 


.  .  XT  A  K, 

+ 11  +  11  TFJvr 


(7.130) 


The  characteristic  equation  is  obtained  by  putting  the  denominator  of 
(7.130)  equal  to  zero: 

1ffllQi(P)frml(P)  +  KlKc,J’nl(p)]jU}Q(P)+  f[Kj  =  0.  (7.131) 

Dividing  (7.131)  through  by  U and  putting  > - m,  we  assume 

<  =  1  AfAc  i 

that  Ki  and  Ki=K  are  related  by  Ki=y\iKi=-r\iK  and  thus  write  (7.131)  in  the  form 
mnFNi  ( p )  +  m»-  'FNo_  ,  (p)  +  mn-  2/^#_2  +  . . . 

...  -\-mFN-n+l(p)-\-FN,-n{p)  =  0.  (7.132) 

Here  N0  is  the  degree  of  the  characteristic  equation,  equal  to  2^  +  2  n2i, 

and  the  subscripts  of  F  designate  the  degree  of  the  corresponding  polynomial 
The  transfer  function  (7.130)  for  this  case  takes  the  form 


m  FN,(P)  +  mn  'Vl  (/>)  +  ...  +  mFN9-n+l(P)  F N~n(P) 


(7.133) 
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(b)  The  stabilizer  is  such  that  each  small  parameter  m  =  increases 

the  degree  of  the  equation  by  two.  For  the  particular  case  of  a  stabilizer 

with  a  transfer  function  ,and  an  inertialess  relay,  the  forward  path  of 

the  loop  formed  by  the  relay  and  the  stabilizer  may  include  a  single 
second-order  element  (e.g.,  an  oscillator)  or  two  first-order  elements 
(aperiodic  or  integrating). 

In  the  general  case,  making  use  of  the  notation  in  (a),  we  write  the 
characteristic  equation  in  the  form 


mnFN(p)-\-mn-1FNQ-2(p)-\r  ffin-2FN^4(p) •  •  •  +  FN-m  (P)  =  0-  (7.132)' 


The  corresponding  transfer  function  is 


n  i 

I  Fm,(P) 

y=27r+i 

=  1 

rnnFNa{p)  +  mn-'FNo_2{p)  +  mn-2FN^4(p)+  ...  +  FN^n(p)  ' 


(7.133)' 


A  relay  with  the  unit  step  characteristic  shown  in  Figure  7.17a  is  stable 
only  if  the  input  signal  is  zero  (  x  =  0).  Integrating  systems  are  therefore 
assumed  in  both  cases,  which  are  in  equilibrium  for  x=  0. 


2.  Sliding  mode 

Sliding-action  relay  systems  have  been  investigated  in  considerable 
detail  / 1 1 ,  17,  13/.  The  physics  of  the  sliding  mode  has  been  established 
and  the  relationships  to  be  satisfied  for  a  system  to  operate  in  the  sliding 
mode  have  been  derived. 

We  are  interested  in  sliding  action  in  connection  with  the  following 
problem.  The  use  of  structures  with  infinite -gain  stability  always  raises 
the  question  of  how  the  infinite  gain  is  to  be  realized.  In  the  great  majority 
of  cases  the  gain  values  for  which  all  the  preceding  results  hold  true  are 
readily  attainable,  as  they  fall  in  the  range  of  common  gain  values  of 
control  systems  (300  —  1000). 

We  have  shown  for  saturable  nonlinearities  with  a  positive  slope  factor 
in  the  saturation  zone  that  introduction  of  an  amplifier  of  sufficiently  high 
gain  in  series  with  the  nonlinear  element  transforms  the  system  to  a 
high-gain  structure.  In  the  case  of  a  relay  characteristic,  the  slope 
in  the  saturation  region  is  zero.  It  has  been  shown  in  the  literature  / 71  / 
and  will  be  demonstrated  in  the  following  that, a  sliding -action  relay  system 
is  equivalent  to  an  infinite -gain  linear  system. 

We  now  proceed  to  synthesize  a  structure  which  will  be  equivalent  to  a 
linearized  system  and  derive  the  equations  that  describe  its  dynamics. 
Figure  7.24  is  a  block  diagram  of  a  relay  system. 

Nom  enclature: 

K{p)~  the  transfer  function  of  the  unstabilized  section; 

Ft{p)=  the  stabilizer  transfer  function; 

R.E.=  a  relay  element  with  an  ideal  characteristic  (without  an  insensitive 
zone); 
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*rans^er  function  of  the  stabilized  element  in  series  with  RE; 
^ref  (/>)—  the  transform  of  the  reference  signal; 

Y  (p)  —  the  transform  of  the  output; 

X(P)=  Y"f(p)-Y(p); 

Z{p)=  the  transform  of  the  stabilizer  output. 


FIGURE  7.24.  Illustrating  the  sliding-action  conditions. 


FIGURE  7.25.  A  linearized  system. 


.  Iif,t/the  system  0Perate  in  the  sliding  mode.  Then,  as  was  shown  in 
/8’  !•/'.  the  reiay  element  oscillates  at  infinite  frequency  with  infinitesimal 
amplitude.  The  relay  input  x{t)  can  be  taken  as  zero,  so  that 

x  (0  =  y,'M — y  W — z  (t) = o,  (7.134) 

and  this  is  equivalent  to  an  infinite-gain  relay.  The  linear  equivalent  of 
this  relay  system  is  thus  a  structure  where  an  infinite -gain  linear  amplifier 
is  substituted  for  the  relay  element.  The  degenerate  part  of  this  linear 
system  is  equivalent  to  a  sliding-action  relay  system. 

Structurally,  the  linearized  system  can  be  depicted  as  in  Figure  7  25 
We  see  from  the  diagram  that  the  input  signal  in  this  case  is 


Xl  —  y ref  (0  —  y  (0-  (7.135) 

The  equation  for  xx(t)  in  Laplace  transforms  is 


or 


* ,JCl  ~  7700+W  & 


(7.136) 


and  the  equation  for  the  output  y(t)  is  obtained  by  inserting  for 

(7.136)  its  expression  from  (7.135),  thus: 


Xl  (0  in 


^{y{t)\ 


K(p) 


Ft  (P)  +  K(P) 


(7.137) 


The  preceding  considerations  are  meaningful  if  the  system  remains 
s  a  e,  i.e.,  if  the  conditions  of  infinite -gain  stability  are  fulfilled. 
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Our  analysis  slaows  that  continuous  sliding  action  is  possible  if  at  any 
time  the  external  impulse  *(0  varies  at  a  slower  rate  than  the  internal- 
feedback  impulse  z(t)  >  i.e.,  if 

|i,(0l  <l*(0lt  (7-138> 

and  it  is  only  on  this  condition  that  the  relay  system  can  be  replaced  by 
a  linear  equivalent. 

Following  Ya.Z.  Tsypkin,  we  proceed  to  determine  the  condition  of 
existence  of  continuous  sliding  action  in  terms  of  system  parameters  and 
external  impulses.  We  first  have  to  express  z(t)  and  X\ (£)  in  explicit  form. 
From  Figure  7.24  we  see  that 

&  {Z  (<)}  =  Kx  (p)  (p)^  {0(0)1  (7.139) 

but  since 

^{0)(0)}=^I  ±K0\=±y-. 

we  have 

3’{z(t))  =  ±Ki(p)FAp)^--  (7-14°) 

We  see  from  (7.140)  that  z(t)  depends  on  the  parameters  of  the  internal 
loop.  As  regards  *,(/),  we  have  from  (7.136) 

S  (JC,  (<))  =  />,(/,) +  Af(p)  lyref(01- 

Making  use  of  the  known  properties  of  the  Laplace  transform,  we  write 
S[z  (01  =  pS{z{t))- z(0),  1  (7.141) 

Inserting  for  S{z(t)}  and  S{x(t)}  their  expressions  from  (7.139)  and  (7.136), 
we  find 

S’  |Z  (<))  =  +  ^ATi  ( P )  P,  (p)  ~  z  (0).  ( 7  -142) 

S{x{t)}  =  *  I wi  — 2  w-  ( 7  • 1 4  3) 

If  z(t )  and  Jc(/)are  determined  from  (7.142),  (7.143)  and  the  results  are 
substituted  in  (7.138),  we  obtain  the  conditions  of  continuous  sliding  action. 

A  sliding-action  relay  system  is  thus  equivalent  to  an  infinite -gain  linear 
system.  A  relay  system  in  the  sliding  mode  can  thus  be  regarded  as  an 
example  of  a  real  system  with  arbitrarily  high  gain.  This  approach  is 
often  very  convenient  for  systems  where  amplifiers  have  relay 
characteristics. 
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§  7.  12.  THE  PROBLEM  OF  SENSITIVITY 


One  of  the  methods  to  synthesize  fixed-structure  systems  equivalent 
to  adaptive  systems  is  by  choosing  a  configuration  where  the  principal 
dynamic  properties  are  independent  of  a  wide-range  variation  of  certain 
plant  parameters  or  even  of  certain  characteristics  of  system  components. 

Bode  was  the  first  to  introduce  the  concept  of  sensitivity,  which 
essentially  determines  to  what  extent  a  change  in  the  parameters  of  the 
individual  elements  affects  the  dynamics  of  the  system  as  a  whole.  This 
approach  has  established  an  intimate  relationship  between  the  synthesis 
of  fixed-structure  systems  equivalent  to  adaptive  systems  and  the  design 
of  structures  which  are  insensitive  or  little  sensitive  to  variation  between 
wide  limits  of  plant  parameters,  plant  characteristics,  or  characteristics 
of  individual  system  elements. 

The  problems  treated  in  this  book  are  directly  related  to  the  various 
topics  which  are  considered  in  the  literature*  under  the  separate  heading 
of  control  system  design.  In  this  category,  e.g.,  there  is  the  problem 
of  a  low -damping  oscillatory  plant,  of  the  so-called  z  e  r  o  -  s  e n  s  i t i  v  i  ty 
systems**,  where  positive  and  negative  feedback  are  used  simultaneously, 
etc.  As  regards  the  achievement  of  zero  sensitivity  by  simultaneous 
application  of  positive  and  negative  feedback,  it  is  shown  in  Chapter  Six 
that,  unless  special  measures  are  taken,  this  solution  yields  noncoarse 
systems  (in  the  sense  of  A.  A.  Andronov).  However,  the  main  point  here 
is  that  the  synthesis  of  systems  which  are  insensitive  to  variation  of 
parameters  and  characteristics  of  the  controlled  object  or  of  some 
component  elements  is  an  inherently  structural  problem.  A  feedback 
system  is  not  only  an  illustration  but  a  convincing  proof  that  the  desired 
properties  are  ensured  only  by  appropriately  designed  structures.  We 
know  that  the  sensitivity  to  parameter  variation  in  a  negative  feedback 
loop  diminishes  as  the  gain  is  increased.  However,  increase  of  gain  may 
lead  to  system  instability.  The  problem  is  therefore  again  to  synthesize 
a  structure  which  will  ensure  the  necessary  gain  without  losing  its  overall 
stability. 

Absolute  or  relative  changes  in  the  dynamic  properties  of  the  system 
as  a  function  of  parameter  increments  can  be  used  as  sensitivity  indices. 
Bode  introduced  the  following  sensitivity  index  with  a  definite  physical 
meaning.  Let  K(p)  be  the  closed-loop  transfer  function.  The  sensitivity 
is  defined  as  the  ratio  of  the  change  in  the  closed-loop  transfer  function 
to  the  change  in  the  plant  transfer  function,  i.e.. 


d  In  K  ( p ) 
d\x\W2  ( p ) 


dK(p) 

dW2(p) 


W2(p) 
K(P)  ’ 


(7.144) 


An  alternative  definition  of  the  sensitivity  coefficient  has  been  advanced 
by  P.  Kokotovic  /8 6/ : 


c_dK(P)  dK(p) 
d\n  q  ~~  dq  ** 


(7.145) 


*  Bo  d  e,  H.  W.  Network  Analysis  and  Feedback  Amplifier  Design.  —  N.  Y.,  Van  Nostrand.  1945. 

**  Truxal,  J.  G.  — In:  "Samoprisposablivayushchie  sistemy”,  Ch.  III.  Translations  from  English.  Moskva 
IL.  1963. 
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where  q  is  the  parameter  whose  influence  on  system  dynamics  is  being 
considered. 

In  what  follows  we  will  describe  the  application  of  the  two  definitions 
to  particular  cases. 


1.  Bode  sensitivity  S&  in  single -variable  systems 

Plant  characteristics  can  be  altered  only  by  external  disturbances.  The 
characteristics  change  in  the  result  of  on-line  interference  from  some  of 
the  plant  parameters.  We  are  concerned  here  with  systems  where  the 
plant  parameters  can  vary  between  fairly  wide  limits  in  the  course  of 
the  control  process.  An  adaptation  (or  self -adjustment)  index  of  these 
systems  is  the  degree  of  insensitivity  of  the  transients  to  the  plant 
properties  or,  more  precisely,  to  their  variation. 

We  will  apply  the  Bode  sensitivity  S&  to  estimate  the  adaptivity  of 
systems  with  the  above  properties.  In  fact,  the  smaller  the  sensitivity  S^, 
the  closer  is  the  system  to  an  ideally  adaptive  one.  At  first  we  consider 
a  synthesis  technique  utilizing  minimum- Sw  structures  for  single -variable 
control  systems. 

As  we  have  already  observed,  the  properties  of  a  system  become 
progressively  insensitive  to  changes  in  the  controlled  object  as 
decreases.  For  this  reason  an  ideal  adaptive  structure  is  such  that  SvrJtt) 
is  independent  of  W2(p )  or 


We  now  prove  the  following  proposition:  structures  with  infinite -gain 
stability  stabilized  by  nearly  ideal  derivatives,  where  the  derivatives  are 
'’idealized"  by  adjusting  the  gain  values,  are  adaptive  in  the  above  sense. 
Indeed,  consider  a  structure  of  this  kind,  shown  in  Figure  7.2  6.  The 
closed-loop  transfer  function  is 


K{p)  = 


wl{p)  w*  M 
l+^T(p)W2ip) 


(7.146) 


224 


The  sensitivity  (7.144)  is  thus  given  by 


cK(p)  .  Ws(p) 

Swap)  ~ - 


['+wkp)WM}- 


K 


W3{p)  W3(p) 


K  WliP)  1  +  ’nAr»'></>) 


X 


«M/>) 


.  (7.147) 


Vt  (p) 


Simplifying,  we  find 


1  + 


(7.148) 


W3(p) 


and 

lim  5^p)  =  0. 

K  -y  co 

We  have  obtained  an  ideal  system  in  the  sense  of  the  preceding. 

Now  consider  the  expression  for  sensitivity  of  systems  with  infinite - 
gain  stability  stabilized  by  passive  stabilizers. 


KWjtp)  W2(p) 


-h2m2w  > 


FIGURE  7.27.  Structural  equivalent  of 
Figure  7.26. 


FIGURE  7.28.  The  use  of  an  ideal  plant. 


As  an  example  we  take  the  simple  case  of  a  system  shown  in  Figure  7.2  7. 
The  closed-loop  transfer  function  is 


_ /cr»  (P)W2(P) _ 

A  KP}~  1  +  KW 1  (p)  W3  (p)  -f  KWX  (P)  W2  (P)  * 


(7.149) 


The  sensitivity  is  given  by 


c Up)  _  H  +  KWX  (p)  W3  (p)  +  KWt  (P)  W2  jp)]  - KWx  (p)  W2  jp)  /7  150) 

^(;?)~  T+KWx{p)W3(p)  +  KWi{p)W7<J)  * 


Simplifying,  we  find 

c K(P)  1  +  KW L  (p)  Wz  (p) 

° w,  (P)  -  i  +  KWi  (p)  Wi{p)  +  KW{  {p)  Wi  {p) 

At  sufficiently  high  gain,  we  have  in  the  limit 


lim 


(P) 


{p)  W2(p)+W3{p)' 


(7.151) 
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We  see  from  (7.151)  that  even  at  fairly  high  gain,  the  system  dynamics 
remains  sensitive  to  changes  in  plant  parameters  or  characteristics. 

Let  us  now  try  to  improve  on  the  stable  structure  so  as  to  minimize 
the  parameter  influence  on  system  dynamics  and  to  make  the  system 
ideally  adaptive  in  the  above  sense. 

As  in  the  case  of  external  disturbances  which  defy  measurement, 
the  adaptive  system  can  be  conveniently  synthesized  with  the  aid  of 
an  ideal,  noisefree  plant  model.  Figure  7.28  is  a  structural  diagram 
corresponding  to  this  case.  Using  the  nomenclature  of  Figure  7.28,  we  write 

I  (p)  =  KW,  {p)  [Xla  (p)  -  X  out  (p)  -  Wz  (p)  Y(p)  - 

-  (p)  W3 (p)  [X'om  (p)  -  Xom  (p)}}.  (7.152) 

Here  X'out  (p)  is  the  transform  of  the  ideal  output,  X  out  (p)  the  transform  of 
the  real  plant  output.  The  ideal  plant  characteristics  are  assumed  to 
remain  constant. 

The  difference  X’om  (p)—  X  om  (p)  is  thus  equivalent  to  a  disturbance  due  to 
variation  of  plant  characteristics.  Hence, 


X„,  (p)~X\jp)  =  cF(p),  (7.153) 

where  c  is  a  constant.  Thus, 

*ou,  (P)=W'2(P)  Y(p)  +  cW.l{p)F(p).  (7.154) 

Inserting  for  X  out  ip)  —  X  out  (p)  in  (7. 152)  its  expression  from  (7.153),  we  find 


Y(p)  =  KWl(p)\Xto(p)-XM  (p)  Wi(p)Y(p)-W^p)Wi(p)cF(p)\,  (7.155) 


whence 


„  ,  ,  KW,  (p)XlD(p)  -  KW,  (p)  X  „  (p)  -  KW,(p)  tt ?„„(/>)  W,(p)cF(p) 

Y<P> - 1  +w,o>)r,(f) 


(7.156) 


Substituting  (7.156)  in  (7.154),  we  find 

Vi(p)lKV1ip)Xla(p)-KVllp)X„  (p)  -  Wnp(p)  W3(p)KWx{p)  cF(rt) 
=  l  +  KW,{p)W3(p) 


(7.157) 


and  solving  for  X  (p)  we  write 


KW i  (p)  (p)  +  Wj  (P)  cF  (£) 

1  +  KWlip)W3(p)  +  KW,(p)Wi(p)  ' 


(7.158) 


For  we  have 


^  out  (/>)  = 


wl  (p)  W'2(p)XlB  (p) 
wl  {p)Wz{p)+W,  (P)W'2(P) 


KiP)xmiP) 

Wz(p)+W'2(p)  ' 


(7.159) 


We  see  from  (7.159)  that  the  output  is  insensitive  to  changes  in  plant 
parameters.  If  W2{p)  is  optimized  (with  respect  to  some  quality  criterion), 
the  system  will  hold  the  optimum  irrespective  of  changes  in  plant 
characteristics . 
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2.  Kokotovic  sensitivity  5 


We  deal  here  with  the  same  cases  as  in  the  preceding  subsection,  using 
the  sensitivity  (7.145).  The  variable  parameter  is  the  plant  gain,  which 
is  allowed  to  drift  between  wide  limits.  The  transfer  function  of  the  plant  is 


W2(p)  =  KoWi{p); 

relation  (7.146)  is  thus  written  as 


K(p) 


KK0W'2(p) 

jMg) 

,  ,  KK0W'2(p)  • 
+  Wz{p) 


(7.160) 


(7.161) 


We  are  concerned  with  sensitivity  in  respect  to  relative  changes  in 
plant  gain,  /C0.  We  have 


KW2  (p) 
Ws(p) 

\  ,  KK0Wi(p)  1  KWUp) 

L  +  Witp)  wt(p) 

kk0w2 

w3{p)  „  ..... 

KW'2(p)W3(p) 

r, ,  w'2(p)]2 

L  +  W3{p)  J 

Ao  — 

{W^p)  +  KKaW[(p)Y 

(7.162) 


Thus, 

lim  5  =  0,  (7.163) 

K+  oo 

i.e.,  the  same  result  as  before.  If  the  system  is  stabilized  by  passive 
stabilizers  (real  derivatives),  the  results  are  also  the  same  as  those 
obtained  with  the  Bode  sensitivity.  In  this  class  of  structures,  Sw  and  5 
are  equivalent  in  the  sense  that  they  give  identical  results. 

The  principal  structural  conclusion  that  follows  from  the  preceding 
can  be  formulated  as  follows.  In  order  for  the  system  dynamics 
to  be  independent  of  changes  in  parameters  or  character¬ 
istics  of  some  element,  the  controlled  object  included, 
it  is  necessary  that  the  gain  of  the  loop  with  the  variable 
element  be  sufficiently  high.  It  is  implied  that  the  entire  system 
remains  stable  in  the  process.  A  system  of  this  kind  is  realizable  if  its 
structure  possesses  infinite -gain  stability. 

We  see  from  our  preceding  treatment  of  sensitivity  in  two  structures 
with  infinite -gain  stability  that,  in  the  second  case,  increase  of  gain  failed 
to  produce  sufficiently  low  sensitivity  without  the  incorporation  of  an  ideal 
noisefree  plant.  This  was  so  because  we  did  not  increase  the  gain  of  the 
loop  with  the  variable  element. 

In  practice,  low -sensitivity  systems  can  be  synthesized  by  a  simultaneous 
application  of  the  two  techniques.  This  will  enable  us  to  dispense  with  the 
ideal  plant  in  the  network.  As  an  illustration,  let  us  consider  the  case  of 
a  structure  which  is  stabilized  by  ordinary  passive  elements.  The  structure 
in  Figure  7.2  6  is  modified  as  follows  (Figure  7.29):  a  high-gain  amplifier 
is  connected  in  series  with  the  variable -parameter  plant.  The  closed-loop 
transfer  function  for  Figure  7.29  is 


_ K*El  (g>  w*(p) _ 

A  KP)  ~  1+  KWy  (p)  W3  {p)  +  K*W2  (p)  Wx  (p) 


(7.164) 
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and 


lim  Sw2P(p)  =  0, 

K->  oo 

i.e.,  we  have  obtained  a  system  with  zero  sensitivity. 


(7.165) 


-H2H2H  > 


W2(P) 


H  <  H 


» 


> 


FIGURE  7.29.  An  adaptive  system. 


It  remains  to  be  shown,  however,  that  the  system  is  stable  as  /C-^oo. 
Let  the  transfer  functions  of  the  system  elements  be 


KW.ip) 


R\  ( p ) 
Qip)  ’ 


Wa(p) 


FniP) 
Fm  ( P ) 


and  W2  ( p )  = 


Dip) 


The  characteristic  equation  is  obtained  by  putting  the  determinant  of 
(7.164)  equal  to  zero,  thus: 


1+  K 


Rip) 

Q(p) 


Fn  iP)  i  is 2  K0  R  (p) 
Fm  (P)  '  ^  Dip)‘-Qip) 


=  0. 


(7.166) 


Dividing  (7.166)  through  by  K}  and  putting  =  we  obtain  after  simple 
manipulations 


n?D  {p)  Q  (p)  Fm  (p)+mR  (p)  Fm  (p)  D  (p)+K0R  ip)  Fm(p)  =  0.  (7.167) 

The  difference  in  the  degrees  of  the  first  two  polynomials  is  Q+m  —  r  —  n 
where  qy  m,  r ,  and  n  are  the  respective  degrees  of  the  polynomials  Q,  Fm,  R , 
and  Fn.  Since  the  structure  in  Figure  7.28  has  infinite-gain  stability, 
we  may  write 


q~\-m~r  —  «<2. 

Now  consider  the  difference  v  in  the  degrees  of  the  last  two  polynomials. 
If  d  is  the  degree  of  Dip),  we  have 


v  =  n-\-d  —  m. 


Since  n  —  m  has  been  determined  from  the  structure  in  Figure  7.28, 
everything  depends  on  the  value  of  d,  which  is  the  degree  of  the  denominator 
of  the  plant  operator.  If  zero  sensitivity  can  be  attained  for  the 

structure  in  Figure  7.29  without  any  additional  means.  If,  however,  d>2, 
the  inequality 


v—n  —  m-\-d  <  2 


228 


must  be  satisfied.  This  can  be  done  by  a  simultaneous  application  of  the 
first  and  second  methods  of  synthesis  of  previously  discussed  structures 
which  are  stable  for  K-+  oo. 

We  have  already  shown  how  to  achieve  infinite -gain  stability  -in  systems 
with  nonlinearities  of  a  certain  kind.  We  have  also  emphasized  that  an 
infinite  gain  is  realizable  with  a  sliding -action  relay  system.  Infinite  gain 
can  also  be  obtained  with  the  aid  of  a  sliding-action  system  of  variable 
structure  /8 / . 

At  the  end  of  this  chapter  we  will  show  by  considering  a  number  of 
examples  that  our  conclusions  concerning  zero -sensitivity  structures  can 
be  extended  to  plants  with  variable  parameters  as  well. 

And  now  a  few  words  on  multivariable  control  systems.  In  this  section 
a  system  is  regarded  as  ideal  or  adaptive  if  the  control  dynamics  are  not 
overly  influenced  by  the  variation  of  plant  characteristics.  Feedback 
between  the  controlled  variables  obviously  affects  the  dynamics  in  each 
control  loop  irrespective  of  whether  the  particular  controlled  variable  is 
sensitive  to  variation  of  plant  characteristics  in  the  other  variables  or  not. 
For  this  reason,  system  optimization  in  this  case  automatically  involves 
noninteraction.  If  each  controlled  variable  has  its  own  extremum,  and  there 
is  no  single  extremum  for  the  entire  system,  noninteraction  is  the  most 
desirable  operating  mode. 


§  7.  13.  SYSTEMS  CONTAINING  ELEMENTS 
WITH  VARIABLE  PARAMETERS 

The  parameters  of  many  elements  vary  with  time.  Systems  containing 
such  variable  elements  are  called  systems  with  variable  para¬ 
meters.  The  time  variation  of  the  parameters  may  be  quite  arbitrary. 
For  example,  the  self-inductance  and  the  mutual  inductance  of  synchronous 
machines  with  prominent  poles  are  sine  functions.  In  general,  time 
variation  of  the  parameter  is  not  always  known.  If  an  element  with  a 
variable  parameter  is  included  in  a  control  system,  the  variation  can  be 
interpreted  as  internal  parametric  noise,  an  obviously  undesirable  effect. 
We  thus  again  arrive  at  a  problem  of  sensitivity:  find  a  structure  such 
that  time  variation  of  a  parameter  does  not  influence  the  dynamic 
properties  of  the  system  as  a  whole  or,  alternatively,  find  a  structure 
whose  dynamic  properties  are  insensitive  to  time  variation  of  the  parameters 
of  individual  elements. 

Consider  the  following  example.  Let  the  controlled  object  be  described 
by  a  first-order  linear  differential  equation  with  variable  parameters, 
specifically: 

a(t)«b^  +  b(t)ym  =  x.  (7.168) 

Here  a{t)  and  b{t)  are  time -variable  coefficients,  yout\  a  controlled  variable, 
x  the  controller  input.  Our  task  is  to  maintain  yj out  (constant. 

We  will  make  use  of  the  previous  results  obtained  for  linear  systems 
with  constant  parameters.  Figure  7.30  is  a  structural  diagram  of  a  system 
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that  maintains  the  output  yom  constant,  changing  it  only  if  t/refis  changed. 

We  put  -jt—p.  *  Then  (7.168)  is  written 

\a{t)p-\-b{t)\yom  (t)  =  x(t).  (7.169) 

The  equation  of  the  system  shown  in  Figure  7.30  is  written  as  follows. 

For  the  section  with  constant  coefficients  we  have 

Tf+i+ff  1  (<))=*(<).  (7.170) 

and  the  element  with  variable  parameters  is  described  by  (7.169).  Eliminat¬ 
ing  x(t)  and  differentiating,  we  find 

\Ta(t)  p2+Tpa(t)  p+Tb(t)  p+Tpb(t)-\-a(t)  p+b(t)\y 
+  K\a(t)p  +  b (01  y (t) + K- !  (1  +  Tp) y out  (f)  = 

=  K*(\  +  Tp)Un,(t).  (7.171) 

Dividing  both  sides  of  (7.171)  by  K 2  and  putting =  m,  we  find 

[m^Ta  (t)  p> + (Tpa  (t)  +  a  (t)  +  Tb  (t))p  + 

+  Tpb(t)-+b  (t)]  +m[a(t)p  +  b  (<)|  -f 
+  d  +  ^))f/„  «  =  U  +  Tp)  y,d(i), 

lim  y„,  (t)  = 

m  +0 

We  have  automatically  obtained  an  ideal  response,  provided  that  the 
gain  can  be  made  arbitrarily  large.  The  only  restriction  imposed  in  this 
case  is  the  requirement  of  continuity  of  the  time -dependent  coefficients. 

The  absolute  values  of  pb(t)  and  pa{t)  are  thus  finite.  This  restriction  on 
the  variation  of  the  coefficients  enables  us  to  introduce  further  simplifica¬ 
tions  and  to  elucidate  in  greater  detail  the  dynamic  properties  of  the  system. 


FIGURE  7.30.  A  plant  with  variable  parameters. 


Indeed,  introduction  of  high -gain  amplifiers,  one  of  which  is  embraced 
by  an  aperiodic  element,  ensures  faster  and  more  faithful  reproduction 
of  the  reference  signal  as  the  gain  is  increased,  so  that  for  sufficiently 
high  gain  values  the  coefficients  a(t)  and  b(t)  can  be  regarded  as  slowly 
varying.  In  a  sense  we  end  up  with  a  network  which  is  equivalent  to  a 


*  Do  not  confuse  this  operator  p  with  the  complex  number  in  Laplace  transformation. 


(7.172) 


230 


linear  structure  with  constant  coefficients.  The  structure  chosen  should 
remain  stable  at  infinite  gain.  The  degenerate  equation  then  takes  the  form 


lT+ma(t)]p-\-\+b(t)m=0 , 


(7.173) 


where  a{t)  and  6(0  are  constant  for  the  duration  of  the  transient.  If  ~a{t) 
and  b{i )  may  take  on  negative  values,  it  is  necessary  for  the  stability  of 
the  degenerate  equation  that  ma{t)<T  and  mb{t)<  1,  which  is  always  feasible 
by  making  an  appro  pirate  gain  adjustment. 

The  additional  condition  in  this  case  has  the  form 


Ta(t) 
T-\-ma  (t) 


>o. 


(7.174) 


We  see  from  (7.174)  that  the  coefficient  a(t)  must  not  be  negative; 
otherwise  the  system  is  unstable. 

We  have  thus  proved  that  a  virtually  ideal  response  is  attainable  in  this 
class  of  structures  in  the  presence  of  elements  with  time-variable  para¬ 
meters.  In  other  words,  we  have  obtained  a  structure  which  is  insensitive 
to  the  influence  of  time -variable  parameters. 

The  above  results  can  be  readily  generalized  to  the  case  of  a  controlled 
object  described  by  an  rc-th  order  equation  with  variable  parameters. 

If  n  is  the  order  of  the  equation  describing  the  variable  element,  there 
is  in  general  n  +  2  variable  parameters,  and  a  dynamically  insensitive 
structure  is  generated  by  connecting  n  amplifiers  of  sufficiently  high  gain 
in  series  with  the  variable  elements.  Of  these,  n- 1  amplifiers  are 

stabilized  by  feedback  elements  of  the  type  x  +  Tp .  The  system  is  tested 

for  stability  assuming  relatively  slow  variation  of  the  coefficients. 

The  system  is  realizable  if  the  degenerate  and  the  auxiliary  equation 
each  satisfy  the  stability  conditions.  The  number  of  amplifiers  may  be 
reduced  to  nj 2  +  1  if  each  amplifier  is  stabilized  by  a  device  with  a  transfer 

function  apiJ^\p^_x  .  This  produces  an  auxiliary  equation  of  the  third  kind. 

In  practice,  it  is  more  advisable  to  use  n  amplifiers  for  the  following 
reasons.  First,  the  amplifiers  themselves  have  a  certain,  albeit  small, 

inertia,  and  this  may  limit  the  gain  if  stabilizers  are  used, 

while  Tp\^  l  amplifiers  are  virtually  unaffected  by  this  property.  As  an 

illustration.  Figure  7.31  gives  a  specimen  structure  for  the  case  of  a 
plant  described  by  a  fourth -order  differential  equation  with  variable 
parameters.  * 

One  highly  important  property  of  these  structures  should  be  stressed. 
The  point  is,  that  the  effect  of  the  variable  parameters  on  system  dynamics 
is  suppressed  by  the  gain  of  the  unstabilized  amplifier.  As  regards  the 
other  amplifiers,  they  produce  the  derivative  action  required  for  purposes 
of  stabilization  (it  also  ensures  accurate  and  fast  response).  If  there  are 

n  amplifiers  with  stabilizers  of  the  type  \  >  a11  derivatives  from  n- th 


If  the  time  rate  of  parameter  variation  cannot  be  ignored,  the  stability  should  be  investigated  by  the 
method  of  V.  M.  Popov. 
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to  first  are  produced;  the  higher  the  gain  values,  the  closer  are  these 
derivatives  to  the  ideal.  But  the  gain  of  a  closed  loop  comprising  a  high- 
gain  amplifier  and  a  stabilizer  is  close  to  unity.  This  is  highly  significant 
for  noisy  systems. 


FIGURE  7.31.  A  more  general  case  of  a  plant  with  variable  parameters. 

High  gain  is  attained  with  the  aid  of  sliding-action  relay  systems  / 71  / 
or  variable -structure  systems,  also  operating  in  the  sliding  mode  / 8 / . 

In  conclusion  a  few  words  on  the  potential  of  the  systems  discussed. 

From  the  aspect  of  classification  of  optimum  control  systems  (e.g., 
according  to  Draper  and  Lee),  we  have  to  consider  two  cases. 

1.  The  plant  characteristics  and  the  input-output  functional  dependence 
are  well  known.  One  input  is  adopted  as  the  primary  reference  for  control 
purposes,  and  all  other  inputs  are  generated  by  a  programmed  device 
which  optimizes  the  system  in  accordance  with  the  given  input-output 
relationships.  This  system  will  function  successfully  in  the  noisefree 
case  or  if  noise  is  suppressable. 

2.  The  plant  characteristic  is  not  known.  We  only  know  that  it  has 
an  extremum,  which  can  be  located  by  one  of  the  searching  techniques. 

First,  the  characteristics  of  the  searching  signal  should  be  optimized  in 
terms  of  gain  and  frequency;  second,  the  output  searching  losses  are 
minimized  (this  is  the  difference  between  the  optimum  value  and  the 
effective  steady-state  output);  third,  the  time-to-optimum  is  minimized, 
and  last,  the  realizability  of  a  system  which  only  requires  occasional 
search  is  established. 

Let  us  consider  the  case  of  a  plant  characteristic  represented  by  the 
curve  in  Figure  7.32.  For  small  deviations  from  the  extremum,  the 
characteristic  is  satisfactorily  approximated  by  a  parabola 

y^Kx*.  (7.175) 

This  particular  assumption  does  not  detract  from  the  generality  of  our 
conclusions.  It  should  be  stressed,  however,  that  the  assumption  expressed 
by  equation  (7.175)  is  physically  meaningful.  It  implies  that  the  structures 
we  are  interested  iq  are  potentially  capable  of  ensuring  very  high  transient 
and  steady-state  accuracy.  Assumption  (7.175)  is  thus  fully  justified. 

In  §  7.5  we  have  assumed  that  the  noises  altering  the  plant  character¬ 
istics  are  injected  directly  into  the  plant  and  that  they  can  be  measured. 
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In  this  case  neither  continuous  nor  periodic  search  is  required.  It 
suffices  to  find  once  and  for  all  the  optimizing  parameters,  and  the 
system  is  then  synthesized  as  a  combined  control  system  along  the  lines 
described  in  Chapter  Five.  In  reality,  however, 
even  if  the  relevant  noise  is  delivered  to  the  plant 
input,  we  cannot  be  sure  that  some  other  disturbance 
will  not  cause  the  output  to  drift  from  the  optimum; 
the  probability  of  this  drift  is  the  same  whether  the 
input  is  decreased  or  increased.  Making  use  of  (7.175), 
we  readily  see  that  drift  due  to  a  decrease  of  the 
input  substantially  alters  the  properties  of  the  entire 
system,  since  the  plant  characteristic  is  unstable 
under  these  conditions  and  all  the  calculations  should 
be  carried  out  keeping  this  instability  in  mind. 

For  the  system  to  retain  the  same  structure  in  all 
operating  modes,  a  combined -action  system  should 
be  built,  where  the  controllable  deviations  are  no 
longer  the  deviations  of  the  output  from  the  reference  value  but  the  deviations 

of  from  zero. 

dyi  n 

It  is  significant,  however,  that  the  proposed  fixed-structure  systems  are 
essentially  different  from  ordinary  searching  systems  in  the  following 
particulars. 

1.  Since  the  main  noise  is  suppressed,  the  search  characteristics  are 
chosen  so  that  the  searching  region  and  the  output  searching  loss  are 
minimized. 

2.  Periodic  search  is  quite  sufficient:  it  is  turned  on  only  when  the 
controlled  variable  has  departed  from  the  optimum  by  more  than  a  preset 
permissible  value. 

3.  A  successful  synthesis  technique  calls  for  a  combination  of  extremum  - 
holding  systems  with  periodic  search. 


y 


FIGURE  7.32.  A  plant 
characteristic. 


§7.  14.  SPECIMEN  CALCULATION  OF  A  FIXED- 
STRUCTURE  CONTROL  SYSTEM  WITH  SELF- 
ADAPTIVE  PROPERTIES 

The  example  discussed  in  this  section  is  borrowed  from  R.  J.  Kochen- 
burger's  paper  presented  at  the  IFAC  Second  Congress. 

Figure  7.33  is  a  block  diagram  of  Kochenburger’ s  system  (the  symbols 
have  been  altered  to  conform  with  the  usage  in  this  book.  The  problem  is 
to  maintain  the  controlled  variable  y  constant  and  equal  to  the  reference 

value  ynfm  The  transfer  function  of  the  controlled  object  is-^^-;  the 

parameters  of  the  operator  D{p)  remain  strictly  constant,  while  the  gain  K 
varies  between  wide  limits.  In  Kochenburger's  system  the  gain  varies 
by  a  factor  of  100:1,  and  it  is  this  gain  variation  that  provides  the  main 
disturbance. 
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The  author  rightly  stresses  that  his  solution  is  considerably  simpler 
than  the  conventional  solutions,  where  complex  calculators  are  used  to 
perform  the  search.  In  Kochenburger' s  solution  the  product  \iK  is  main¬ 
tained  constant  (n  is  the  controller  gain).  Therefore,  there  is  an  element 
measuring  the  change  in  K  an  another  element  which  alters  ju  appropriately, 
so  that  const. 


FIGURE  7.33.  Kochenburger's  system. 


FIGURE  7.34.  An  element  of  Kochenburger’s  system. 


Gf(p) 


FIGURE  7.35.  The  oscillatory  circuit  in  Kochenburger's  system. 


Kochenburger's  control  scheme,  however,  is  fairly  complicated.  This 
will  become  the  more  obvious  once  the  same  problem  is  solved  by  using 
the  methods  of  this  chapter. 

First  we  briefly  review  Kochenburger's  original  solution.  The  following 
convenient  representation  of  the  original  system  is  proposed.  Since  the 
parameters  of  D(p)  are  constant  and  only  K  is  variable  and  since  the  controller 
operator  R(p)  is  also  constant  and  only  the  controller  gain  [i  is  altered, 

(p) ,  R(p),  K,  and  p,  are  represented  by  separate  elements,  as  is  shown  in 
Figure  7.34,  where  the  output  signal  of  R{p)X s  delivered  to  the  input  of 
the  element  with  controlled  p.  Figure  7.35  shows  an  auxiliary  feedback 
loop  which  ensures  the  appropriate  variation  in  ja.  This  circuit  uses  a 
very -high-gain  amplifier  with  a  limiter  and  a  linear  feedback  element 
Gf(p).  The  output  signal  of  the  high-gain  amplifier  is  limited  by  a  special 
feedback  arrangement,  not  shown  in  the  figure.  The  amplifier  character¬ 
istic  thus  has  a  linear  section  limited  between  Yr=±L.  The  filter  of 
the  feedback  element  Gf{p)  is  so  chosen  that  high  frequency  sustained 
oscillations  are  excited  in  the  circuit  for  all  values  of  the  plant  gain  K. 

These  oscillations  provide  the  sampling  signals  in  the  auxiliary  circuit. 


234 


The  angular  frequency  ©d  of  the  oscillations  should  be  sufficiently  high, 
so  that  the  amplitude  of  the  oscillations  at  the  output  of  the  plant  (which 
acts  as  the  filter)  is  negligible. 

The  characteristic  of  the  limiting  high -gain  amplifier  is  so  chosen  that 
when  no  input  signal  x  is  delivered,  the  amplifier  has  a  zero  average  output. 

Now  suppose  that  x  takes  on  a  certain  constant  (say,  positive)  value. 

The  output  of  the  high -gain  amplifier  is  biased  and  the  average  value  is  no 
longer  zero.  If  a,  L,  and  G/(p)are  appropriately  chosen,  Yr  and  x  will 
be  nearly  proportional  to  each  other,  i.  e.,  Yr^\ix.  If  the  signal  x  is 
constant,  the  gain  \i  is  proportional  to  the  mean  value  of  the  constant 
output  component  of  the  high -gain  amplifier. 

Kochenburger  has  shown  that  the  proportionality  coefficient  varies 
approximately  in  inverse  proportion  to  K.  The  sought  functional  dependence 
for  the  variable  gain  (x  is  thus  obtained.  It  is  moreover  shown  that  the 
results  are  also  valid  for  a  slowly  varying  x.  It  now  remains  to  vary  the 
gain  [i  in  proportion  to  Yrt  so  that  const. 

This  method  is  applied  to  synthesize  the  circuit  shown  in  Figure  7.36  for 


Dip) 


_ K _ 

(1-f  0.2/>)a  (1  +  0.005/0 


(7.176) 


and  K  varying  by  a  factor  of  1 :100. 


FIGURE  7.36.  General  configuration  of  Kochenburger’s  system. 

We  now  solve  the  same  problem  by  using  the  methods  of  this  chapter. 

The  problem  is  stated  as  follows.  Find  a  fixed- structure  system  (without 
a  searching  element)  which  maintains  the  controlled  variable  Y  constant 
while  the  plant  gain  varies  in  a  ratio  of  100  : 1,  the  plant  transfer  function  being 

w(p)=  (1+0.2/;)*  0+0.005/7)  (7.177) 

(a  different  range  of  gain  variation  may  of  course  be  assumed). 

Three  linear  amplifiers  with  a  sufficiently  high  gain  are  connected  in 
series  with  the  controlled  object.  Two  of  these  amplifiers  are  controlled 

by  feedback  elements  and  respectively.  The  entire  control 

system  takes  the  form  shown  in  Figure  7.37. 
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We  proceed  to  determine  the  system  transfer  function.  Using  the 
nomenclature  of  Figure  7.37,  we  write 

„  K 

,  ,  *h  ,  ,  *h  Ah(l +  0.2/7)’ (1  +0.005/7) 

np)  _  + 1  +  ^  +  i  +  raj» _ 

ncf(/>)  —  k^T  “  k 

,  .  *h  ,  t  *h  h  <1  + 0-2/7)’ (l +0.005/7) 

+  1  +  TlP  1+T+t^- 


and  after  elementary  manipulations 

Y(p)  _ _ Arg(i  +  y)(i+v)jf 

y<o<(P)  (l+TlP+Kh)  (1+  V  +  ych)(l  +  0.2^)2(l+0.005^)+  ’ 

+  K3h/C(l-|-7»<l  +  7» 


(7.178) 


Dividing  the  numerator  and  the  denominator  by  Kl  and  putting  ^-  =  m, 

t'  h 

we  write 


Up)  _#C(i  +  rl/>)(i  +  7,ap) 
Ytc({p)  ~  Px 


(7.179) 


where 


or 


P,  =  m*(  1  +  7»(1  +  7»(1  +  0.2p)2  (1  +  0.005/,)  + 

+  m2\  2  +  (7',  +  7-j)  />]  (1+  0.2g)2(l  +  0.005/,)  + 

+«( 1  +0.2/;)2  (1  +0.005/,)  +AT  (1  +  r,p)  (1  +  T,p) 


lim 

m->0 


Up) 

KcdP) 


(7.180) 


In  other  words,  we  succeeded  in  compensating  the  gain  variation  and 
incidentally  obtained  a  high-quality  control  system.  In  order  for  the 
results  to  be  realizable,  the  system  should  be  tested  for  stability  as  m-+  0. 


FIGURE  7.37.  Illustrating  the  solution  of  Kochenburger's  problem. 


The  characteristic  equation  is  obtained  by  putting  the  determinant  of 
(7.179)  equal  to  zero,  thus; 

0  +  Txp)  (1  +  T2p)  (1  +-  0.2/?)2  (1  +  0.005/7)  + 

+  n*  l(7i  +  Tj,  />+ 21  (1  +  0.2/,)2(l  +  0.005/,)  + 

+m(l  +  0.2/,)2(l  +0.005/,) +  /f(l  +  T,p)(  1  +  T2p)  =  0.  (7.181) 
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The  degree  of  any  two  successive  polynomials  decreases  by  one,  and  we 
thus  have  an  auxiliary  equation  of  the  first  kind.  After  some  manipulations, 
we  obtain  the  auxiliary  equations  in  explicit  form: 

0.00027^3  +  0.0002  (Tl  +  7\>)  q2  +  0.0002?  -\-KTyT2~0.  (7.182) 

The  coefficients  of  this  equation  should  satisfy  Hurwitz'  criteria.  The 
constraint  imposed  on  K  is 

K<  a000Sir'  +  7~2)  ■  (V.183) 

M  T2 

Hence  we  can  readily  choose  the  time  constants  that  ensure  stability  in  the 
entire  range  of  gain  variation;  thus,  for  r1=7’2=  0.01,  we  have  /(<400. 

In  other  words,  the  gain  may  take  on  any  value  from  zero  to  4  00. 

Kochenburger  is  concerned  with  the  case  of  a  system  which  can  accommo 
date  a  gain  increase  by  a  factor  of  100:1.  Our  stability  range  is  much 
wider  than  that.  The  degenerate  equation 

(l  +  7’Ip)(l  +  7,2p)=0 


always  satisfies  Hurwitz'  conditions.  If  the  plant  time  constants  are  t2, 
and  t3,  relation  (7.183)  takes  the  form 


K  < 


T1T2T3  (^1  +  Ta) 


2 

2 


(7.184) 


In  conclusion  there  is  one  other  problem  to  be  considered.  In  Kochen- 
burger's  paper  it  is  assumed  that  the  rate  of  gain  variation  may  be  com¬ 
parable  with  the  time  rate  of  transients  in  the  system.  It  is  clear  from 
our  result  (equation  (7.180))  that  for  sufficiently  high  gain  the  transients 
are  very  short-lived  and  no  additional  tests  are  required.  However, 
if  the  gain  is  such  that  the  transient  time  constant  in  the  system  is 
comparable  with  the  time  rate  of  variation  in  /(,  the  solution  is  valid 
only  if  the  system  is  additionally  tested  for  absolute  stability  in  the 
given  K  range.  This  test  can  be  readily  made  using  V.  M.  Popov' s  method /l  / . 

The  theoretical  performance  of  the  system  shown  in  Figure  7.37  was 
tested  using  a  model.  The  plant  time  constants  were  t2=  0.2  and  t3=  0.005, 
i.e.,  the  same  values  as  in  Kochenburger' s  paper.  The  stabilizer  time 
constants  were  T\  —  T2  =  0.01  and  the  plant  gain  varied  from  /(mm—  0.1  to 
/(max=  10.  The  amplifier  gain  was  /Ch=200. 

Figure  7.38  is  an  oscillogram  of  the  process  for  K~  10  and  Figure  7.39 
is  the  oscillogram  for  K=  0.1.  Figure  7.40  is  an  oscillogram  of  a  system 
with  a  sine -law  gain  K  varying  at  a  frequency  cod=  1  cps.  In  all  cases  Yie  f—  1 


FIGURE  7.38.  Oscillogram  for  K=  10. 
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We  see  from  these  oscillograms  that: 

1.  The  steady -state  value  of  the  controlled  variable  is  the  same  in  all 
cases,  i.e.,  the  system  indeed  maintains  the  controlled  variable  independent 
of  the  plant  gain  and  its  variation. 

2.  The  transient  is  virtually  the  same  in  all  the  three  cases,  an 
obviously  satisfactory  result. 
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Chapter  Eight 

VARIATIONAL  ASPECTS  OF  MULTIVARIABLE  CONTROL 


§8.1.  MULTIVARIABLE  CONTROL  AS  A 
VARIATIONAL  PROBLEM 

We  have  noted  before  that  multivariable  control  systems  can  be  divided 
into  two  classes  with  fundamentally  different  optimization  behavior.  Since 
this  division  is  of  the  utmost  significance  for  correct  choice  of  optimality 
tests  and  efficient  design  of  control  systems,  we  will  go  into  this  problem 
in  some  more  detail. 

In  Chapter  One  we  analyzed  the  problem  of  strip  gage  control  in  hot 
rolling  mills  and  found  that  the  quality  of  the  metal  depended  on  the 
precision  with  which  a  number  of  parameters  were  controlled,  e.g., 
main  drive  speed,  roll  position,  etc.  However,  improvement  of  the 
dynamics  of  each  individual  controlled  variable  does  not  necessarily  mean 
that  the  system  as  a  whole  is  optimized.  Optimizing  is  attainable  if  the 
control  of  the  individual  variables  is  aimed  from  the  very  start  at  the 
principal  target,  namely  achieving  the  necessary  geometrical  dimensions 
of  the  rolled  strip. 

Another  example  is  provided  by  oil  reservoirs,  which  were  considered 
in  Chapter  One  as  an  object  of  multivariable  control.  Efficient  exploitation 
of  the  field,  in  the  sense  prescribed  by  our  problem,  is  attaining  maximum 
output  (in  the  limit,  draining  the  reservoir  of  all  its  oil)  in  the  shortest 
possible  time  and  at  the  lowest  possible  cost.  Constant  field  operating 
conditions  are  maintained  by  sinking  additional  injection  wells  through 
which  water  is  driven  into  the  strata,  and  the  field  parameters  can  be 
regulated  by  adjusting  the  working  conditions  of  these  injection  wells. 

Field  exploitation,  however,  is  further  constrained  by  the  large-scale 
requirements  of  national  oil  industry.  In  principle,  oil  fields  can  be 
worked  in  a  multitude  of  different  ways,  while  in  practice  the  output  is 
limited  by  the  capacity  of  the  equipment.  Now,  even  if  the  equipment 
limitations  have  been  allowed  for,  we  are  still  left  with  a  variety  of  well 
exploitation  conditions  and  it  is  our  job  to  select  the  optimal  alternative. 

The  oil-and-water-bearing  strata  in  conjunction  with  the  well  constitute 
a  single  hydrodynamical  system.  If  the  outputs  of  some  of  the  wells  are 
altered,  pressures  and  flow  patterns  in  the  entire  field  are  affected.  For 
example,  enhanced  exploitation  of  a  number  of  wells  only,  with  continued 
injection  of  water,  will  eventually  lower  the  stratal  pressure,  and  many 
wells  may  stop  producing;  moreover,  formation  water  may  penetrate  into 
the  region  of  reduced  pressure,  and  some  wells  will  be  prematurely  flooded. 
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Well  depletion  and  flooding  raise  the  cost  of  field  exploitation.  It  is 
clear,  therefore,  that  the  well  operating  conditions  should  be  chosen  with 
due  consideration  to  economic  factors. 

One  of  the  fundamental  requirements  in  planning  the  well  pattern  is  that 
the  formation  pressure  distribution  comply  with  the  desirable  working 
conditions  and,  in  particular,  the  possibility  of  natural  flow.  This  of 
course  imposes  additional  restrictions  on  oil  field  exploitation,  and  it  is 
by  no  means  certain  that  the  result  is  the  optimum.  The  point  is,  that  the 
real  oil  reservoir  is  inhomogeneous  in  its  physical  and  chemical  properties, 
so  that  each  well  has  a  different  potential.  Moreover,  starting  at  a  certain 
stage  of  oil  field  exploitation,  the  wells  are  all  flooded  in  varying  degrees. 
The  flooding  is  generally  more  pronounced  in  wells  with  high  production 
rates.  It  should  therefore  be  understood  that  driving  a  well  at  a  maximum 
rate  of  production  may  eventually  lower  the  output  and  increase  the  produc¬ 
tion  costs  for  the  field.  On  the  other  hand,  hopelessly  flooded  wells  can 
be  "suppressed"  (or  even  discontinued  entirely),  so  that  the  total  oil  output 
increases  markedly.  We  are  thus  clearly  faced  with  a  variational  problem 
of  optimizing  the  oil  production  conditions  under  a  given  set  of  constraints. 

In  the  two  cases  above,  multivariable  control  provides  an  adequate 
solution  of  the  problem,  and  each  individual  variable  should  be  controlled 
in  such  a  way  as  to  extremize  some  generalized  quality  index 
of  the  system  as  a  whole.  In  this  chapter  we  will  consider  the  detailed 
solution  of  the  problem  in  application  to  the  simplest  case  of  oil  field 
exploitation. 

All  the  preceding  refers  to  systems  of  one  class.  The  other  class 
includes  multivariable  control  systems  which  are  optimized  by  optimizing 
every  individual  controlled  variable.  We  will  show  in  the  following  that 
in  this  case  also  the  control  equation  is  obtained  by  solving  a  variational 
problem. 


§8.2.  APPLICATION  OF  LINEAR  PROGRAMMING 


The  linear  programming  (LP)  problem  can  be  stated  as  follows:  find 
a  vector  y(yu  . yn)  maximizing  (minimizing)  the  linear  form 


R=±cty, 

i=i 


where  the  variables  satisfy  the  linear  constraints 

yj>0  (J  =  1,  2,  . . n) 

and 


a\\y\  H-  o-nUi  +  •••  = 

aj\y\  +  aj^2  +  -Jra]nyn  =  bj, 

&m\y\  +  +  •  •  •  +  H~  •  •  •  # mnVn  = 

where  aijt  bit  and  c{  are  known  constants  and  m<ti . 


(8.1) 


(8.2) 


(8.3) 
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In  matrix  form  the  general  LP  problem  is  written  as  follows:  maximize 


(minimize) 

CY 

(8.4) 

subject  to  the  condition 

K>  0,  AY  =  b. 

(8.5) 

Here  C  is  a  row  matrix,  Y  a  column  matrix,  A^[a{j ]a  mxn  matrix,  B  a 
column  matrix. 

In  Chapter  One  we  derived  a  set  of  algebraic  equations  which,  under 
certain  conditions,  approximately  describe  the  behavior  of  an  oil  field. 
These  equations  are  based  on  the  assumption  of  linear  seepage  (Darcy’s 
linear  law  of  filtration)  and  rigid  operating  conditions.  The  relation 
between  debit  and  pressure  in  a  well  is  given  by  the  expression  (see 
Chapter  One) 

AQ  =  AP,  (8.6) 

where  A  is  a  regular  mxn  matrix,  Q  and  A P  are  ^-component  column 
matrices.  The  elements  of  the  matrix^  are  found  from  the  relations 


a 


_  A  Pt 

V—  &Qj 


(8.7) 


For  n  producing  wells  the  matrix  equation  (8.6)  is  a  set  of  n  linearly 
independent  equations  which  for  Qj  >0  define  the  boundary  of  a  closed 
convex  polyhedron.  If  P{  and  Q{  are  varied,  the  hodograph  of  the  vector 
Qi  will  fill  a  certain  domain  containing  all  the  points  of  the  convex  set. 

The  matrix  equation  (8.6)  in  this  case  may  be  clearly  given  by  the  inequality 


AQ  <  AP 

or,  alternatively, 

(8.8) 

1 

(/  =  1,  2,  ft). 

The  preceding  discussion  also  has  a  vivid  geometrical  interpretation. 
As  an  example,  consider  production  from  two  wfells.  Relations  (8.8)  take 
the  form 


flu  Qi  -I-012Q2  Pk  — P\% 
02lQf+022Q2  P k  — Pi* 


(8.9) 


Here  p  denotes  the  producing  well,  k  the  pressure  on  the  field  boundary; 

P12  is  the  well  pressure.  Geometrically  (8.9)  describes  a  convex  quadrangle 
OABC  (Figure  8.1),  which  is  obtained  in  the  following  way.  First  put 
Q,>0  and  Q2>0.  We  are  thus  concerned  only  with  the  first  quadrant  of  the 
Qi,Q2  plane,  limited  byQi=0  and  Q2=0. 

Now  consider  where  the  first  inequality  of  (8.9)  reduces  to  an  equality, 

<*uQf+«uQj,=/>*-/>f.  (8-10) 


241 


The  half-plane  containing  all  the  solutions  of  inequality  (8.9)  (the  first 
inequality)  is  located  below  and  to  the  left  of  the  line  (8.10).  The  equation 
of  this  line  is 


11  ^  ,  Pk-**x 


Q2  = - Q 

2  «i2  ~  alt 


The  intercept  of  this  line  on  the  Q2  axis  is 


(8.11) 


(8.12) 


and  its  intercept  on  the  Qt  axis' is 


(8.13) 


The  second  line  is  constructed  in  the  same  way.  We  thus  delineate 
a  region  where  expression  (8.6)  holds  true. 


FIGURE  8.1.  Illustrating  the  linear 
programming  problem. 


Now  consider  the  linear  form 

*  =  Qi  +  Qa.  (8.14) 

which  gives  the  total  output  (water  and  oil)  of  the  two  wells.  Let  us 
maximize  the  total  output.  This  is  best  done  by  a  geometrical  construction. 
For  particular  values  of  v  expression  (8.14)  describes  a  family  of  straight 
lines  which  are  marked  in  Figure  8.1  as  XY.  The  maximum  is  attained  at  the 
point  Qio,Q20  where  the  line  XY  is  tangent  to  the  convex  quadrangle  (point  B  in 
Figure  8.1).  The  output  is  thus  maximum  when  well  1  produces  Q10  and 
well  2  produces  Q20.  This  result  holds  true  if  the  only  constraints  are 
those  imposed  by  the  inherent  properties  of  the  oil  reservoir.  In  what 
follows  we  call  these  constraints  the  technological  constraints  of  the 
variational  problem. 

Linear  programming  is  thus  applicable  to  optimizing  multivariable 
control  systems  described  by  linear  algebraic  equations  with  a  generalized 
quality  criterion,  which  is  a  linear  form  in  the  controlled  variables. 
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§  8.3.  THE  PROBLEM  OF  OPTIMUM  OIL¬ 
FIELD  EXPLOITATION 


The  applicability  of  linear  programming  to  oil  production  optimizing 
was  illustrated  for  the  simple  case  of  two  producing  wells.  Let  us  now 
consider  a  more  general  case  often  encountered  in  practice. 

We  have  already  discussed  some  technological  constraints.  The  main 
parameters  to  be  constrained  are  the  permissible  and  the  maximum 
formation  and  well  pressures.  In  practice  A P  can  be  arrived  at  by  con¬ 
sidering  the  permissible  and  the  maximum  well  pressures.  The  various 
requirements  of  the  production  schedule  for  the  different  parts  of  the  field 
and  the  redistribution  of  flow  streams  needed  to  control  formation  water 
circulation  can  be  satisfied  by  forming  linear  combinations  of  some 
components  A P*. 

However,  optimum  production  schedule  depends  not  only  on  the  inter¬ 
relationship  between  wells  and  the  maximum  pressures  in  production  and 
injection  lines.  Another  class  of  restrictions  are  connected  with  the 
limited  capacity  of  equipment: 

SQ;<Q  =  « . 1).  (8.15) 

J 

In  what  follows  constraints  (8.15)  will  be  regarded  as  the  production 
constraints  of  the  variational  problem.  Relations  (8.15)  correspond,  e.g., 
to  pumping  restrictions  associated  with  the  productivity  of  water-disposal 
equipment  or  intermediate  water-pumping  stations.  Similar  inequalities 
may  represent  production  restrictions  because  of  insufficient  through 
capacity  of  demulsifying  plants,  storage  pools,  gravity-flow  and  head-flow 
collectors. 

There  are  also  restrictions  of  purely  economic  character.  The  majority 
of  economic  constraints  are  associated  with  capital  outlay.  In  well 
optimizing  it  is  assumed  that  the  plant  (i.e.,  the  number  of  wells  and  the 
well  pattern)  is  given.  The  capital  investment  may  therefore  be  regarded 
as  constant  during  a  certain  period  of  time.  Since  the  investment  does  not 
change,  the  economic  constraints  are  ignored  at  this  stage. 

The  choice  of  the  optimum  well  pattern  is  a  complicated  problem  of 
independent  interest,  and  we  will  not  go  into  it  here. 

Consider  the  field  exploitation  charges,  which  can  be  itemized  as  a 
function  of  well  outputs.  The  power  requirements  can  be  written  as  a 
linear  function  of  the  outputs,  thus: 

2  bjQ)<N-  (8.16) 

where  bj  are  the  charge  coefficients,  N  the  power  restrictions. 

Production  planning  criteria  impose  additional  constraints  of  the  form 

S  C<Q/>Qt»  (8.17) 


where  C<  is  the  proportion  of  oil  in  the  fluid  lifted  from  the  i-th  well, 
Qt  the  oil  production  target. 

The  variational  problem  can  now  be  stated  in  two  alternative  forms: 
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(1)  Find  well  operating  conditions  ensuring  maximum  total  oil  output 
under  given  technological,  production,  and  economic  constraints. 

(2)  Find  well  operating  conditions  ensuring  minimum  production  cost 
for  the  planned  output  under  given  technological  and  production  constraints. 

In  principle,  the  two  statements  are  identical.  Therefore,  without  loss 
of  generality,  we  will  only  consider  the  problem  of  maximum  total  output 
under  given  constraints,  where  the  functional  (the  object  function)  is  written 
in  the  form 

F(Q)=tclQ.  (8.18) 


The  set  of  equations  specifying  the  technological  constraints  are  thus 
combined  with  expressions  for  production  and  economic  constraints.  If 
the  combined  constraint  matrix  is  designated  Ka,  we  arrive  at  the  following 
statement  of  the  variational  problem; 

Optimize 


2>CiQi  (8.19) 

given 

B^/yllllQylKliril-  (8.20) 

and 

Qy>°-  (8.21) 

Here  II  II  is  a  rectangular  m-xn  matrix  with  m>n\  f|  r  II  is  the  m- component 
constraint  vector  (column  matrix). 

A  few  words  about  the  coefficient  C{.  It  is  defined  as  the  proportion  of 
oil  in  the  pumped  fluid:  C{=  1  indicates  that  the  well  produces  pure  oil, 
whereas  Cj=0  means  that  the  fluid  contains  no  oil  altogether  (as  is  the  case 
in  injection  wells,  say). 


§8.4.  A  NUMERICAL  EXAMPLE 

The  theory  of  the  preceding  section  can  be  illustrated  by  a  numerical 
example.  The  data  below  do  not  apply  to  any  particular  reservoir,  but 
they  are  nevertheless  typical.  Consider  a  sector  with  six  wells.  Figure  8.2 
shows  the  well  pattern  and  the  formation  boundaries;  the  numerical  values 
of  the  hydraulic  resistance  are  also  given.  This  information  is  sufficient 
to  write  the  equation  of  linear  seepage.  The  figures  were  obtained  from 
(8.7)  using  a  grid  model. 

Wells  1  and  6  are  injection  wells,  so  that  Ct  and  C6  are  both  zero  (the 
fluid  is  pure  water).  Wells  2,  3,4,  5  are  producing  wells  with  mechanical 
sucker- rod  pumping,  electrical  centrifugal  pumping,  natural  flow,  and 
hydraulic  long-stroke  pumping,  respectively.  The  proportion  of  oil  in  the 
fluid  lifted  from  these  wells  is  respectively  0.4,  0.9,  1,  and  0.1. 

The  maximum  output  differs  from  well  to  well  depending  on  productivity 
coefficients,  formation  and  well  pressures,  and  also  the  layout  of  auxiliary 
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TABLE  8.1 


Specifications 

Constraints 

Justification 

1 

Injection  well  pressure  not  to  ex¬ 
ceed  the  allowed  maximum  of 
the  equipment 

Pt<[Pi] 

Direct  experiment  with  the  water  pumps 
connected  to  one  of  the  wells 

2 

Producing  well  pressure  not  below 
a  certain  limiting  figure 

Pi>[Pi \ 

Calculations  based  on  pump  stroke 
length  and  minimum  self-flowing 
pressures 

3 

To  ensure  stable  natural  flow,  the 
dynamic  formation  pressure  for 
well  4  not  to  be  less  than  a 
certain  limiting  figure 

P*\Qt-o>[P*\ 

Calculations  based  on  item  2  under 
given  output  restriction 

4 

To  prevent  gas  invasion,  the 
dynamic  formation  pressure  for 
well  3  not  to  be  less  than  satura¬ 
tion  pressure 

P*  1  Q,= o  ^  ps 

The  equipment  will  lift  at  well 
pressures  below  saturation  pressure 

5 

To  avoid  premature  flooding  of 
well  4,  the  water  tongue  in  the 
dangerous  direction  3—4  should 
be  tied  to  well  3 

Q3  ^ 

Analysis  of  depression  regions  on  the 
grid  model 

6 

Siphon  output  and  secondary  re¬ 
covery  water  pump  output  not  to 
exceed  certain  limiting  figures 

QS<IQS] 

Qr<m 

Direct  experiment 

7 

Through  capacity  of  the  well  3-to- 
well  4  gravity-flow  collector  not 
to  exceed  a  certain  limiting 
figure 

<?g<[Qgl 

Calculations  and  direct  experiment 

8 

Demulsifying  plant  productivity  not 
to  exceed  a  certain  limiting  figure 

Qd<  [Qdl 

Direct  experiment  and  statistical 
data 

9 

Product  released  from  storage  pool 
to  meet  certain  quality  standards 

*i<N 

Consumer  requirements 

10 

Power  requirements  not  to  exceed 
a  prescribed  figure 

N<[N) 

The  statistical  dependence  N=N(Q) 
is  derived  empirically 

TABLE  8.2 


Output 

Well  number 

1 

2 

3 

4 

5 

6 

Qi 

118.5 

100 

25 

25 

0 

12.5 

C1Q1 

0 

40 

22-5 

25 

0 

0 
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storage  and  processing  installations.  Figure  8.3  shows  the  general  layout 
and  the  communication  lines.  It  is  assumed  that  the  technological,  produc¬ 
tion,  and  economic  constraints  are  all  known.  The  relevant  information 
is  listed  in  Table  8.1. 
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FIGURE  8.2.  Oil  reservoir  data. 
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The  problem  is  to  find  well  operating  conditions  that  ensure  maximum 
oil  production  under  the  given  constraints.  Using  Table  8.1  and  the 
numerical  data,  we  formulate  the  following  mathematical  problem. 
Maximize  the  linear  form 


Qi 

Q2 

Q3 

||0,  0.4,  0.9,  1,  0.1,  0|| 

V4 

Qs 

Qe 


(8.22) 


under  the  given  constraints 
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The  problem  was  solved  by  the  simplex  method,  and  the  results  are 
listed  in  Table  8.2.  , 


§  8.5  SOME  GENERAL  CONSIDERATIONS 

We  should  first  justify  the  application  of  linear  programming  to  the  oil 
field  exploitation  problem.  In  the  general  case  of  a  plant  without  memory 
with  constant  coefficients  in  the  algebraic  equations  describing  its  behavior, 
linear  programming  can  be  used  to  a  considerable  advantage,  especially 
since  the  numerical  algorithms  of  this  method  are  easily  adapted  to 
digital  computers.  Straightforward  application  of  linear  programming  to 
oil  production  control,  however,  would  be  somewhat  improper,  since  no 
real  oil  reservoir  is  actually  maintained  under  steady- state  conditions. 

The  coefficients  a iS  entering  the  initial  equations  of  the  technological  process 
and  the  constraint  inequalities  are  variable  in  time,  and  not  constant.  In 
some  cases  the  coefficients  ai}  change  very  slowly  and  gradually  (e.g.,  in 
the  case  of  migration  of  the  formation  boundary),  whereas  sometimes  they 
will  change  abruptly  (as  when  the  target  figures  are  modified). 

The  resulting  difficulties  can  be  overcome  if  the  coefficients  are  ad¬ 
justed  as  we  go  on,  to  meet  the  change  in  standards  and  specifications. 

The  main  difficulties  thus  arise  due  to  the  requirement  of  systematic 
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adjustment  of  the  coefficients  a^,  which  are  dependent  on  the  state  of  the 
oil  reservoir.  The  values  of  these  coefficients  can  be  determined  in 
practice  only  by  using  each  well  successively  to  introduce  a  certain 
disturbance  into  the  process,  v/hile  decoupling  all  the  other  wells,  whose 
operation  is  stabilized  with  respect  to  the  disturbance  parameter. 

Such  operating  conditions  can  be  achieved  by  automatic  stabilization  of 
well  operation.  However,  the  direct  experimental  approach  does  not 

appear  particularly  promising  in  view  of  the 
exceedingly  slow  transient  in  the  well-formation 
system  and  the  rapid  reduction  of  coupling  with 
the  distance  from  the  source  of  the  disturbance. 
Figure  8.4a  plots  the  pressure  recovery  in  a 
well  distant  500  m  from  the  disturbing  well, 
which  stopped  producing  at  t  =  0.  Before  that, 
the  stopped  well  had  operated  for  a  long  time  with 
constant  output  / 4 0 /.  We  see  from  the  curve  that 
direct  experimental  determination  of  ai}  requires 
well  observations  over  a  number  of  months. 

Besides  being  impracticable,  this  approach  is 
inadequate  since  during  such  a  long  period  other 
formation  parameters  may  also  change  appreciably. 

The  coefficients  atj  can  be  obtained  by  direct 
experiment  only  if  special  well  stabilizing  systems 
are  provided  (see  Figure  8.4b).  In  this  case  a 
model  of  the  controlled  object  is  incorporated  in 
the  control  system  and  updated  at  fixed  intervals 
on  the  basis  of  current  information  on  formation 
structure  obtained  by  geological,  geophysical, 
and  hydrodynamic  methods  / 7 2,  75/.  Successful 
models  have  been  actually  devised  for  more  or 
less  uniform  formations  /  72,  75/,  but  no  adequate 
grid  models  have  been  built  for  the  general  case 
of  a  reservoir  of  complex  structure.  The  main 
difficulties  are  associated  with  the  determination  of  the  mathematical 
nonuniformity  function  of  the  formation. 

The  control  system  described  in  the  preceding  section  is  suitable  for 
homogeneous  or  quasihomogeneous  formations,  where  the  structure  of  the 
producing  strata  is  such  that  the  distribution  of  inhomogeneities  between 
any  two  nearby  wells  is  constant  or  follows  the  distribution  of  stationary 
random  events. 

The  flow  chart  of  a  control  system  of  this  kind  is  shown  in  Figure  8.5. 

The  basic  elements  are  the  grid  model  used  to  determine  the  corresponding 
coefficients  a and  a  digital  computer  that  calculates  production  schedules 
for  each  well. 

The  difficulties  associated  with  the  slow  variation  of  the  well  coupling 
coefficients  are  overcome  by  periodically  updating  the  position  of  the 
oil-water  boundary  on  the  grid  model. 

As  the  process  drifts  from  the  optimum  or  when  the  target  figures  are 
changed,  the  entire  closed-loop  control  system  is  turned  on  (Figure  8.5). 
When  the  wells  have  been  restored  to  the  desired  operating  mode,  the 
computers  are  disconnected  and  only  the  local  control  systems  and  the 


t ,  days 


P0  ~P  =JP,  atm 

t,  days 


P0~P=AP atm 

FIGURE  8.4.  Transients  in  an 
oil-bearing  formation. 
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data-processing  system  are  left  running.  The  local  control  systems 
maintain  the  given  operating  mode  in  the  interval  between  successive  ad¬ 
justments,  and  the  information  received  from  the  wells  through  the  data- 
processing  system  and  through  other  channels  is  used  to  update  the  grid 
model.  When  the  need  arises,  the  computers  are  again  linked  into  the 
system,  and  the  entire  cycle  is  repeated.  Statistical  forecasting  techniques 
can  be  used  to  calculate  the  coefficients  aijt 


& 

FIGURE  8.5.  Flow  chart  of  automatic  control  system 


The  solution  of  the  problem  is  based  on  the  assumption  of  a  rigid 
operating  mode  (see  Chapter  One).  It  has  been  established,  however,  that 
immediately  following  the  disturbance  (when  a  well  is  stopped  or  actuated, 
etc.),  the  oil  reservoir  behaves  according  to  a  so-called  elastic  mode  / 7 5 /. 
Although  the  processes  in  the  reservoir  may  remain  linear  in  the  sense 
that  the  principle  of  superposition  holds  true,  linear  programming  in  its 
standard  form  is  inapplicable.  It  is  therefore  again  emphasized  that  our 
solution  is  valid  for  a  reservoir  in  a  rigid  operating  mode,  which  is  the 
predominant  but  not  the  only  mode. 


§  8.6.  METHODS  FOR  THE  DETERMINATION  OF  THE 
CONTROL  VECTOR  AS  A  FUNCTION  OF  TIME  IN 
MORE  COMPLICATED  CASES 

In  the  preceding  sections  linear  programming  was  used  to  determine 
the  operation  schedule  for  each  oil  well.  This  approach  is  valid  as  long 
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as  the  controlled  object  (e.g.,  the  oil-bearing  formation,  ignoring  its 
elastic  properties)  is  described  by  a  set  of  linear  algebraic  equations. 

The  planning  and  production  constraints  were  represented  by  appropriate 
algebraic  equations,  and  the  solution  was  obtained  in  the  form  of  a 
numerical  programme,  or  schedule,  for  each  well. 

For  objects  with  memory  the  control  function  cannot  be  obtained  in  this 
simple  form,  but  the  problem  is  nevertheless  meaningful  for  some  more 
complex  cases.  Let  us  first  consider  the  new  features  arising  from  the 
formulation  adopted  in  this  section,  although  the  problem  itself  is  basically 
equivalent  to  that  considered  in  the  previous  sections.  All  the  properties 
of  the  controlled  object  and  all  the  constraints  are  known;  we  seek  a  con¬ 
trol  function,  i.e.,  the  variation  of  the  inputs  as  a  function  of  time,  that 
minimizes  (or  maximizes)  a  certain  criterion  function.  The  control  time 
is  often  chosen  as  the  criterion.  The  problem  thus  reduces  to  a  selection 
of  a  control  function  which  ensures  a  minimum  transient  time  for  the  given 
plant  under  the  given  constraints. 

The  optimal  solution  in  this  case  is  to  choose,  from  among  the  control 
functions  satisfying  the  given  constraints,  one  which  moves  the  system 
from  the  initial  to  the  final  state  in  a  minimum  time.  This  formulation  is 
not  different  in  principle  from  that  used  for  most  optimal  control  problems 
/ 21 , 53/ .  The  literature  on  the  subject,  however,  is  mainly  confined  to 
single-variable  systems  /  1 7,  25,  28/.  P.  E.Sarachik  and  G.M.Kranc  /  21  / 
solved  the  problem  of  minimum  transient  time  for  multivariable  control 
systems,  but  their  solution  is  based  on  the  results  of  Krasovskii  /25/, 
Kirillova  / 1 7 /,  and  Kulikowski  / 28/ ,  originally  obtained  for  single -variable 
systems. 

A  remarkable  feature  of  the  above  studies  / 17,  25,  28,  21  /  is  that  the 
problem  of  optimum  control  is  solved  by  methods  of  functional  analysis. 

In  our  opinion,  the  application  of  functional  analysis  may  prove  to  be 
highly  promising,  and  we  therefore  reproduce  the  results  of  Sarachik  and 
Kranc  1 21 1  in  some  detail. 

We  are  dealing  with  time  optimal  control  of  an  absolutely  controllable 
linear  object  with  certain  constraints  / 21  /.  Different  constraints  may  be 
imposed  on  each  input. 

The  controlled  object  is  described  by  the  following  differential  equation: 

x  =  F{t)x{t)+D{t)u{t),  (8.23) 

where  x{t)  is  the  ^-dimensional  state  vector  of  the  object  at  the  time  /, 
u  (/)  is  the  /--dimensional  control  vector,  F(t)  is  a  nXn  matrix,  D(t)  is  a 
nXr  matrix.  It  is  clear  from  this  notation  that  the  plant  has  r  inputs  and 
n  outputs.  In  general,  the  system  output  is  a  vector  y(t)  related  to  the 
plant  inputs  by  the  equation 


y(t)  =  ii(t)x(t),  (8.24) 

where  n(0  is  a  mXn  matrix. 

The  initial  state  of  the  plant  at  the  time  t=t0  is  described  by 

x(t0)=x0.  (8.25) 

By  ytef(0  we  denote  the  signal  to  be  reproduced.  The  constraints  imposed 
on  the  plant  inputs  u{t)  are  given  by 


!MP/  = 


/  I Ui(x)\Pldx 


u0 


(8.26) 
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where 


pi>  1  and  i=\,  2,  . . . ,  r. 


It  is  significant  that  /?*  and  Lt  may  be  different  for  each  input,  i.e.,  for 
each  i .  This  means  that  the  constraints  on  the  components  of  the  input 
vector  depend  on  the  inputs  themselves;  thus,  for  an  amplitude- limited 
input  pi=  1,  and  for  a  power- limited  input  (some  other  uj )  2,  etc. 

The  problem  is  thus  formulated  as  follows.  Find  an  input  u0(t)  which 
satisfies  constraints  (8.26)  and  ensures  equality  of  the  output  signal  y  (t) 
to  the  setting  yref(0  at  the  time  t=tlt  so  that  T=t^  —  t  >0  is  minimum. 

Following  N.  N.  Krasovskii  /  25 /  we  can  give  an  alternative  formulation 
of  this  problem.  Given  the  plant  equations,  constraints,  and  initial  con¬ 
ditions,  find  a  control  vector  u  (/)  of  minimum  norm  \\u\\p  which  ensures 
the  equality  y (0  =  3W(^i)  in  a  predetermined  time  tlm  The  solution  ensuring 
the  fastest  response  is  then  determined  from  the  solution  of  this  problem, 
and  the  minimum  time  corresponds  to  the  case  when  the  minimum  norm 
||  u  I),,  is  exactly  1  /  25/. 

Using  the  Duhamel  integral  approach,  we  write  the  solution  of  the  set 
of  differential  equations  (8.23)  in  the  form 

t 

x =  4)*0+  f<t>(t,r)D(x)u(x)dx,  (8.27) 

h 

where  <P(/,  t)  is  the  fundamental  matrix  of  the  plant  equations  satisfying  the 
condition  <£(*,  x)  =£.  In  / 21  /  it  is  called  the  transition  matrix. 

The  output  signal  y  (/)  is  thus  given  by 

t 

=  4)*o+  / T )D(t)a(T)dx.  (8.28) 

*0 

Equation  (8.28)  can  be  simplified  in  the  following  way.  Let 

e{t)=y{t)  —  t0)x0  (8.29) 

and 

H(t>  =  t) D (t),  (8.30) 

where  H{t,  t)  is  the  mXr  matrix  of  weight  functions  of  the  controlled 
variables  in  all  the  channels;  e{t)  is  the  difference  between  the  actual  out¬ 
put  signal  and  the  output  signal  caused  by  the  initial  disturbance  alone, 
when  no  input  is  received  for  t>t0.  In  this  notation  equation  (8.28)  is 
written  as 

t 

e(0=  / T)a(T)tft.  (8.31) 

to 

To  solve  the  problem,  we  thus  have  to  find  the  control  vector  u (t)  with  a 
minimum  norm  \\u\\v  satisfying  the  integral  equation 

f  //(<„  T)u(x)dr  =  etJtl),  (8.32) 

to 
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where 

«ref  tfl)  =y„f(^l)  —  (<l)  ®  (t<  Q*0- 


The  vector  equation  (8.32)  can  be  replaced  by  m  component  equations 

f  hj((„  T)u(i)dr  =  e,',/(fi)  (8.33) 

h 

(y  =  1  *  2,  m). 

Here  hj{t ,  t)  is  the  /- th  row  of  the  matrix  H(t ,  t),  and  elft{j{t^  is  the  /-th 
element  of  the  vector  e<i{ti).  Since  the  object  is  absolutely  controllable, 
there  is  at  least  one  control  vector  satisfying  the  above  conditions  at  an 
arbitrary  time  tl3  and  the  vector  with  the  minimum  norm  |!tf||P  should  be 
selected  from  among  these  alternatives. 

Let  the  set  of  control  vectors  satisfying  (8.33)  be  uA.  Consider  the 
functional 


*1 

fA{hj)  =  /  t)«(T)rft,  (8.34) 

where  tt (t)  is  an  element  of  uA.  Hence, 

A(A,)  =  W<i)-  (8.35) 

Since  fA  is  a  linear  functional,  we  will  consider  arbitrary  linear  com¬ 
binations  of  hj{t,  t)  of  the  form 


*  (<jt)  =  S  Xjhj  (<,T)  =  XH(t^  t), 
J=  1 


(8.36) 


where  X  is  an  m-dimensional  row  vector,  so  that  applying  (8.35)  and  (8.36) 
we  write 


(m  \  m 

S  MyJ  =  SV.W  =  ^ref(/0;  (8.37) 

this  equality  holds  true  for  any  k{txx)  described  by  an  equation  of  the  type 
(8.36). 

Further  solution  of  the  problem  is  associated  with  the  concept  of  the 
general  norm  of  a  vector  /  21  /.  How  are  we  to  write  the  set  of  r  constraints 
of  the  form  (8.26)  as  a  single  constraint?  This  can  be  done  by  defining  the 
norm  of  the  control  vector  u  as 

ll“ll  =  max  [1 Up//*,]-  (8.38) 

Now,  if  the  single  condition 

M<1  (8.39) 

is  satisfied,  all  the  r  inequalities  (8.26)  are  fulfilled,  so  that  the  single 
condition  (8.38)  is  in  effect  equivalent  to  r  constraints. 

Since  relations  (8.38)  are  not  very  useful  in  their  original  form,  the 
solution  can  be  simplified  by  further  generalizing  the  definition  of  the 
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norm  of  the  vector  u(t).  The  most  general  norm  is  defined  as 

i  ip 

,  (8.40) 

where  1  and  ||af|[pf  are  given  by  (8.26).  The  results  of  Kirillova  / 17/  can 
be  used  to  show  that  for  p-+  oo  the  solution  of  the  problem  with  a  bounded 
||tt[|p  approaches  the  solution  with  a  bounded  ||«Jf,  so  that  constraints  (8.26) 
are  replaced  by  the  single  inequality 

W\P<  1.  (8.41) 

The  solution  of  the  original  problem  is  thus  obtained  by  first  solving  the 
problem  with  constraint  (8.41)  and  then  letting  p-+  oo. 

We  now  return  to  the  solution  of  our  problem.  Using  (8.26)  and  (8.41), 
we  obtain 


and 


(8.42) 


(8.43) 


where  ki(tux)  is  the  i- th  element  of  the  row-vector  fc(tix)  defined  by  (8.36), 
and  qifq  are  related  to  pif  p  from  (8.40)  by  the  equalities 


and 


Consider  the  quantity  ||/A||,  the  so-called  norm  of  the  functional  fA  /  28/, 
defined  by 


(8.44) 


where  k  is  from  (8.36).  Using  (8.36),  (8.37),  and  (8.44),  we  find 


\\/a\\  —  max 

x 


U<ref(*l)l 


S  V; 

y=i 


=  max 


2 

y=i 


(8.45) 


Let  X*  be  the  vector  whose  coordinates  minimize  the  norm  ||  2  A/ij|  on 
condition  X^ref (/t)  =  1.  Then 


min 
.-i  ii  y=i 


(8.46) 
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Under  these  conditions  equation  (8.37)  may  be  written  as 


(8.47) 


To  proceed  further,  we  require  the  generalized  Hoelder  inequality. 
Hoelder's  inequality  for  sums  is  / 33 / 


Up  r  n  1  Vff 


and  the  equality  is  obtained  if  and  only  if 

%  =  *IM?''signPi  for  1=1,  2,  ...  ,  ra, 


(8.48) 


(8.49) 


k  being  an  arbitrary  constant.  We  are  interested  in  Hoelder's  inequality 
for  the  integral 


/  x{t)y(t)dt  =  SI  x,(t)y(t)dt. 


(8.50) 


We  have  to  prove  that 


ft  p  n  i  lip  r-  n  -tl  lq 

fx(t)y(t)dt  <  l^Lrlx.f  .  (8.51) 

a  L  J 


where 


and  —  1 ; 


I -MO  I  *(  and  I y, U) |?/|  are  integrable,  and  Lt  are  positive  quantities.  Moreover, 

r  *>  -I  lfPi 

lxt\pM  (8.52) 


/ \x,  (t)f‘dt 

L  a 

and 

r  ^ 

Iy.H,(=  / 1  y.wfdt 

for 

Pi^-l.  qt  1 ,  -j-  -1  =  1 . 


We  first  prove  that  inequality  (8.51)  reduces  to  an  equality  if  and  only  if 


x,(t)  =  ktt |y,||£  ^lyiWT'  1  sign y, (1) 

for  any  a</<6  ,  any  i—  1, - n,  and  an  arbitrary  constant  k. 

Hoelder's  integral  inequality  is  generally  written  in  the  form 


(8.53) 


6  p  ft  "I  VP  r  *  "1 1/7 

fx(t)y(t)dt  <  /|*(<)|'<li|  U\y(t)\'dt  (8.54) 


1820 
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with  p>l,  <7>  1,  7+7=1  and  integrable  \x Ml'  and  \y(t)\t;  the  equality 
is  obtained  if  and  only  if 

x{t)  —  k\y  (t)  \q~ 1  sign  y  (t),  (8.55) 

k  being  an  arbitrary  constant. 

It  has  been  proved  / 21  /  that  these  results  hold  true  for  p=land  q=  I.  It 
has  been  further  established  /21  /  that  Hoelder’s  inequality  for  sums  (8.48) 
and  condition  (8.49)  hold  true  for  p  =  1  and  <7=1.  To  obtain  Hoelder's  in¬ 
equality  for  the  integral  (8.50),  we  note  that 

ft*  j  x  At)  y  AO  dt\.  (8.56) 

a  1=  1  a 

and  the  equality  is  obtained  if  and  only  if 

x,(t)yi(t)>Q  [or  Jt((/)y,W<0]  (8.57) 

for  b  and  i—  1,  . . . ,  n. 

Using  Hoelder’s  inequality  in  the  form  (8.54),  we  find  that 

j Xi(‘)yi(‘)d(  (8.58) 

a 

for  Pl>\,  qt>  1  and-^-+— =1,  where  |^(/)|Pj  and  are  integrable. 

Using  (8.55)  we  find  that  (8.58)  reduces  to  an  equality  only  if 

X[  (t)  —  Ki\yi  (t)  \qi  sign  yt  (t)  for  (8.59) 

Substituting  (8.50)  and  (8.58)  in  (8.56),  we  find 

(x(t)y(t)dt  (8.60) 

a  i  =  l 


If  (8.59)  holds  true  for  any  n  and  if  all  Ki  have  the  same  sign, 

condition  (8.57)  is  satisfied.  This  means  that  the  equality  in  (8.60)  is 
obtained  if  and  only  if  (8.59)  holds  true  for  any  1,  ....  n  and  all  Ki  have 
the  same  sign. 

Let 


and 


(8.61) 


where  Li  is  a  positive  constant. 

Xi  and  y{  being  positive,  we  have 


n  ^  n 

2  x,y,  =  2  x,yi 

i=l  t=l 


(8.62) 
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Using  (8.48)  and  (8.49),  we  find 


n  1  r n  Y,p  r «  i1/? 

[Sly^J  .  (8.63) 

where  /?>1,  <?>1  andy-h—^l,  and  the  equality  in  (8.63)  is  obtained  if  and 
only  if 

**=*|y<rrlsignyl  (8.64) 

for  all  i,  k  being  a  positive  number.  Since  x{  and  y{  are  positive,  con¬ 
dition  (8.64)  takes  the  form 

x{  —  ky*-K  (8.65) 

Substituting  (8.61)  in  (8.63)  and  making  use  of  (8.60),  we  obtain  Hoelder’s 
generalized  inequality  in  the  following  final  form: 

b  p  n  ~\\lP  r  n  *jl \q 

J x(i)y(t)dt  <  ^LT" \xXt  Utfly.C,  •  (8.66) 

a  L^l  J 

Inequality  (8.66)  reduces  to  an  equality  if  and  only  if  (8.60)  and  (8.63) 
are  fulfilled.  This  means  that  the  following  two  conditions  must  be  satisfied: 

(a)  all  Ki  are  of  the  same  sign; 

(b)  relations  (8.59)  and  (8.65)  hold  true. 

Consider  relation  (8.65).  We  have 

r  b  l1/pi 

x,  =  LT'  II x,  fc, = LT1  / 1  Xi  (t)  \"‘  dt  = 

=  kyr'=kLl-x\yitl'-  (8.67) 

Inserting  for  |**|  in  the  integrand  its  expression  from  (8.59),  we  find 

L~'  m\yX‘!Pl=iL‘~>‘V  (8-68> 

or,  solving  for  \Ki\, 

for  1=1,2 . ft.  (8.69) 

For  this  reason,  if  Ki  in  (8.59)  is  chosen  so  that  (8.69)  is  satisfied, 

(8.66)  is  fulfilled  automatically.  Ki  may  be  either  positive  or  negative; 
the  only  point  is  that  they  should  invariably  be  of  the  same  sign.  This 
means  that  (8.69)  and  conditions  (a)  and  (b)  can  be  replaced  by  a  single 
condition 

(8.70) 

for  all  i— 1,  . . .,  ii. 

Substituting  (8.70)  in  (8.59),  we  finally  obtain 

xi (0  —  || y, 1 1/,  (/) l*'-1  sign  y (t)  (8.71) 

for  b  and  all  i=l,  2,  ...»  n  . 
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We  now  return  to  our  original  problem.  Consider  the  functional 

/  **(<1.  T)«(T)dt.  (8-72) 

/o 

Using  Hoelder’s  generalized  inequality,  we  find  that 

(**)!<  i  (8*73) 

and  seeing  that  fA (k*)  =  (fj  =  1  we  have  from  (8.47) 


MP> 


MU l 

n^ii? 


i 

Wk 


IM- 


(8.74) 


Inequality  (8.74)  is  thus  a  necessary  condition  for  «( r)  to  be  an  element  of 
the  set  tiji. 

From  (8.74)  we  can  now  derive  a  necessary  condition  for  u{ t)  £uA  to 
have  a  minimum  norm||tt||p,  specifically: 


wi„p^=!U  <8-75> 

which  is  obtained  if  the  equality  is  taken  in  (8.74)  and  (8.73).  The  relations 
obtained  from  Hoelder’ s  generalized  inequality  show  that  the  equality  in 
(8.74)  is  obtained  if  the  components  «*( t)  are  of  the  form 

Ui  (x)-=kLqi\k*ifqi  Ql\k*i{ti,  x)fl  sign  k*(tu  t).  (8.76) 

Substituting  (8.76)  in  (8.75),  we  find  the  constant  k, 


k  (11**1/  ■ 

Equation  (8.75)  thus  holds  true  if  and  only  if 

L\ 


(8.77) 


Ui(x) 


\k]f^qi\k\{tu  x)qi  1 1  sign  A*  (^i,  t). 


(I**  W 

From  the  results  of  Kirillova  /1 7 /  we  further  obtain  (putting  <7=1  in 
(8.75),  which  corresponds  to  p-+  00  ) 


(8.78) 


(/)" =  TjjFjy  1  *' C?<  I (<1’  t).  (8.79) 

where  the  asterisk  marks  those  quantities  which  are  determined  from 
V/,  i.e. , 


[**|,  =  min  S 


(8.80) 


on  condition  (/2)  =  1  . 

To  solve  the  original  problem  of  time  optimal  control,  we  have  to  study 
the  effect  of  the  constraints.  As  has  been  shown  in  the  preceding,  all  the 
constraints  can  be  summarized  by  a  single  condition  imposed  on  the  norm 
of  the  control  vector: 

I«f  <  1.  (8.81) 
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Moreover,  for />  =  oo,  <7  =  1,  and 


*“*«>  |F|--  (8-82) 

Hence  it  follows  that  for  any  tt  the  problem  is  solvable  if  and  only  if 

in>l-  (8.83) 

Let  fl£*||,  be  a  continuous  function  of  h;  the  minimum  time  To  =  t\  —  f0is 
then  obtained  for  the  smallest  ti  —  t *,  such  that 

(8-84) 

and  this  fact  is  used  in  the  determination  of  t\.  If  we  now  apply  the  solution 
of  (8.79)  with  the  minimum  norm,  we  find  for  ti  =  t\ 


(8.85) 


so  that  the  solution  given  by  (8.79)  satisfies  both  the  constraints  and  the 
final  conditions  in  the  shortest  time  and  is  thus  time-optimal.  Using  (8.85) 
we  find 


**  (0  «*==£/ 1  OP^sign^K*!,  t),  (8.86) 

where  k\  is  determined  by  solving  (8.80)  for  Jt*  and  substituting  the  solution 
in  (8.36).  From  (8.85)  we  then  find  the  minimum  /,  equal  to  t\. 

We  have  considered  in  some  detail  the  theory  and  the  proof  of  /  21  /  for 
the  determination  of  a  control  function  (as  a  function  of  time)  ensuring  a 
minimum  transient  time  for  the  problem  at  hand.  Despite  the  apparent 
complexity  of  the  method  and  the  introduction  of  mathematical  techniques 
which  are  unfamiliar  to  most  engineers,  it  seems  to  us  that  the  effort  is 
justified  by  the  simplicity  of  the  final  solution.  We  would  like  to  comment, 
however,  on  the  practical  value  of  the  result.  Here  the  vector  of  plant 
inputs  (the  control  vector)  is  specified  as  a  function  of  time,  and  not  as  a 
function  of  the  plant  outputs.  This  is  equivalent  to  setting  up  an  open-loop 
control  system,  with  all  the  consequences.  But  there  is  more  to  it.  The 
mathematically  derived  input  vector  should  be  implemented  in  practice, 
and  this  requires  the  introduction  of  special  equipment  whose  properties 
have  not  been  allowed  for  in  the  mathematical  stage.  This  is  a  highly 
significant  point  in  our  opinion,  since  the  complete  system,  including  the 
equipment  that  implements  the  control  function,  is  essentially  different 
from  the  initial  system  where  only  the  plant  properties  are  relevant.  This 
remark  applies  to  all  solution  techniques  which  produce  the  control  vector 
as  a  function  of  time.  Further  on  in  this  chapter  we  will  consider  methods 
for  the  derivation  of  control  vectors  as  a  function  of  the  output  (controlled) 
variables. 


§8.7.  APPLICATION  OF  METHODS  OF 
VARIATIONAL  CALCULUS 

In  this  and  the  following  sections  we  will  consider  the  construction  of 
multivariable  control  systems  whose  properties  satisfy  a  certain  optimality 
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test.  A  frequently  used  optimality  test  is  minimizing  the  integral  square 
error  of  some  function  of  the  controlled  variables,  their  derivatives, 
and  plant  inputs  /30,  66/.  The  general  problem  is  formulated  as  follows. 
For  a  controlled  object  of  known  characteristics,  choose  the  control 
system,  and  in  particular  the  controller,  so  as  to  satisfy  a  certain 
optimality  test.  This  formulation  is  fully  applicable  to  multivariable  con¬ 
trol  systems.  In  the  latter  case,  however,  the  optimality  test  should 
correspond  to  th  e  set  of  all  controlled  variables,  and  not  to 
some  individual  variable. 

This  approach  was  developed  by  A.  M.  Letov  /30/  for  the  synthesis  of 
controllers  in  single -variable  systems,  and  he  called  his  technique  the 
method  of  analytical  controller  design.  His  results  are  used 
here  insofar  as  they  are  applicable  to  multivariable  control  systems.  * 

The  mathematical  formulation  of  the  variational  problem  is  the  following. 
Let  the  controlled  plant  have  n  controlled  variables  Y{  and  m  controllers 
Here  m>  n.  A  control  system  is  hooked  up  for  each  controlled  variable. 

For  simplicity  we  will  first  assume  that  each  controlled  variable  is  described 
by  a  first  order  equation.  Seeing  that  the  controlled  variables  interact 
through  the  plant,  we  write  for  the  i-th  variable 

n  m 

K/  = + a«r,  +  2  <*/* r*  +  2  P/***.  (8.87) 

*=1  j=l  ' 

k^t 

Here  a  is  taken  with  its  algebraic  sign.  Taking  f=l,  2,  . . . ,  n,  we  obtain 
a  complete  set  of  differential  equations  describing  the  dynamics  of  a  multi- 
variable  plant. 

The  initial  conditions  for  (8.87  are 


for  t  —  0 
for  t~  oo 


y, 

=y, o 

(*=1,. 

*). 

x, 

=  Xj0 

(7=  I.  •  • 

m)\ 

y, 

=y„ 

(/  =  1,  .. 

n ), 

X, 

—  Xji 

(7=1. 

. m). 

(8.88) 


This  set  of  equations  can  be  written  for  deviations  of  the  plant  inputs  and 
outputs.  Taking  Yi  =  y<o+AKi  and  considering  the  deviations  only,  we  should 
replace  Yu  Yh,  and  xh  in  (8.87)  by  A Yu  A Yh  and  Axa.  The  final  state  of  a 
stable  system  is  then  described  by  Ayf  =  0,  and  if  the  input  deviations  are 
reckoned  from  a  new  steady-state  level,  we  have 


i\xt  —  0,  t  =  CO. 


In  the  following  we  will  be  only  concerned  with  the  deviation  of  the  plant 
inputs  from  a  certain  prescribed  value,  but  the  equations  will  be  left  in 
the  original  form  (8.87),  with  Yit  Yk,  and  xk  interpreted  as  the  deviations. 
The  initial  and  the  final  state  are  then 


for  /  =  0 
for  t  —  co 


(/=  1,  . . «), 
(/=  1.  •  ••.  «); 
(/=  1,  ....  n)t 

(7=1.  •••.  m). 


(8.89) 


*  Analysis  and  synthesis  of  multivariable  control  systems  in  a  somewhat  different  form  from  that  presented 
here  were  carried  out  by  Ma  Fu-wu  as  part  of  his  post-graduate  studies  under  the  direction  of  the  author. 
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The  plant  inputs  Xj  are  the  controller  outputs.  The  controller  structure 
and  parameters  are  not  known  at  this  stage.  Our  problem  is  to  choose 
these  unknowns  so  that  the  control  system  conforms  to  a  certain  optimality 
test. 

The  variational  problem  is  thus  given  the  following  mathematical  formu¬ 
lation.  Suppose  that  the  criterion  function  of  the  optimality  test  is  the 
integral 


Y(Xt . Xm)  =  fVdt, 

0 

(8.90) 

V=2  ^ft^ft  2  bjx). 

(8.91) 

ft  i 


The  integral  (8.90)  is  a  functional  defined  on  a  certain  class  of  functions, 
and  its  value  is  the  integral  square  error  with  constant  weights  aht  b}  that 
the  system  acquires  during  a  transient  /*  =  oo.  Our  aim  is  to  find  the 
analytical  expression  for  the  control  function 

<P iyv  y *m)  =  0,  (8.92) 

which,  in  conjunction  with  the  original  set  of  equations  (8.87),  constitutes 
a  stable  system  and  minimizes  the  functional  (8.90).  Meanwhile  we  are 
dealing  with  a  linear  system,  or  to  use  the  conventional  terminology, 
equations  (8.87)  are  defined  in  an  open  domain.  Lagrange’ s  function  is 

//=  f^ft  —  Sa/ft^i — 2  fyft*/l  (8.93) 

ft  L  1  J-1  J 

or 

n  r  "  m  1 

H—  2  fl*l^ft  +  2^;*?  ~b  2  ^ft  ^  ft  —  2  a kiY  t  —  2  foiXjl  ( 8 . 94) 

t=i  j  L  <=i  y=i  J 

where  Xk  are  Lagrange' s  multipliers. 

We  have 

■$57— 2 
~£] = 2bJxJ  ~~ 

The  Euler- Lagrange  equations  are  thus 

Xk  =  2flftt/ft  2  Xi&ikn 
2  bjXj  —  2  —  0 

(k—  1,  . . n\  j—  1,  . . m), 

and  these  equations,  together  with  (8.87),  define  the  properties  of  the  multi- 
variable  control  system.  Proceeding  along  the  same  lines  as  in  /30/,  we 
can  find  the  controller  equations  for  the  multivariable  system. 

Consider  the  case  of  a  multivariable  control  system  with  two  controllers 
and  two  controlled  variables  interacting  through  the  plant. 


(8.96) 
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The  plant  equations  are 


y'i  =  an*/i  +  ai2#2  +  Pn^ii  )  /g 

+2  =  *21^ +(*2202+022*2-  J 

Unlike  the  general  case,  we  assume  that  the  controllers  do  not  interact, 
i.e.,  Pik= 0,  i  i=k.  The  functional  to  be  minimized  is 


00  00 

y  (xv  *2. )  =  f  Vdt  =  f  [axy\  +  a2y\  +  bxx\  +  b2x\\  dt.  (8.98) 

o  o 

Lagrange’ s  function  for  this  example  is 

Hsb  ai  y\ + a#\ + V?  +  Mi  +  *i  [y[  ~  Wi  -  -  Pu*i] + 


+  ^2  (V2  a21^1  <*22^2  P22*2J’ 

(8.99) 

—  2  axyx  —  A,2a21, 

(8.100) 

<-T 

II 

(8.101) 

— —  —  2  a2y2  —  >2i  —  X2a22, 

(8.102) 

]  o, 

II 

to 

(8.103) 

~dx7  —  2*i*i  “ 1  ^iPn» 

(8.104) 

o 

ii 

(8.105) 

- —  2£2*2  —  ^2022’ 

(8.106) 

O 

II 

5 IV 

'O  |  TS 

(8.107) 

From  (8.100)  — (8.107)  and  (8.97)  we  write  the  Euler — Lagrange  equations 


—  20J0J  ^ian  ^2a2i’ 

%2  =  2  a2y2  \a12  ^2a22’ 

2bxxx  ===  0, 

2^2^2  —  ^2^22  == 

y2=a2,y  i+w>+M)' 

The  determinant  of  this  system  is 


P—<*  11 

—  CCjj 

-Pn 

0 

0 

0 

—  «2I 

P -  °22 

0 

—  P22 

0 

0 

0 

0 

0 

2b2 

0 

—  P22 

0 

0 

2  b{ 

0 

-Pi. 

0 

0 

—  2  a2 

0 

0 

a12 

P+  °22 

-2a, 

0 

0 

0 

P+«ll 

a21 

(8.108) 


(8.109) 


After  simple  manipulations,  we  obtain  the  characteristic  equation  in  the  form 

*1*2+  (ail*l*2+  ^22*1*2+  ^ai2a2l*l*2  +  ^2*1^22  + 

+  aA^n)  P2  +  (<*>22*1*2  ~  2ai2a2iaiia22*1*2  + 

+  +ail^22*i  +  aia22^1i*2  +  ai2a2i*i*2  +  aia»i  + 

+  *  2a»2  +  aMA)  =  °‘  (8.110) 
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The  parameters  of  equation  (8.110)  should  be  chosen  so  as  to  ensure 
stability  of  the  system.  First  note  that  the  signs  of  the  coupling  coefficients 
a12and  a2i  depend  on  the  properties  of  the  controlled  plant.  These  co¬ 
efficients  generally  have  the  sign  minus,  arid  in  what  follows  we  indeed 
assume  negative  ai2  and  <X2i.  Strictly  speaking,  the  coupling  coefficients 
may  be  inherently  positive  or  they  can  be  made  positive,  as  in  anelectrical 
system  with  mutual  inductance.  These  cases  are  not  considered  here.  In 
the  following  we  assume  that  the  plant  is  intrinsically  stable  (without  a 
controller).  Therefore,  given  the  plant  equation  in  the  form  (8.87),  we 
conclude  that  da  are  also  negative.  The  weights  b{  and  b2  are  positive  by 
definition,  and  so  only  the  sign  of  the  coefficients  fri  and  p22  is  unknown. 

We  see  from  (8.110),  however,  that  this  uncertainty  is  of  no  consequence 
at  this  stage,  since  and  p22  are  squared  in  the  coefficients  of  (8.110) 
and  their  sign  is  therefore  irrelevant.  Our  preliminary  analysis  thus 
shows  that  the  expressions  in  parentheses  in  (8.110)  are  inherently  positive. 
The  minus  sign  in  front  of  one  of  the  coefficients  in  the  free  term  of  (8.110) 
does  not  affect  this  doriclusion,  since  clearly  but  even  without  this 

condition  it  is  readily  seen  that  in  the  final  account  the  coefficients  of 
(8.110)  are  positive. 

Let  A0  stand  for  the  coefficient  of  p\  4ifor  the  coefficient  of  p\  and 
A2  for  the  free  term  in  (8.110).  Equation  (8.110)  then  takes  the  form 

Aopt-A^  +  A^O. 

Substituting 

= 


we  find 


A£2  —  -f-  j42  —  0, 

(8.111) 

and  the  solutions  are 

il't~2A0-y  Mg  A)  ’ 

(8.112) 

It  is  also  easily  seen  that  ^>4^2,  so  the  roots  of  (8.112)  are  positive 
numbers  h  and  &.  The  original  characteristic  equation  thus  has  four 
roots: 

Pl,2=±V^  1 

aIld  A,  4«±/5-  ) 

(8.113) 

We  wili  only  use  the  roots  pi  and  p8,  having  Re  p<0. 
inputs  and  the  outputs  in  this  case  is 

The  solution  for  the 

!/,=  2  C  A  (/>,)*'''. 

1  =  1,  3 

(8.114) 

^2  ==  2  2  ( Pi ) ePjt  * 

]=  1,3 

(8.115) 

(8.116) 

*,=vScvM,v)^. 

(8.117) 
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Here  Ait  A2,  A3,  and  A4  are  respectively  the  minors  of  the  determinant  of 
(8.110)  for  the  first  element  of  the  first  row,  the  second  element  of  the 
second  row,  the  third  element  of  the  third  row,  and  the  fourth  element  of 
the  fourth  row. 

In  order  to  find  xu  x2  as  a  function  of  yu  yi,  we  should  eliminate  time 
between  (8.114) —(8.117).  The  determinant  of  the  controller  equations  is 

A,  {p^  A,  ( p3 )  </i 

Aa(^i)  A i(p3)  yt  _q  (8.118) 

A3  (z7])  A3  (/j3)  xt 
A  <(Pi)  Mj t>3)  *2 

We  see  from  (8.118)  that  the  equations  for  xt  and  *2  are  linearly 
dependent.  The  equation  of  the  controller  having  xt  as  its  output  is 
obtained  from 

a ■  (/>,)  A ,(/»3)  yi 
A2  (Pi)  A2  (p3)  y2  =  0, 

A3(pi)  A3(p3)  Xi 

whence 

_ [A3  (p^  A2  (p3)  —  Aa  (pi)  A3  (Pa))  yi  —  [A3  ( p3 )  At  (pi)  —  A)  (p3)  A3  ( Pi )]  Va  /o  119) 

1  A]  (pd  Aa  (/?3)  —  A2  (pi)  Aj  (pi) 

It  is  thus  clear  from  this  equation  that  the  optimum  in  the  sense  of  our 
analysis  is  ensured  if  the  controller  action  is  influenced  by  the  two  con¬ 
trolled  variables  y{  and  y2.  This  confirms  our  earlier  conclusion  that 
interacting  control  produces  an  extremum,  and  a  noninteracting  control 
system  will  therefore  give  poorer  results  from  the  aspect  of  our  optimality 
test.  It  is  perfectly  obvious  that  the  equation  of  the  second  controller  is 
also  a  function  of  both  controlled  variables  yi  and  y2. 

Another  highly  significant  conclusion  from  this  example  is  the  following. 
Substituting  for  A i(pj)  their  values,  we  obtain  a  controller  with  infinitely 
fast  response.  This  result  was  also  obtained  by  Letov  / 30/  in  an  example 
of  analytical  controller  design  for  a  single-variable  system.  The  essential 
point  is  that  a  system  of  this  kind  can  be  built  only  using  structures  which 
are  stable  at  infinite  gain. 

In  our  discussion  of  multivariable  control  systems  with  infinite  gain 
stability  we  have  shown  that  interacting  control,  under  certain  conditions, 
has  better  dynamic  response  than  noninteracting  control  (see  Chapter  Four). 
In  the  present  chapter,  in  solving  the  problem  of  a  controller  extremizing  a 
certain  criterion  function,  we  have  established  that  interacting  control  is 
essential  for  this  purpose  and  that  the  system  must  have  infinite  gain 
stability.  This  clearly  gives  collateral  support  to  our  previous  assertion 
that  structures  stable  at  infinite  gain  should  be  preferred  in  multivariable 
control  systems. 

So  far  we  have  been  dealing  with  a  controlled  plant  whose  outputs  are 
described  by  first-order  different  equations.  The  controller  selection 
procedure,  however,  is  quite  general  and  can  be  used  with  output  equations 
of  higher  order.  In  this  case,  each  of  the  equations  of  y-th  order,  say, 
can  be  reduced  to  v  first-order  equations,  and  Lagrange's  function  and 
the  variational  equations  are  then  written  for  each  of  them  separately. 

The  mathematical  manipulations  are  fairly  tedious  even  for  the  simplest 
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case  of  a  two-variable  system  described  by  first-order  equations  with 
inertialess  controllers.  Although  the  difficulties  are  merely  technical  and 
can  be  easily  overcome  with  the  aid  of  modern  computers,  the  results  are 
far  from  being  easy  to  grasp,  especially  for  the  more  complex  cases. 
Therefore,  following  / 30/ ,  we  will  consider  some  applications  of  dynamic 
programming  to  the  design  of  multivariable  control  systems. 


§8.8.  BELLMAN'S  PRINCIPLE  OF  OPTIMALITY 
AND  THE  FUNCTIONAL  EQUATION 

In  this  section  we  will  describe  some  results  due  to  R.  Bellman  /  7/ , 
which  will  be  used  in  the  following.  The  brief  exposition  here  cannot  be 
regarded  as  a  substitute  for  reading  Bellman's  book  /7/,  but  it  will 
enable  the  reader  to  follow  the  synthesis  method  proposed  for  multi- 
variable  control  systems  minimizing  or  maximizing  (according  to  the 
particular  test  used)  a  certain  criterion  functional  of  the  system  as  a  whole. 

Letov  / 30/  used  Bellman's  dynamic  programming  method  for  analytical 
controller  design  in  single -variable  systems.  In  addition  to  Bellman's 
results,  we  will  also  apply  here  some  of  Letov's  techniques  and  conclusions. 


1.  Multistage  allocation  process  and  optimal  policy 

We  start  with  a  certain  limited  quantity  of  resources  a:  that  can  be  used 
to  buy  equipment  of  two  kinds,  A  and  B,  If  a  certain  quantity  of  resources 
0 is  allocated  to  purchase  equipment  At  and  the  remaining  x  —  y  to 
purchase  £,  the  total  return,  expressed  in  terms  of  labor,  say,  is 

y)  =  g(y)  +  h{x  —  y).  (8.120) 

Here  g{y)  is  the  return  from  the  allocation  yt  and  h(x  —  y)  the  return  from 
x  —  y.  The  problem  is  to  choose  such  y  in  the  interval  [0,  x]  that  the  return 
Ri(x,  y)  is  maximized.  The  maximum  return  is  thus 

/?!(*)=  max  \g(y)  +  h(x  —  y)\.  (8.121) 

0<  y<x 

If  this  problem  is  solvable,  we  have  a  single-stage  allocation,  to  use 
Bellman's  terminology  / 7 /. 

Consider  a  multistage  process.  Suppose  that  after  some  time  in 
operation,  the  equipment  is  sold,  bringing  ay  money  units  as  the  prices 
of  equipment  A  ( 0<a<l)and  b(x—  t/)  units  as  the  price  of  B.  The  first 
stage  thus  ends  with  an  additional  quantity  of  resources  xlt  where 

xl  —  ay-\-b{x  —  y). 

These  resources  xt  are  again  used  to  purchase  equipment.  In  this  purchase 
y i  is  allocated  to  class  A  and  Xi  —  y\to  class  B;  the  return  is  thus 

g{yi)  +  h{xx—yx\ 

where  ()<:#!<*!.  The  total  return  of  the  two- stage  decision  process  con¬ 
sisting  first  in  the  choice  of  y  and  then  the  choice  of  y{  is  thus 

Rzi*)  y >  yi) ~g(y)-\-h(x  —  y)~\-g(y\)-{~h(xl  —  t/j),  (8.122) 
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where 


xx  =  ay  +  b(x  —  y) 

0  c  t/  c  a:, 


(8.123) 


and 


The  maximum  return  is  attained  if  y  and  t/i  are  so  chosen  that 
(atj,  y,  yx)  is  maximized  under  constraints  (8.123). 

If  the  buy-and-sell  process  is  repeated  n  times,  we  obtain  an  n-stage 
allocation  process  with  the  total  return 

Rn(x i*  y>  yi>  •••’  yn-i)=g(y)-^h(x— y)-\-g(yx)-\- 

~\-h(xl—  yx)~\-  ...  -\-g(yn-i)-\-h(xn-i  —  yn-ih 

where 

xi  =  ayl_l-\-b(xl_x-^yl^1)  for  /=  1,  %  •  ••,  n  —  1, 
y0  =  y  and  Xq  =  x  , 

0 <y^x,  0 <yt<xt  (i=  1 . *  — 1)* 

The  maximum  total  return  is  attained  if  the  yi  are  so  chosen  that  Rn 
is  maximized  under  constraints  (8.125)  and  (8.126).  The  fact  that  the 
problem  is  essentially  an  nr  stage  decision  problem  can  be  applied  to 
simplify  the  solution  and  primarily  to  reduce  the  number  of  variables. 

It  is  significant  that  in  the  k-th  stage  the  problem  can  be  solved  if  i 
alone  is  known.  The  value  of  yh^  depends  on  xk-x  and  the  remaining  N  —  k 
stages. 

Hence,  to  decide  on  a  solution  for  the  fc-th  stage  it  is  important  to  know 
the  resources  available  at  that  stage  and  the  number  of  stages  to  go;  in 
other  words,  the  problem  is  as  if  formulated  anew  at  each  stage,  with  a 
given  number  of  stages  and  given  quantity  of  resources.  Following  / 7/ , 
we  introduce  two  new  concepts.  The  sequence  of  solutions  (yt  yu  •  #n-i) 

is  called  a  policy.  A  policy  maximizing  the  total  return  according  to  a 
certain  criterion  function  is  called  the  optimal  policy. 


(8.124) 

(8.125) 

(8.126) 


2.  Formulation  of  the  problem  using  functional  equations 
and  Bellman's  principle  of  optimality 

Let  fn(x)  be  the  total  return  for  an  n- stage  process  with  initial  resources 
x  and  an  n-stage  optimal  policy,  n=  1,  2 . 

We  will  derive  a  recurrence  relation  for  f„(*)and  f„+i(*).  Let  the  initial 
allocation  be  yn ,  and  we  consider  a  («+l)-stage  process.  If  the  first- stage 
return  is  g(y)+h(x  —  y),  the  total  return  after  the  (/H-l)-th  stage  is  g(y)+h(x-y), 
plus  the  n -stage  return,  assuming  xi=ay+t>(x  ~  y)  as  the  resources  after 
the  first  stage.  The  essential  point  is  that,  irrespective  of  y ,  the  resources 
ay+b{x  —  y)  are  recovered  using  an  optimal  allocation  policy  in  the  next 
n-stages.  The  total  n-stage  return  will  then  be  fn  [ay+b{x  —  y)]. 

Hence,  the  total  return  after  the  (n+l)-th  stage,  with  the  initial  alloca¬ 
tion  y  between  0  and  x,  is 

g(y)  +  h(x  —  y)  +  fn\ay+b(x  —  y)\.  (8.127) 
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Now,  y  should  be  chosen  so  as  to  maximize  (8.12  7).  Since  the  maximum 
is  numerically  equal  to  the  function  /„+i(a:),  we  obtain  the  basic  recurrence 
relation 

/„+>(*)=  max  { g(y)+Hx-y)+fn[ay+Hx-y)]},  (8.128) 

0  <y<x 

n=  1,  2,  ... 

Let  us  now  compare  the  two  formulations  of  the  same  problem.  In  the 
first  formulation,  we  were  expected  to  choose  yit  t=  1,  . . . ,  n  —  1  ,  maximizing 
Rn{x,  y,  yi,  . . yn- 1)  *  and  in  the  second  formulation  we  had  to  select  n 
functions  /„  for  one  y .  Bellman  /  7/  has  shown  that  the  second  formulation 
is  much  more  convenient  for  practical  calculations  and  readily  brings  out 
the  dependence  of  the  solution  on  various  parameter  changes.  In  the  second 
formulation,  the  function  fn+i{x)  can  be  determined  if  fn{x)  alone  is  known. 

We  thus  arrive  at  Bellman's  principle  of  optimality:  an 
optimal  policy  has  the  property  that  whatever  the  initial  state  and  the  initial 
decisions  are,  the  remaining  decisions  will  constitute  an  optimal  policy 
with  regard  to  the  state  resulting  from  the  first  decision. 


3.  The  fundamental  functional  equation 

Consider  the  following  problem:  maximize  the  functional 

T 

S(y)  =  f  F(x,  y)dt  (8.129) 

0 

with  the  constraints 

4f=0(*.  y).  x(0)=c 

and  a 

0  <y<x. 

This  is  an  ordinary  variational  problem  which  is  solved  by  the  methods 
of  classical  variational  calculus,  with  certain  conditions  imposed  on  the 
functions  G(x,  y)  and  F{x>  y). 

Let  us  consider  this  problem  from  the  aspect  of  dynamic  programming. 

R.  Bellman  has  suggested  that  the  variational  problem  can  be  treated  as 
a  continuous  multistage  process.  In  this  approach  we  are  not  interested 
in  finding  y  as  a  function  of  t  for  0 but  rather  K(0)  as  a  function  of 
the  initial  state  A'(0)=C  and  the  time  interval  T ;  in  other  words,  we  are 
looking  for  a  functional  equation 

/ \X (0),  71  — f(C,  7)  =  maxK(y).  (8.131) 

Let  F{x,  y)  and  G{x,  y)  respectively  ensure  the  existence  of  a  maximum  and 
the  continuity  of  f(C,  T)  as  a  function  of  C  and  T.  It  is  moreover  assumed 
that  f  has  continuous  partial  derivatives  with  respect  to  C  and  T  in  any 
bounded  region  C>0  andr>0. 

Along  the  extremal  y  we  have 

P  P+7* 

/<C,p+7’)  =  j>(jt,  y)dt  +  f  F(x,  y)dt.  (8.132) 

0  p 


(8.130) 


266 


For  t—pt  x  is  equal  tox(p),  which  is  found  from  the  equation 


§  =  G(x,y). 

Let  x(p)  —  x(C). 

According  to  the  principle  of  optimality  we  obtain  along  the  extremal 


P+T 

f  F (x,  y)dt  —  f  [C  (p),  T\. 

P 

(8.133) 

The  integral  (8.129)  is  thus  replaced  by  the  equation 

/(C,  p  +  7-)  =  / F(x,  y)dt  +  f\C{ p),  T\. 

0 

(8.134) 

Now  y  is  chosen  so  as  to  maximize  (8.134).  Hence 

f[C,  p+7"]  =  max  f F (x,  y)dt  +  f[C{ p),  T\  . 

0 

0<y< x  0 

(8.135) 

Let  F(x,  y)  be  continuous  in  x  and  in  y,  and  have  continuous  partial 
derivatives  with  respect  to  C{  fc)  and  T(fT );  if  moreover  y  is  a  continuous 
function  of  t,  then  for  small  p  we  may  write 

f(c,  p  +n=f(C,  r)+p$+o(p). 

(8.136) 

C(p)  =  C+pG(C,v)  +  o(p), 

(8.137) 

f(C(p),  T)  =  f(C,  T)  +  pQ(C,  v)  -j-  o  (p) 

(8.138) 

and 

/ Fix,  y)dt  =pF (C,  v)+o(p). 

0 

(8.139) 

Here  \  —  y  (0)  =  \  (C,  T) .  In  the  limit,  as  p-*0,  we  find 

fT=  max  \F(C,  v)+G<C,  v)4tl. 

0<V<C>- 

(8.140) 

In  our  earlier  notation,  taking  as  the  criterion  function  the  integral 

00 

§  F{x,  y)dt  with  the  constraints 
o 

£  =  G(x,y), 

we  write  Bellman's  functional  equation  in  the  form 

min|>(A;,  y)  +  0(x ,  y)J!L]  =  fT.  (8.141) 

The  material  of  this  section  is  sufficient  for  further  discussion. 
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§  8.9.  APPLICATION  OF  DYNAMIC  PROGRAMMING 
TO  THE  SYNTHESIS  OF  MULTIVARIABLE 
CONTROL  SYSTEMS 

Consider  a  controlled  object  with  n  outputs  (controlled  variables) 
interacting  through  the  plant  and  m  controlling  inputs;  here  m>n.  The 
controlled  variables  are  again  denoted  by  and  the  controlling  inputs 
by  Xj\  here  n,  and  /'=  l, . . . ,  m. 

The  equation  of  motion  of  the  system  can  be  written  in  matrix  form  as 

^■  =  AV  +  BX,  (8.142) 

where  A  is  the  matrix  of  plant  parameters  and  coupling  coefficients,  B 
the  matrix  of  controller  coefficients,  Y  and  X  are  column  vectors.  For 
0,  we  take  K=y(0). 

The  criterion  function  is  the  integral 

oo 

Y(X )=j  Vdt.  (8.143) 

0 

The  problem  is  to  find  a  control  function  X  as  a  function  of  the  plant 
states  which  minimizes  the  functional  (8.143)  /  30/. 

In  (8.134)  it  is  implied  that  each  output  is  described  by  a  first-order 
differential  equation.  The  perturbation  equation  can  be  easily  written  for 
the  general  case  and  then  reduced  to  the  form  (8.142).  The  problem  then 
can  be  stated  as  follows.  Suppose  that  the  i- th  output  is  described  by  an 
equation  of  Ff-th  order.  Reducing  the  V<-th  order  equation  to  Vi  first- 
order  equations,  we  find 

-^  =  £avK‘  +  Sa(|1K<«-  2  MO-  (8-144) 

fr  =  l  P=1  J  =  1 

K‘=-- (1  =  1,  ft=l,  ....  V,-.)- 

For  simplicity  we  will  henceforth  assume  that  each  output  is  described 
by  a  first-order  equation.  In  principle  this  restriction  is  of  no  con¬ 
sequence,  since  in  the  more  general  case  the  equation  is  reduced  to  the 
form  (8.142)  and  the  synthesis  methods  derived  in  the  following  are  directly 
applicable. 

In  expanded  form  (8.142)  is  written  as 

#  =  (/  =  1,  . . .,  it),  (8.145) 

j=l 

r,(t)= o,  rt  (0)=k(0. 

To  simplify  the  notation,  (8.145)  can  be  written  as 

^  =  0,(K„  ....  K„,  Xv  ....  Xm)  =  Ql(Y .  X)  (8.146) 

(1  =  1,  ....  n). 

The  criterion  function  is  the  integral  (8.143)  with 

(8.147) 

/= i 
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Here  a{  and  bj  are  known  nonnegative  weight  coefficients,  whose  values 
are  chosen  according  to  the  desired  sharpness  of  the  minimum  in  each 
controlled  variable. 


Solution  for  an  open  domain 

In  an  open  domain  G(Y,  X)  the  function  is  minimized  over  a  class  of 
functions  where  X{  and  Y{  are  continuous  and  continuously  differentiable. 

Following  the  procedure  of  / 30/  for  single-variable  systems,  we  solve 
the  problem  for  multivariable  control  systems  using  Bellman's  dynamic 
programming  method. 

Let  the  functions  X=X(xu  ....  xm)  minimize  the  functional  (8.143).  It  is 
clear  from  the  preceding  discussion  of  Bellman's  results  that  the  minimum 
of  I(X)is  a  certain  function  ^(K0)of  the  initial  state  of  the  system.  We  may 
therefore  write 

min/(*)  =  iKKo).  (8.148) 

x 

Bellman's  conditions  for  our  case  take  the  following  form.  For  a 
positive  p  we  may  write 

OO  P  CO 

/(X)^fva/  =  fVdi+  fvdt.  (8.149) 

OOP 

By  Bellman's  principle  of  optimality  it  is  clear  that,  irrespective  of  the 
choice  of  the  function  X[0 ,  p]  over  [0,  p],  the  function  X  [p,  oo]  over  [p,  oo] 

OO 

minimizing  the  functional  j  V dt  can  be  chosen  as  if  minimizing  the 


functional  f  Vdt,  with  the  difference  that  Yp  takes  on  the  role  of  the 
o 

initial  state  at  the  time  /= p.  Hence, 

oo 

min  f Vd/  =  i|>(Kp).  (8.150) 

XlP.co]' 

Therefore,  by  (8.149)  and  (8.150), 

^(K0)=  min 

XI0,p] 

Let  p  be  sufficiently  small.  Then,  if  the  function  is  differentiable 
with  respect  to  /,•  for  t£  [0,  p],  we  have 

^(Kp)  =  1|)[K0  +  Opl  =  'l’(n)  +  SGiP(^-)(.s  +  o(P)-  (8-152) 


/  Vdt+Wp) 
0 


(8.151) 


Here 


K0+Op  =  (K01  +  G1p,  Kpj+Gjp . Von  +  On P)  (0<S<P). 
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As  for  the  residual  term  o(p),  we  have  for  p-*0 

lim-2M  =  0. 
p-*0  P 

Equation  (8.152)  can  be  written  as 

n 

W*)=  min  Vp+tO'oJ+^Orf.^  £  +  o(p)  .  (Sll53) 

For  p-5-0  the  interval  [0,  p]  contracts  to  the  single  point  0,  and  the  choice  of 
the  function  X  [0,  p]  over  this  interval  reduces  to  the  choice  of  X(0). 

Passing  to  the  limit  as  p-M),  we  obtain  the  equation  in  explicit  form 


in  £  +  2  V?  +  2  (  S ft/*;)  It  •  (8.154) 

L*=l  j  —  l  1  =  1\*=1  i  =  1  /  - 


In  order  for  (8.154)  to  give  a  minimum  in  xit  the  derivatives  of  (8.154) 
with  respect  to  xit  . . . ,  xm  should  vanish.  For  the  solution  of  our  problem 
we  thus  have  m+ 1  equations,  that  is 


/= i  <*i  \*=i 


S  I ]  bix)  +  S  f  S  +  S  M/ J  IT  =  °’ 


2bjXj  +  =  0  (y  =  1 ,  m). 


From  (8.156)  we  have 


it 

XJ  =  ~~~  2fy"  S  hj  dy7  (y  —  1  >  •  *  •  >  m)' 


(8.155) 


(8.156) 


(8.157) 


Substituting  xj  from  (8.157)  into  (8.155),  we  find 


f=l  i=l  A=1  1  j -l  \  J  i=\  1  / 


2 

<=1  y=l  '  /=1 


8.158) 


We  have  ended  up  with  a  linear  partial  differential  equation.  Its  solution 
gives  the  sought  relationship  between  the  controller  outputs  and  the  con¬ 
trolled  variables,  i.e.,  the  controller  inputs. 


Example 

Consider  a  controlled  plant  shown  in  Figure  8.6.  The  controlled 
variables  Y\  and  y2  interact  through  the  plant,  as  is  shown  by  the  direct 
coupling  in  the  block  diagram. 
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The  gain  parameters  and  the  time  constants  are  Ku>  K22,  Tn,  T22  for  each 
self- variable  and  /C12.  ^21,  Tl2 ,  T2\  for  the  coupling  elements.  In  what  follows 
all  the  variable  symbols  stand  for  the  deviations  of  the  corresponding 
variables  from  steady- state  values.  The  plant  equation  in  Laplace  trans¬ 
forms  is 

(8.159) 

+  (8-160) 

where  hi  is  the  controller  input  for  the  first  variable,  *12  ditto  for  the 
second  variable. 

The  controller  inputs  and  outputs  are  related  by 

U.  (/>)  =  *,*,(/>)  (8.161) 

and 

H{P)  —  Ki*2  (/>)♦  (8.162) 

Eliminating  hi,  ^between  (8.159)  and  (8.162)  and  changing  back  to  the 
originals,  we  write 

TnTn^-+(Tu  +  TJ  ■#■+»,  =  KiKnTn  + 

+K1KnTn  £sr+Kn K,x,+ K,K^,  (8.163) 

TnT"A  +  U'a  +  I'll)  +  ^2 =  A'jA'ji  r22  + 

+ 21  -f-  KiK^Xy  -+-  K2K22X2.  (8.164) 

To  simplify  (8.163),  (8.164),  we  substitute 

^j[f=y\2'  —  ~dT~X  12»  ~dt  =X22‘  (8.165) 

In  this  notation,  equations  (8.163),  (8.164)  are  written  as 

yn  —  —  &nf/12  —  0i2*/l  +  013*12  “h  014*22  *+■  015*1  H“  016*2» 
l/l  =  «/l2» 

**1==A:i2’  (8.166) 
#2  *=  ^22) 

X2  =  ^22’ 

t/22  =  —  0221/22  —  021^/2  +  023*12  +  024*22  ~f"  fl2S*I  H-  026*2’  , 

where 


/T  _  ■  ■■  ■  ■ 

1 

n  _ 

*i*„r,s 

TnT»  ’ 

a12  — 

r„r„  • 

a13 - 

7'u7’ia 

/c*/c>.r„ 

ai6  = 

1! 

i) 

015  — 

T',.7’,2  ’ 

T\\T\t  ’ 

_  T’aad-  ^ 21 

1 

/C./C21rM 

7'2»7'ai 

a21  — 

rJ2r4l  ■ 

“23  — 

r„r2l 

KaKn  T'ai 

025  — 

/c,/ca, 

026  = 

/C,/CM 

r„7'21  » 

T22  T%\ 

7'«7’2i  * 
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FIGURE  8.6.  A  multivariable  control 
system. 


The  problem  is  stated  as  follows.  Find  the  control  vector  xu  xl2 ,  x2 ,  x22 
as  a  function  of  the  system  outputs  yh  yl2,  y2,  y22  that  minimizes  the  functional 

00 

1  =/ [»liy?  +  Myi2)  +  a22!/2+Mfe)2  + 

+ M? + P.2  K)J+ P22*§ + p21  (*22)2]  dt  (8.167) 

in  an  open  domain  N {yu  yu,  y2,  y22,  *u  *12,  x2 ,  x22).  Here  a,*  and  fr*  are  known 
positive  numbers. 

The  corresponding  functional  equation  is 

ail^5  +  «12&  +  a22yl  +  «21*&  +  MS  +  Vl2XU  +  Mi  + 

“1“  P2I‘*'22  (~  ^11^12  ^12^1  ^13-^12  “f"  ^14^22  “t-  ai5Xl  ai6X2)  d^X2 

~h  (  a22lJ22  fl21^2  ~h  a23Xl2 H“  a24**22 H“  a2S-*l  a26X2) 

+*■&+*&- a"  (8.168) 

Additional  equations  are  obtained  by  setting  the  derivatives  of  (8.168) 
with  respect  to  jq,  x12,  x2,  x22  equal  to  zero.  We  have 


w.  r.  t.  Xj 

2Pll*i  +  fl15  ^  +  “25  ^  =  0- 

w.  r.  t.  xn 

(8.169) 

2Pl2^12  +  “13  +  “23  ^  =  0, 

w.  r.  t.  x2 

(8.170) 

w.  r.  t.  x22 

2PaX2 +a16-^4-a26— L  =  0, 

(8.171) 

2p2l*22  +  “w  ^  ■ +  “24  ^  =  0. 

(8.172) 

Hence, 

Xl  =  ~  ^7  K  ^ + “25 

|.  (8.173) 

1  r  a\|j  dy  1 

•*12 - 2F^n3^7  +  <I23^7 

|.  (8.174) 

•*2=— 2E7  [“16-^7+ 

(8.175) 

•*22=-  2pI7  [“.^  +  “24 

(8.176) 
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Substituting  xv  x2 ,  x12,  and  x22  from  (8.1 73) —(8.176)  into  (8.168),  we  find 

“ntf  +  Wh  +  anV\ + +  pi>  [— 2b  (a,s  ^7 + ' ®25  + 

+ •>«  [-  ^7  K +a“  "l^)]2  + 

+ 1 ^  i~  zt  k  ^7 + 1 a“  + 

+  [-  2jb  K  ~st + “21  ^)]2  + 

+  [—  *iiVn  —  aay,  -  ^  (a13  ^  - +  <*23  - 

~wt  K  ^+a21  'Hr)  ~  $7  K  'l^+a2s  $L)- 

~  isr  (““ "3T7 + a“  ^7)] + a22fe  ~  a*'yl — 

_  '5E7  r 13  lyr,  + ' a*  -  W  r»  ^7 + “24  ~ 

a25  (n  \  <*26  /  di|>  ,  di|)  \  , 

-  2P7T  r15  ^7+a2S  ^7; -  2K7  r16  "S7 +“26  ajnv  + 


+yi2-g-+fe2*S-=o. 


^L— 1 


dy* 


(8.177) 


We  have  obtained  a  nonlinear  partial  differential  equation.  Its  solution 
is  sought  in  the  form 


^  =  C  Uy\  +  C22^2  +  C33#2  +  C44^22  + 

+  C  12#1#12  +  ^13^2  H“  ^14^1^22  +  Qj3f/l2#2  + 

+  ^24^12^22  *+*  ^34^2^22* 


(8.178) 


Here  ClA  are  unknown  coefficients. 

It  thus  remains  to  find  all  the  partial  derivatives  from  (8.178)  and 

insert  the  results  in  (8.169),  (8.170),  (8.171),  and  (8.172).  This  will  enable 
us  to  find  the  coefficients  Cik .  From  the  entire  set  of  solutions  we  should 
select  those  Cik  which  ensure  stability  of  the  multivariable  control  system. 
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application  of  stabilizers  to  195 
in  the  feedback  path  200 
physical  realizability  186  - 190 
structure  ensuring  stability  and  188 
Relay  characteristics  213 
ideal  213 
infinite  gain  214 
systems  212-222 
stability  213  -  222 
with  insensitive  zone  213 
Response,  real  frequency  81  ff 
Rolling  mill,  continuous,  strip  gage  control  in 
1,  2,  6-12 

ROUTH-HURWITZ  criterion  76 
ROZONOER  143 

SARACHIK  ix,  5,  250 
Saturation  characteristic  212 
Search  characteristic  233 
periodic  233 

Searching  loss,  output  233 
region  233 
systems  233 

Self-adjusting  systems  193  - 194,  224  ff 

synthesis  of  equivalent  fixed -structure 
systems  180-238 
Sensitivity  223  -  229 
Bode  224-226 
Kokotovic  227  -  229 
zero  223 

Servosystem,  auxiliary  curve  114 
dynamics  113 

multidimensional  2,  3,  36,  41,  56,  58,  77,  96, 
113,  114,  150,  158 
SHCHIPANOV  143,  168 
SILIMZHANOV  ix 
Simplex  method  247 
Single -loop  system,  integral  42 
proportional  42 

Single -variable  control  system  118,  149,  162, 
182-184 

Bode  sensitivity  224  -  226 
subsystems  175,  192 
Sliding  action  conditions  220  -  222 
Stability  61  ff 

and  noise  rejection,  structure  ensuring  188 
aperiodic  64 
conditions  187,  190 
criteria  61  ff 

infinite-gain  69  -70,  118,  166 
of  combined  MCS  132  -  133 

MCS,  effect  of  subsystem  gain  on  59-69 
relay  systems  213  -  220 
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Stability  requirements  103‘ 

Stabilization  by  proportional  feedback  130 
Stabilized  elements,  gains  of  73 
Stabilizer  71,  122,  129 
equation  211 
isochronous  159 
load  rejection  142 
mixed-type  130 
noise  rejection  195 
operator  71 
passive  118,  225 
real  193 

structures  with  several  118  -  121 
real,  structure  with  205 
transfer  function  76,  77,  161,  162 
Steady -state  operation  42-48,  127  -  132 
Structural  noise  rejection  185 

in  dynamic  systems  182-186 
physical  realizability  186  -  190 
Structure,  canonic  58 
choice  of  34  ff,  122 
infinite -gain  stability  69-70 
MCS  57-88 
noiseproof  190  - 193 
proportional-control  101 
stability  and  noise  rejection  188 
with  stabilizers  118 -121,  205 
Subsystem  gain,  effect  on  stability  56  -69 
increase  67,  96 
integral  43  ff,  130  - 132 
multiloop  119,  174 

proportional  45,  47  -48,  93,  127  -130 
single -loop  59 
single-variable  175 
with  stabilizer  70,  73 

Synthesis  of  fixed -structure  systems  equivalent 
to  adaptive  systems  180-238 
of  MCS,  application  of  dynamic  programming 
to  268  -273 

System,  adaptive  224  ff  (also  see  Subsystem) 

Bode  sensitivity  224  -  226 
control-coupled  77 
disturbance  rejection  166 
dynamics  101  - 118 

equivalent  to  adaptive  synthesis  of  180  -  238 

fixed-structure  180-238 

floating  93 

integral  93  - 117 

isochronous  159  - 161 

Kochenburger's  234  ff 

lagged  68  -  69 

lagless  60  -  68 

linearized  221 

multicomponent,  general  case  182 
noise  rejection  182  -  186 

physical  realizability  186  - 190 
noisy  232 
noncoarse  223 


System,  noninteracting  51 
proportional  117 
relay  212-222 

single-variable  118,  149,  162 
Bode  sensitivity  224-226 
structural  noise  rejection  182  -  190 
synthesis  180  -238 
three-variable  99,  100,  167  -  169 
transfer  function  236 
two-variable  95,  107,  117 
variable -structure  212 
zero  sensitivity  223 

Three-dimensional  servosystem  96 
Three -variable  system  99,  100,  167-169 
degenerate  106 

plant-  and  transducer  coupled  104 
Time  lag  69 

Transducer  coupling  55,  105 
ideal  145,  147 
output  123,  140 
ratio  140,  141,  195 

Transfer  function  10,  14,  57,  73,  76,  112,  121-  127, 

133,  134,  140,  141,  153,  154,  161,  176,  183, 
188,  193  ff,  210,  215,  218,  220,  231,  236 
asymmetric  79 

closed-loop  105,  215,  216,  217,  219,  224,  227 

controlled  object  227,  233,  235 

MCS  34 -37  , 

noisefree  elements  183 

noisy  elements  183 

noninteracting  system  51 

plant  227,  235 

single-variable  system  195 

symmetric  79 

Transforms,  see  Laplace  transform 
Transient  behavior  of  a  system  218 
component,  free  207 
Transition  matrix  251 
TRUXAL  223 
TSUKERNIK  5 
TSYPKIN  207,  213 
Two-dimensional  servosystem  114 
Two-variable  control  system  95 
dynamic  properties  107 
integral  117 

USDIN  5 

Variable  parameters  in  control  systems  229  -  233 
Variable -structure  systems  212 
Variables,  controlled  vii 
integral  46 
proportional  46 

Variational  aspects  of  multivariable  control  239  -  273 
calculus,  application  of  258  -  263 
Vector  equation,  degenerate  103 
VENIKOV  5 
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VOZNESENSKII  ix,  5,  144-147,  149,  154,  155  WATT-POLZUNOV  principle  4,  36,  122,  167,  171,  173 

WARD— LEONARD  d.  c.  engine  8,  11  Zero-sensitivity  systems  223,  228 


285 


